
Math 19b: Linear Algebra with Probability Oliver Knill, Spring 2011

Lecture 33: Markov matrices

A n × n matrix is called a Markov matrix if all entries are nonnegative and the
sum of each column vector is equal to 1.

1 The matrix

A =

[

1/2 1/3
1/2 2/3

]

is a Markov matrix.

Markov matrices are also called stochastic matrices. Many authors write the transpose
of the matrix and apply the matrix to the right of a row vector. In linear algebra we write
Ap. This is of course equivalent.

Lets call a vector with nonnegative entries pk for which all the pk add up to 1 a
stochastic vector. For a stochastic matrix, every column is a stochastic vector.

If p is a stochastic vector and A is a stochastic matrix, then Ap is a stochastic
vector.

Proof. Let v1, .., , vn be the column vectors of A. Then

Ap =











p1
p2
. . .
pn











= p1v1 + ...+ vnvn .

If we sum this up we get p1 + p2 + ...+ pn = 1.

A Markov matrix A always has an eigenvalue 1. All other eigenvalues are in absolute
value smaller or equal to 1.

Proof. For the transpose matrix AT , the sum of the row vectors is equal to 1. The matrix
AT therefore has the eigenvector











1
1
...
1











.

Because A and AT have the same determinant also A − λIn and AT − λIn have the same
determinant so that the eigenvalues of A and AT are the same. With AT having an eigenvalue
1 also A has an eigenvalue 1.
Assume now that v is an eigenvector with an eigenvalue |λ| > 1. Then Anv = |λ|nv has
exponentially growing length for n → ∞. This implies that there is for large n one coefficient
[An]ij which is larger than 1. But An is a stochastic matrix (see homework) and has all entries
≤ 1. The assumption of an eigenvalue larger than 1 can not be valid.

2 The example

A =

[

0 0
1 1

]

shows that a Markov matrix can have zero eigenvalues and determinant.

3 The example

A =

[

0 1
1 0

]

shows that a Markov matrix can have negative eigenvalues. and determinant.

4 The example

A =

[

1 0
0 1

]

shows that a Markov matrix can have several eigenvalues 1.

5 If all entries are positive and A is a 2× 2 Markov matrix, then there is only one eigenvalue
1 and one eigenvalue smaller than 1.

A =

[

a b
1− a 1− b

]

Proof: we have seen that there is one eigenvalue 1 because AT has [1, 1]T as an eigenvector.
The trace of A is 1 + a − b which is smaller than 2. Because the trace is the sum of the
eigenvalues, the second eigenvalue is smaller than 1.

6 The example

A =







0 1 0
0 0 1
1 0 0







shows that a Markov matrix can have complex eigenvalues and that Markov matrices can
be orthogonal.

The following example shows that stochastic matrices do not need to be diagonalizable, not
even in the complex:

7 The matrix

A =







5/12 1/4 1/3
5/12 1/4 1/3
1/6 1/2 1/3







is a stochastic matrix, even doubly stochastic. Its transpose is stochastic too. Its row
reduced echelon form is

A =







1 0 1/2
0 1 1/2
0 0 0







so that it has a one dimensional kernel. Its characteristic polynomial is fA(x) = x2−x3 which
shows that the eigenvalues are 1, 0, 0. The algebraic multiplicity of 0 is 2. The geometric
multiplicity of 0 is 1. The matrix is not diagonalizable. 1

1This example appeared in http://mathoverflow.net/questions/51887/non-diagonalizable-doubly-stochastic-
matrices



The eigenvector v to the eigenvalue 1 is called the stable equilibrium distribution

of A. It is also called Perron-Frobenius eigenvector.

Typically, the discrete dynamical system converges to the stable equilibrium. But the above
rotation matrix shows that we do not have to have convergence at all.

8 Assume

A =











0 0.1 0.2 0.3
0.2 0.3 0.2 0.1
0.3 0.2 0.5 0.4
0.5 0.4 0.1 0.2











.

Lets visualize this. We start with the vector











1
0
0
0











.
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Many games are Markov games. Lets look at a simple example of a mini monopoly, where
no property is bought:

9 Lets have a simple ”monopoly” game with 6 fields. We start at field 1 and throw a coin.
If the coin shows head, we move 2 fields forward. If the coin shows tail, we move back to
the field number 2. If you reach the end, you win a dollar. If you overshoot you pay a fee
of a dollar and move to the first field. Question: in the long term, do you win or lose if
p6 − p5 measures this win? Here p = (p1, p2, p3, p4, p5, p6) is the stable equilibrium solution
with eigenvalue 1 of the game.

10 Take the same example but now throw also a dice and move with probability 1/6. The
matrix is now

A =





















1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6





















.

In the homework, you will see that there is only one stable equilibrium now.

Homework due April 27, 2011

1 Find the stable equilibrium distribution of the matrix

A =

[

1/2 1/3
1/2 2/3

]

.

2 a) Verify that the product of two Markov matrices is a Markov matrix.
b) Is the inverse of a Markov matrix always a Markov matrix? Hint for a): Let A,B be
Markov matrices. You have to verify that BAek is a stochastic vector.

3 Find all the eigenvalues and eigenvectors of the doubly stochastic matrix in the modified
game above

A =





















1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6
1/6 1/6 1/6 1/6 1/6 1/6





















.


