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A Word from the Editors

The overall social turmoil of the present times, especially in the area of econ-
omy and finance, is reflected in science, education and culture. The leadership
of many countries is seeking the way out of the global crisis by stimulating the
development of science and education. It is expected of scientists and teams of
educationists to create new solutions by means of which to tackle the problems
of shaken existence within the layers of contemporary social reality. Accordingly,
the area of mathematics occupies an important position in the national curricula.
Therefore, upon entering the third millenium we considered the scope of mathe-
matical competences of fifteen-year-olds at the international level (PISA! research

in 1999 and TIMSS? research in 1995), as well as those of pupils in the fourth
grade of primary school (TIMSS research in 1995).

The PISA studies are conducted every three years and are sponsored by OECD?
in cooperation with participating countries. The research was founded with the goal
of assessing the levels of education of fifteen-year-olds in developed industrial coun-
tries. In 1999 the PISA research was conducted in 43 countries, whereas in 2005
it included sixty countries. Consequently, the number of participating countries
keeps continually increasing. The research sample in each country involves 4500 to
10 000 pupils. Each pupil is required to take the written exam in the duration of two
hours. One part of the exam is comprised of multiple choice questions, whereas
the remaining part of the examination is composed of open-ended questions which
demand independently constructed answers to specific questions. Furthermore,
pupils are also requested to fill out a questionnaire on their learning habits, their
motivation and their family. The most recent PISA study was conducted in 2011.

The TIMSS project devised for mathematics and science subjects has been
implemented worldwide since 1995 in 4-year cycles for pupils of the fourth grade
and those of the final grades of primary school. The project additionally monitors
the application of curricula and identifies the best examples of teaching practice
around the world. The project leader is the International Association for the Evalua-
tion of Educational Achievement IEA*. Accordingly, the Association encompasses
institutions and agencies around the world who do research in evaluating pupils’
achievements. The headquarters of this institution are in Amsterdam. Moreover,
the design and application od the TIMSS research also includes the participation of
the TIMSS and PIRLS” International Study Center at the Lynch School of Educa-
tion at Boston College, with the samples from the participating countries structured,
gathered and analysed by the IEA Data Processing Center, situated in Hamburg, as
well as Statistics Canada: Canada’s national statistical agency, situated in Ottawa.

Due to the fact that the TIMSS project is realised in 4-year cycles, the first
study was conducted in 1995, followed by those in 1999, 2003, 2007 and 2011.

! PISA - Programme for International Student Assessment

2 TIMSS - Trends in International Mathematics and Science Study

3 OECD - Organisation for Economic Co-operation and Development

4 IEA - International Association for the Evaluation of Educational Achievement
3 PIRLS — Progress in International Reading Literacy Study



Consequently, TIMSS 2011 included approximately 600 000 pupils aged 9—11
in 52 countries, and this has been so far the widest and very ambitious international
study of measuring pupils’ achievements in mathematics and science in the domains
of content and cognition with the purpose of improving learning and teaching of
mathematics and natural sciences. The last study included, in addition to the pupils
of the fourth grade of primary school, the pupils of the final (eighth and ninth) grade
of primary school (aged 14-16) with reference to various content domains (Num-
bers, Algebra, Geometric Objects and Measurements, and Data Presentation) and
cognitive domains (Factual Knowledge, Application and Deduction). The research
TIMSS 2011 was based on the mathematics and natural science curriculum, as well
as the manner in which the mathematical and natural science contents are taught.
The tested areas in natural science were biology, chemistry, physics and geography.
The questions and tasks included in the tests varied from multiple choice questions
to short answer or open-ended questions which required a pupil to solve a problem
or explain their answer.

TIMSS 2011 also included pupil, teacher and headmaster surveys on the con-
ditions in which mathematics and science instruction is carried out. The obtained
results included the information on the systems of education, curricula, teach-
ing practice, characteristics of pupils, teachers and schools, which enable us to
thoroughly observe the teaching and learning process within the mathematics and
science instruction. All segments of the research were implemented in accord with
the detailed instructions provided with the aim of achieving the highest possible
level of standardized conditions in which the research is conducted.

The universities and faculties which educate teachers of mathematics for teach-
ing pupils/students of any age group from pre-school age to higher education care-
fully monitor and compare valuable results of this research, detect the areas in
which the mathematical achievements of pupils should be improved at the national
level and propose the ways to improve the quality of education and achieve better
learning outcomes. We deem particularly valuable contributions of the researchers
regarding the samples of poorer mathematical achievements at the “local level” in
neighbouring countries, as well as the presentation of examples of good practice by
means of which we pave the path towards better achievements of pupils and, con-
sequently, the improvement in the quality of teaching mathematics at the “local”,
as well as the global level.

This book contains the results of the research on teaching mathematics and
examples of good practice provided by the scholars from the neighbouring coun-
tries: Bosnia and Herzegovina, Croatia, Hungary, Germany, Romania, Slovakia
and Slovenia. Mathematics teachers and parents can use this book to find answers
to specific questions connected to the understanding of contemporary trends and
procedures in teaching mathematics in our sorroundings. In this manner we are
contributing to the global efforts to improve the quality of teaching mathematics.
Thus, we are also affecting better learning outcomes in the area of mathematics,
and consequently upward moving trends in economy.

Osijek, March 25, 2013

Margita Pavlekovié
Zdenka Kolar-Begovi¢

Ruzica Kolar-Super



RijeC urednica

Sveukupna drustvena previranja s negativnim predznakom, osobito u podrucju
gospodarstva i financija, odrazavaju se i na znanost, obrazovanje te kulturu. Vodstva
mnogih zemalja izlaz iz globalne krize traZe u poticanju razvoja znanosti i obra-
zovanja. Ocekuje se da znanstvenici i obrazovni timovi kreiraju nova rjesenja u
poljuljanim egzistencijama sveukupne drusStvene stvarnosti. U nacionalnim kuriku-
lumima pridaje se vazno mjesto podrucju matematike. Ulaskom u treéi milenij,
sagledavaju se na medunarodnoj razini dosezi matematickih kompetencija pet-
naestogodisnjaka (PISA! istrazivanjem od 1999. godine te TIMSS? istraZivanjem
od 1995. godine) kao i u¢enika Cetvrtoga razreda osnovne $kole (TIMSS istrazivan-
jem od 1995. godine).

PISA istraZivanja se provode svake trece godine pod pokroviteljstvom OECD-
a® u suradnji zemalja sudionica. Osnovana su s ciljem ocjenjivanja razine obrazo-
vanja petnaestogodiSnjaka u razvijenim industrijskim zemljama. PISA istraZivanje
je 1999. provedeno u 43 zemlje, a primjerice 2005. u Sezdeset zemalja. Broj ze-
malja sudionica se stalno poveéava. Uzorak ispitivanja u svakoj drzavi krece se
izmedu 4500 i 10000 ucenika. Svaki ucenik rjesava pisani ispit u trajanju od dva
sata. Dio toga ispita ¢ine zadatci visestrukog izbora. Preostali dio ispita Cine za-
datci s pitanjima otvorenoga t1pa kO_]a zahtijevaju samostalan odgovor na pojedina
pitanja. UCenici takoder ispunjavaju i upitnik o svojim navikama ucenja, o njihovoj
motivaciji i o njihovoj obitelji. Posljednje istraZivanje provedeno je 2011.

TIMSS projekt za matematiku i predmete prirodnih znanosti se u svijetu
provodi od 1995. godine u ciklusu od 4 godine za ucenike Cetvrtih i zavrs$nih razreda
osnovne Skole. Takoder prati primjene nastavnih planova i programa i identificira
najbolje nastavne prakse Sirom svijeta. Nositelj ovoga projekta je medunarodno
udruzenje za vrjednovanje obrazovnih postignuéa IEA*. Ona okuplja institucije
i agencije Sirom svijeta koje se bave istraZivanjem na polju evaluacije ucenickih
postignuca. Sjediste ove institucije je u Amsterdamu. U osmisljavanju i realizaciji
TIMSS istrazivanja sudjeluju Medunarodni centar za TIMSS i PIRLS? istraZivanija,
pri Boston koledZzu (TIMSS and PIRLS International Study Center, Lynch School
of Education Boston College), a poslije se, u vezi sa struktuiranjem uzoraka u zeml-
jama sudionicama, prikupljanjem i obradom podataka, bave IEA Centar za obradu
podataka (IEA Data Processsing Center) sa sjediStem u Hamburgu, kao i Kanadska
nacionalna agencija za statistiku (Statistics Canada) sa sjedistem u Otavi.

TIMSS projekt se provodi u ciklusu od 4 godine, tako da je prva studija
realizirana 1995., zatim 1999., 2003., 2007. 1 2011.

TIMSS 2011 je obuhvatio oko 600 000 ucenika u dobi od 9-11 godina u 52
zemlje, i to je do sada najSira i veoma ambiciozna medunarodna studija mjerenja

! PISA - Programme for International Student Assessment
2 TIMSS - Trends in International Mathematics and Science Study
3 OECD Organisation for Economic Co-operation and Development
4 IEA - International Association for the Evaluation of International Achievement
3 PIRLS — Progress in International Reading Literacy Study



ucenickih postignuca iz matematike i prirodoslovlja na razini sadrZajnih i kogni-
tivnih domena kako bi se poboljSalo u€enje i poucavanje matematike i predmeta
prirodnih znanosti. Posljednjom studijom su, osim ucenika Cetvrtih razreda os-
novne Skole, obuhvaceni i uCenici zavr$nog (osmog odnosno devetoga) razreda
osnovne $kole (dob od 14-16 godina) iz sadrzajnih domena (Brojevi, Algebra,
Geometrijski likovi i mjerenja te Prikaz podataka) i kognitivnih domena (Cin—
jeni¢no znanje, Primjena i ZakljuCivanje). Istrazivanje TIMSS 2011 temelji se na
kurikulumu matematike i prirodoslovlja te na nacinu poducavanja matematickih i
prirodoslovnih sadrzaja. Podruc¢ja u predmetima prirodnih znanosti su biologija,
kemija, fizika i geografija. Pitanja i zadatci u testovima su razliitog tipa: vises-
truki izbor, kratki odgovor i zadatci otvorenoga tipa u kojima ucenik treba rjeSiti
problem ili obrazloziti svoj odgovor.

U okviru TIMSS 2011 provedena su anketiranja ucenika, nastavnika i rav-
natelja o uvjetima za u€enje matematike i predmeta prirodnih znanosti. Prikupljene
su informacije o obrazovnim sustavima, nastavnim programima, nastavnoj praksi,
karakteristikama ucenika, nastavnika i Skola, §to omoguéava cjelovitije sagleda-
vanje nastavnog procesa i ucenja matematike i predmeta prirodnih znanosti. Svi
segmenti istrazivanja realizirani su u skladu s detaljnim uputstvima u cilju pos-
tizanja $to je moguce viseg stupnja ujednacenosti uvjeta u kojim se istrazivanje
realizira.

Fakulteti koji obrazuju ucitelje matematike za ucenike/studente bilo koje
dobne razine od predskolskoga doba do fakulteta, pomno prate i usporeduju
vrijedne nalaze ovih ispitivanja, detektiraju podruc¢ja na kojima bi se trebala
poboljsati matematicka postignuéa ucenika na nacionalnoj razini i predlazu nacine
za podizanje kvalitete obrazovanja i bolje ishode uc¢enja. Posebno vrijednima sma-
tramo doprinos istrazivaca o uzrocima slabijih matematickih postignuéa ucenika
na “lokalnoj razini” zemalja okruZenja kao i izlaganja dobrih primjera iz nastavne
prakse kojima se utire put prema boljim postignu¢ima ucenika, pa onda i podizanju
kvalitete nastave matematike na “lokalnoj” ali i globalnoj razini.

U ovoj knjizi okupljeni su rezultati istrazivanja iz nastave matematike i dobri
primjeri iz nastavne prakse istraZivaca iz zemalja okruZenja: Bosne i Hercegovine,
Hrvatske, Madarske, Njemacke, Rumunjske, Slovacke i Slovenije. U¢itelji matem-
atike, studenti nastavni¢kih fakulteta i roditelji u knjizi mogu naci odgovore na
neka pitanja koja se odnose na razumijevanje suvremenih trendova i postupaka u
poucavanju matematike u naSem okruZenju. Na taj nacin dajemo doprinos global-
nim naporima u podizanju kvalitete nastave matematike. Tako utjeCemo na bolje
ishode ucenja matematike, a posredno i na uzlazne trendove u gospodarstvu.

U Osijeku, 25. oZujka 2013.

Margita Pavlekovic¢
Zdenka Kolar-Begovi¢

RuZica Kolar-Super
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Preface

In the monograph Mathematics Teaching for the Future we use the term teacher
to denote a person who teaches mathematics, and the context of each paper will
reveal whether this refers to a teacher in a pre-school institution, a school teacher
or a university instructor.

In their papers the authors critically assess the results of many years of research
within PISA and TIMSS projects regarding learning outcomes of ten-year-olds and
fifteen-year-olds in the neighbouring countries of Bosnia and Herzegovina, Croatia,
Hungary, Germany, Romania, Slovakia and Slovenia. Ten years ago the most suc-
cessful examples of mathematics teaching practice were found in the Anglo-Saxon
countries: Great Britain, the United States, New Zealand, Australia, and Canada.
Today the best learning outcomes are achieved by the pupils of primary schools in
Finland and in several Asian countries. At a global level there is great support for
the popularization of mathematics. This is visible, among other, via examples of
numerous popular mathematical contests organised at national levels, with special
emphasis on attendance (Ilona Zrinyi in Hungary, Georg Mohr in Denmark). The
most famous competition of international significance is certainly Kangaroo with-
out Borders. In the year 2012 the participants of the international mathematical
competition Kangaroo without Borders included 6 500 000 primary and secondary
school pupils from 51 European, American, African and Asian countries. The re-
sults of the International Mathematical Olympiads for high school pupils are also
being consistently monitored. Therefore, in the year 2012 at the sixth Middle
European Mathematical Olympiad in Solothurn, Switzerland, 60 pupils from 10
Middle European countries, such as Austria, Czech Republic, Lithuania, Hungary,
Germany, Poland, Slovakia, Slovenia, Switzerland and Croatia! took part. Lik-
wise, 100 countries and 548 pupils participated at the International Mathematical
Olympiad of 20122, This book contains reports from authors who critically observe
all the events, as well as scientific, popular science and professional contributions in
mathematics, and propose new approaches for the improvement of pupils’ achieve-
ments in the neighbouring countries of Bosnia and Herzegovina, Croatia, Hungary,
Germany, Romania, Slovakia and Slovenia.

The first chapter titled Fostering the development of mathematical competences
in children of pre-school age and during compulsory education presents compar-
ative analyses on learning outcomes in the subject of mathematics for pupils from
the neighbouring countries during their compulsory education. The authors point
to the continuous necessity for popularizing mathematics from the lower primary

! http://www.imosuisse.ch/memo2012/
2 http://imo-official.org



school age. Furthermore, they highlight the fact that the praise-worthy laws on
inclusion, in other words laws that govern the inclusion of children with disabilities
into formal instruction, should in our sorroundings move beyond words towards
deeds, which is primarily the task of governments, not necessarily of mathemat-
ics teachers. What is more closely considered is the need to improve learning
outcomes in mathematics among economically disadvantaged groups, such as the
Roma people, with this section of the book providing certain guidelines for teachers
of mathematics in these particular cases. Research on the pre-existing levels of
pupils’ mathematical knowledge emphasizes the need for adjusting the levels of
communication between teachers and pupils. Finally, scientists persist in encour-
aging new approaches which enable pupils to gain understanding of and acquire
fundamental mathematical concepts (multiplicative concepts, plane mapping).

In the second chapter titled The role of information and communication tech-
nologies in other approaches to teaching high school mathematics the authors
analyse the pre-existing conditions connected to using ICT in high school instruc-
tion, but also discuss goals and visions for the future. The opposing opinions
involved in the “media debate” started in the 1990’s have since been reconciled. At
the time, however, Richard Clark (Clark, 1983) wrote that the influence of tech-
nology in instruction is no greater than the influence of a truck delivering groceries
on the quality of our nutrition. As opposed to that, Kozma (Kozma, 1994) empha-
sized that the implementation of computer technology is the most effective when
it supports curriculum-based activities of pupils. It is obvious that, nowadays, the
prevailing attitude is that educational goals should precede the selection of appro-
priate ICT tools in designing instruction (Divjak, Erjavec, 2010). During the past
few years there has been a great increase in the application of artificial intelligence
methods, foremostly of tutor systems as modern teaching aids, but also for the
purpose of detecting mathematically gifted pupils (Pavlekovi¢ et al., 2010). From
the papers included in this chapter it is obvious that in the sorrounding countries
ICT is recognised as an important factor in high school instruction. Yet, the quality
and availability of technical equipment, as well as the professional competence of
teachers regarding its application within mathematics instruction, differ among the
neighbouring countries. It is argued that providing resources for ICT equipment
in high schools is as equally important as investing in life-long training of math-
ematics teachers for using it. Certain solutions can be achieved by mastering the
free ICT tools which contribute to the higher efficiency of mathematics instruction
without requiring additional financial investments. Pupils enthusiastically use new
technologies on an everyday basis for fun, “surfing” the Internet, or playing games.
For this very purpose the role of ICT in the classroom is unavoidable. Yet, the
scholars report less willingness in pupils to engage in exploration by means of
computer software. The authors highlight the need to encourage active, and subse-
quently creative approach of pupils/students to computers and computer software,
the use of which, however, can cause resistance in pupils. What is considered to be
the greatest advantage is the possibility for pupils to manipulate the assigned data.
In this way many ideas can be generated very quickly. However, it is important
to encourage pupils to monitor and generalize specified solutions. Furthermore,
the value of peer comment exchange in team work is being emphasized as well. It
is important, as the contemporary Filipino mathematics educationist Erlina Ronda



claims on her blog, for pupils to be able to make mistakes, think on their own,
express dilemmas, look for answers, and independently choose paths to solving
problems. By supporting pupils during specific activities, individually or as a
team, using ICT can significantly contribute to the development of their creativity.

In the third chapter titled Encouraging the development of students’ cognitive
domain within mathematics instruction the authors underline the importance of such
type of support at faculties and universities of teacher studies and technical studies.
According to Keith Devlin (2000), we should nurture offline thinking which is free
from the influence of reaction to the outward sensory stimuli. While observing the
pre-existing levels of knowledge and the understanding of specific mathematical
concepts of students from the sorrounding countries, we detected similar situations
and issues. Some scholars are convinced that improvements in mathematics in-
struction at faculties of teacher studies and technical studies could be achieved if
instructors managed to master various approaches to learning mathematics with
their students. With regards to teacher studies, including students in research on
the levels of knowledge of their future pupils, as well as various methods for the
teaching of mathematical concepts which appear in the latest curricula (probability,
data analysis, reading and presentation of data) has proven to be most effective.
Furthermore, the emphasis should be placed on encouraging the understanding of
and courageous arriving at “different paths to solutions”, which presupposes teach-
ers’ skills of communicating on different levels of their pupils’ knowledge. This
notion is in accord with the famous statement of the noted American mathematician
Paul Halmos (1916-2006), born in Hungary, directed at teachers of mathematics
“The best way to learn is to do; the worst way to teach is to talk”.

In the fourth chapter titled The influence of convictions, views, norms, emotions
and attitudes of mathematics teachers on the efficiency of mathematics instruction
the authors emphasize the importance of a teacher’s personality in solving problems
and designing instruction as a problem-based environment. Moreover, during task
solving in mathematics instruction different attitudes of teachers, as well as those of
pupils (joy, motivation, interest) can cause the participants of the teaching process
to experience a variety of emotions (frustration, anxiety, pleasure, joy, impatience,
rage). The authors suggest that we take into consideration teachers’ attitudes, as
they influence the efficiency of different segments of mathematics instruction.

The fifth chapter is titled Examples of good teaching practice. Teaching prac-
tice is the source of scientific research. The task of scientists in education, as well as
related sciences, is to improve the quality of teaching practice by means of research
and with the aid of their respective governments. The link between science and
practice is created through efforts of benevolent scientists and critical practitioners.
Only through costant interaction of scientific activities by noted mathematicians,
psychologists, computer scientists, educationists, educational specialists and the
critical work of teachers in the field can we, in the socially acceptable atmosphere,
count on the achieved mathematical potential in pupils and students. The famous
Stanford mathematics professor and popularizer of natural sciences Keith Devlin
(Devlin, 2000) claims in one of his books that evolution endowed humans with
a brain which can, besides the reactions to outward sensory stimuli, think offline
about objects or items that resemble them. Yet, offline thinking is difficult because



the brain accepts the new abstraction by trying to make it more real through the
process of familiarization which is the result of direct contact with abstract con-
cepts, making this a demanding process. Teachers are not evaluated according to
well thought-out shortcuts which they use to lead pupils towards a passing grade,
but according to their resolve to use the teaching process to lead pupils towards
endeavors by means of which they will penetrate from that which is concrete to
that which is abstract, and towards concepts that are even more abstract. In doing
so it is important to develop pupils’ self-esteem. Finally, the influential American
mathematics educationist of Hungarian origin Gyorgy Pélya (1887-1985) says in
his book How to solve it?: “What is good education? Systematically giving op-
portunity to the student to discover things by himself”. Every mathematics teacher
should insist on that.
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Predgovor

U monografiji Poucavanje matematike za buducnost rabi se termin ucitelj za
osobu koja poucava matematiku, a iz konteksta svakoga Clanka razumjet ée se
govori li se o uitelju u predskolskoj ustanovi, $koli ili o sveuciliSnom nastavniku.

Autori se u svojim radovima kriticki osvréu na rezultate viSegodi$njih is-
traZivanja u okviru PISA i TIMSS projekata o ishodima ucenja desetogodiSnjaka
i petnaestogodiSnjaka u zemljama okruZenja: Bosne i Hercegovine, Hrvatske,
Madarske, Njemacke, Rumunjske, Slovacke i Slovenije. Prije deset godina na-
juspjesnije matematicke obrazovne prakse prema postignu¢ima ucenika nalazimo
u anglosaksonskom svijetu: Velikoj Britaniji, Americi, Novom Zelandu, Aus-
traliji, Kanadi. Danas najbolje ishode ucenja postiZzu polaznici osnovnih §kola
u Finskoj i nekoliko azijskih zemalja. Na globalnoj razini podrZava se popu-
larizacija matematike. To je vidljivo, izmedu ostaloga, po brojnim popularnim
matematickim natjecanjama koja se organiziraju na nacionalnim razinama, pri
¢emu je naglasak na brojnosti (llona Zrinyi u Madarskoj, Georg Mohr u Danskoj).
Najpoznatije takvo natjecanje medunarodnoga znacaja je natjecanje Klokan bez
granica. Godine 2012. sudjelovalo je 6 500 000 ucenika osnovnih i srednjih Skola
iz 51 zemlje Europe, Amerike, Afrike i Azije u medunarodnom matematickom nat-
jecanju Klokan bez granica. Prate se i rezultati matematickih olimpijada za ucenike
srednjih Skola. Tako je 2012. godine na Sestoj srednjoeuropskoj matematickoj
olimpijadi u Solothurnu, u Svicarskoj, sudjelovalo 60 u¢enika iz 10 srednjoeu-
ropskih drzava: Austrije, Ceske, Litve, Madarske, Njemacke, Poljske, Slovacke,
Slovenije, Svicarske i Hrvatske'. Takoder je u 2012. godini na Medunarodnoj
matemati¢koj olimpijadi sudjelovalo 100 drzava i ukupno 548 ucenika’. U ovoj
knjizi izlaZu autori koji kriti¢ki prate sva aktualna matematic¢ka zbivanja i doprinose
na znanstvenoj, znanstveno-popularnoj i stru¢noj razini te predlazu nove pristupe
za poboljsanja ucenickih postignuca u zemljama okruzenja: Bosne i Hercegovine,
Hrvatske, Madarske, Njemacke, Rumunjske, Slovacke i Slovenije.

U prvom poglavlju naslovljenom Poticanje razvoja matematickih kompeten-
cija u djece predskolske dobi i tijekom obveznoga skolovanja predstavljene su
usporedne analize o ishodima ucenja matematike ucenika iz zemalja okruZenja
tijekom obveznoga Skolovanja. Autori ukazuju na kontinuiranu potrebu popular-
izacije matematike ve¢ od rane skolske dobi. NaglaSavaju, takoder, da pozitivne
zakone o inkluziji, tj. ukljucivanju djece s posebnim potrebama u redovitu nas-
tavu, treba u naSem okruZenju s deklarativne razine pretvoriti u stvarnost, a Sto
je, ipak, viSe politicko pitanje nego samo htijenje ucitelja matematike. Posebno

! http://www.imosuisse.ch/memo2012/
2 http://imo-official.org



se naglaSava potreba poboljSanja ishoda ucenja matematike medu skupinama so-
cijalno ugrozenih, primjerice Roma, te se i u ovom slu¢aju uciteljima matem-
atike predlaZu neke smjernice. IstraZivanja o zateCenim razinama matematickih
znanja ucenika ukazuju na potrebu usuglaSavanja komunikacijskih razina izmedu
ucitelja i uCenika. Pojedini znanstvenici ustrajavaju na novim pristupima kojima
se ucenicima olakSava razumijevanje i usvajanje nekih temeljnih matematickih
koncepata (multiplikativni koncept, preslikavanja ravnine).

U drugom poglavlju naslovljenom Uloga informacijsko-komunikacijskih te-
hnologija u drugacijim pristupima poucavanja autori analiziraju zateCena stanja
u svezi s koriStenjem ICT-a u srednjoskolskoj nastavi, ali i videnja kojima treba
teziti. Krajnosti u svezi s “debatom o medijima” koja se vodila devedesetih godina
prosloga stoljeca pomirene su. U to vrijeme Richard Clark (Clark, 1983) napisao
je da utjecaj tehnologije u poucavanju nije veéi od utjecaja kamiona za prijevoz
namirnica na kvalitetu namirnica koje prevozi. Suprotno takvom misljenju, Kozma
(Kozma, 1994) je naglasavao da je upotreba racunalne tehnologije najucinkovitija
kada podupire aktivnosti ucenika u okviru nastavnoga plana i programa. OCito
je da se danas zastupa miSljenje da obrazovni ciljevi prethode odabiru prikladnih
ICT alata u kreiranju nastave (Divjak, Erjavec, 2000). U posljednjih nekoliko go-
dina postoji snazna ekspanzija upotreba metoda umjetne inteligencije, ponajprije
tutorskih sustava za potporu obrazovanju, ali i u odredivanju ucenic¢ke darovi-
tosti za matematiku (Pavlekovi¢ i sur., 2010). Iz ¢lanaka je ocito da se u zeml-
jama okruzenja ICT prepoznaje kao vazan ¢imbenik srednjoskolske nastave. No,
tehni¢ka opremljenost kao i stru¢na osposobljenost ucitelja za njezinu primjenu u
nastavi matematike razlikuje se medu zemaljama okruZenja. Argumentira se kako
je jednako vazno izdvajanje materijalnih sredstava za opremanje srednjih Skola ICT-
om kao i ulaganje u cjeloZivotno osposobljavanje ucitelja matematike za primjenu
istih. Neka rjesenja vide se i u ovladavanju besplatnim alatima kojima se moze i bez
financijskih ulaganja doprinijeti uc¢inkovitijoj nastavi matematike. Ucenici mod-
ernu tehnologiju svakodnevno rado rabe, za zabavu, “surfanje” internetom, igranje
igrica. No, manje su skloni istraZivanjima na racunalu uz podr$ku programskih
paketa. Bas zbog toga njezina je uloga u nastavi nezaobilazna. Najvecom prednosti
smatra se mogucnost ucenika da variraju zadanim podatcima. Tako se u kratkom
vremenu moze konkretizirati puno ideja. No, treba poticati u¢enike na pracenje i
uopcéavanje uocenih rjeSenja. IstiCe se vrijednost vrsnjacke razmjene komentara u
timskome radu. Vazno je, kako tvrdi i suvremena filipinska metodicarka matem-
atike Erlina Ronda na svom blogu, da ucenik ima priliku pogrijesiti, razmisljati
svojom glavom, izricati svoje dvojbe, traZiti odgovore, samostalno birati putove
rjeSavanja. Ohrabrivanjem ucenika u individualnim aktivnostima, samostalno ili u
okviru tima, koristenje ICT-a moze doprinijeti razvoju njihove kreativnosti.

U treCem poglavlju naslovljenom Poticanje razvoja kognitivne domene stude-
nata u nastavi matematike autori isticu vaznost takvoga poticanja na nastavnickim i
tehni¢kim fakultetima. Prema Keithu Devlinu (Devlin, 2000) treba njegovati offline
razmisljanje oslobodeno utjecaja reakcije na osjetilne podrazaje izvana. U svezi
sa zateCenim razinama znanja i s razumijevanjem pojedinih koncepata matematike
od strane studenata iz zemalja okruZenja uocena su sli¢na stanja i problemi. Neki
su istrazivaci uvjerenja da bi se poboljSanja u nastavi matematike na nastavnickim



i tehnickim fakultetima mogla posti¢i ukoliko bi ufitelji svoje studente osposo-
bili za razli¢ite pristupe ucenja matematike. Na uciteljskim studijima pokazuje se
ucinkovitim ukljuciti studente u istraZivanja o razinama znanja njihovih buducih
ucenika, kao i metodama poucavanja matematickih koncepata koji se pojavljuju
tek u najnovijim kurikulima (vjerojatnost, obrada podataka, Citanje i prikazivanje
podataka). Naglasak treba staviti na poticanje razumijevanja i hrabroga iznalaZenja
“drugacijih puteva rjeSavanja”, a to pretpostavlja uciteljevu vjestinu komuniciranja
na razli¢itim razinama znanja svojih ucenika. To je u skladu s ¢uvenom receni-
com poznatoga americkog matemati¢ara Paula Halmosa (1916.-2006.) rodenog
u Madarskoj, upuéenoj uciteljima matematike: “Ne propovjedati Cinjenice, nego
poticati na djelovanje.”

U Cetvrtom poglavlju naslovljenom Utjecaj uvjerenja, stanovista, normi,
emocija i stavova ucitelja matematike na ucinkovitost nastave matematike au-
tori ukazuju na vaznost uliteljeve osobnosti kod rjeSavanja problema i kreiranja
nastave kao problemske situacije. Takoder, tijekom rjeSavanja zadataka na nas-
tavi matematike razliiti pristupi ucitelja, ali i uCenika (uzitak, motivacija, interes)
mogu izazvati kod svih sudionika nastavnoga procesa razli¢ite emocije (frustraciju,
tjeskobu, zadovoljstvo, radost, nestrpljivost, bijes). Autori predlazu voditi racuna
o uciteljevim misljenjima i pristupima argumentirajuéi utjecaj istih na u¢inkovitost
razliCitih segmenata nastave matematike.

Peto je poglavlje naslovljeno Primjeri dobre nastavne prakse. Nastavna je
praksa izvor znanstvenih istraZivanja. Zadaca je znanstvenika odgojno-obrazovnih,
ali i srodnih znanosti da na temelju istrazivanja, uz podrsku vlada, podizu kvalitetu
nastavne prakse. Poveznicu znanosti i prakse ¢ine dobronamjerni znanstvenici
i kriti€ki praktiari. Samo u stalnom proZimanju znanstvenih aktivnosti ugled-
nih matematicara, psihologa, informaticara, pedagoga, defektologa i kritickoga
djelovanja ucitelja iz prakse moZemo u drustveno pogodnoj klimi racunati na real-
izirane matematicke potencijale uCenika i studenata. Poznati profesor matematike
sa Stanforda i popularizator prirodnih znanosti Keith Devlin kaZe u svojoj knjizi
kako je Covjeku evolucija podarila mozak koji moze, osim reakcije na osjetilne
podraZaje izvana, razmiSljati offline o objektima ili predmetima koji im slice. Ipak,
offline razmisljanje je teSko jer mozak novu apstrakciju prihvac¢a pokusavajuéi je
uciniti stvarnijom kroz upoznavanje koje proizlazi iz neposrednoga dodira s ap-
straktnim pojmovima, a §to je naporan proces. UCitelj se ne vrjednuje prema dobro
smiS$ljenim precacima kojima vodi svoje ucenike do pozitivne ocjene, nego prema
svojoj rjesenosti da ucenika u procesu poucavanja navede na rad kojim ¢e se pro-
biti iz konkretnoga u apstraktno ili jo$ apstraktnije. Pri tome je znaCajno podizati
ucenikovo samopouzdanje. I najzad, uvijek aktualan ameri¢ki metodi¢ar matem-
atike madarskoga porijekla Gyorgy Pélya (1887.-1985.) u svojoj knjizi How to
solve it? pise: Sto je dobro obrazovanje? Sustavno davanje mogucnosti uceniku
da sam otkrije stvari. Na tome bi trebao ustrajavati svaki ucitelj matematike.
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1.

Fostering the development of mathematical
competences in children of pre-school age and
during compulsory education

In this chapter the authors analyse segments of international research pertaining
to pupils’ achievements in mathematics. Presented are the comparative analyses of
learning outcomes in mathematics from the neighbouring countries for the duration
of compulsory education. The authors point to the continuous necessity for pop-
ularization of mathematics from the lower primary school age. Additionally, they
highlight the fact that praise-worthy laws on inclusion, in other words laws that
govern the inclusion of children with disabilities into formal instruction, should in
our sorroundings move beyond words towards deeds, which is primarily the task
of governments, and not necessarily of mathematics teachers. What is particularly
emphasized is the need for improving the learning outcomes in mathematics among
economically disadvantaged groups, such as the Roma people, with this section of
the book providing certain guidelines for teachers of mathematics in these particu-
lar cases. Research on the pre-existing levels of mathematical knowledge of pupils
points to the need for improving the level of written and spoken communication
skills in pupils and teachers alike. Some of the scientists persist in encouraging new
approaches which enable pupils to gain understanding of and acquire fundamental
mathematical concepts (multiplicative concepts, plane mapping).






MATHEMATICS TEACHING FOR THE FUTURE 13

Regional comparison of the PISA 2009
results in the field of mathematical literacy

Dubravka Glasnovi¢ Gracin

Faculty of Teacher Education, University of Zagreb, Croatia

Abstract. This work presents the analysis results on the require-
ments in PISA 2009 mathematical items. The analysis is based on all 35
mathematical literacy items, which were involved in PISA 2009 assess-
ment. The research objectives were to determine what mathematical
contents and activities are required in mathematical PISA 2009 items,
to compare Croatian PISA results with the results of other countries in
the region (Slovenia, Serbia, Montenegro), and to compare PISA and
curricular requirements in Croatia. The results show that PISA 2009
requirements differ from the textbook and curricular requirements in
Croatia to a great extent. The paper presents the detailed analysis of
requirements in the items, in which the Croatian students showed poor
results, compared to the OECD average and other countries from the
region.

Keywords: Mathematics education, PISA assessment 2009, math-
ematical literacy, requirements

Introduction

Since the first Programme for International Student Assessment (PISA) in 2000,
educational and public circles worldwide have paid a lot of attention to it in the
context of national ranking as well as in commenting on the PISA theoretical
background.

PISA examines reading literacy, mathematical literacy and scientific liter-
acy among 15-year-old students (OECD, 2003).! In order to properly measure
mathematical literacy, three components are distinguished: mathematical contents
required for solving problems successfully, mathematical competencies, and the

! In the PISA framework mathematical literacy is defined as an “individual’s capacity to identify
and understand the role that mathematics plays in the world, to make well-founded judgments and
to use and engage with mathematics in ways that meet the needs of that individual’s life as a
constructive, concerned and reflective citizen” (OECD, 2003, p. 24).
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mathematical context in which the problems are located (OECD, 2003; Bra$ Roth
etal., 2008). The sources at www .oecd.org/pisa give detailed information about
PISA assessment, including the assessment results.

In 2006 Croatia participated to PISA assessment for the first time as a partner
country and was ranked 36th in the domain of mathematical literacy with the mean
score 467. In the next cycle 2009 Croatia was ranked as the 40th country in the
domain of mathematical literacy with the mean score 460 (Bras Roth et al., 2008;
2010). These results present Croatia again being statistically below the OECD
average.

Analysis of PISA items

In 2009 the major domain was reading literacy, so there were only 35 mathematical
items in PISA 2009. The PISA testing items are not publicly available, but the
OECD published a set of released PISA items (OECD 2006), that give examples of
unreleased PISA mathematical problems. Analyses on the publicly available PISA
mathematical items for Croatia are, for example, conducted in Glasnovi¢ Gracin
(2009) and in Glasnovié¢ Gracin and Vukovi¢ (2010). This paper brings the results
on PISA 2009 unreleased items?. The analysis encompassed all PISA mathematical
items involved in the PISA assessment in 2009 (35 items).

The research objectives of PISA items in the domain of mathematical literacy
were: to determine what mathematical contents and activities are required in math-
ematical PISA 2009 items, to compare Croatian PISA results with the results of
other countries in the region, and to compare PISA and curricular requirements in
Croatia. Basis for content, activities and complexity requirements are taken from
the Austrian Standards for Mathematics (IDM, 2007).

Results and discussion

The results are presented according to contents: Numbers, Geometry, Algebra and
functional dependences, and Descriptive statistics and probability.

Numbers

According to my research instrument criteria, there are 12 out of 35 PISA items
within the field of Numbers and Measurements. Regarding content, they refer to
natural numbers, decimals, percents or measurements. These contents fully corre-
spond to the contents from the Croatian mathematics curriculum (MZOS, 2006).
The analysis showed that in PISA 2009 the following activities were required:

2 These items are analyzed courtesy of PISA Center in Zagreb, Croatia. The data given in this
paper fully respect the PISA confidentiality. Since the analyzed items are not publicly available, the
analysis results refer only to the item requirements, but do not expose them publicly.
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2 out of 12 items required modeling or presenting activities; 11 out of 12 items
required computation or operation activities; none of the items from the numbers
field required interpretation or argumentation activities. Analysis also shows that
7 out of 12 items are on the simplest complexity level, 3 out of 12 items are on the
connections level, and 2 out of 12 items are on the reflection level. The results show
that half of the items in the field of numbers were closed answers, and the other
half multiple-choice answer types>. This confirms that there were no open-answer
items within the field of Numbers and Measurements in PISA 2009. These findings
suggest that in its big idea of numbers PISA puts emphasis on simple items with
requirements of computation and operating with natural or decimal numbers.

The results (Figure 1) show that the Croatian results and OECD average are
similar in 8 out of 12 items. I took the difference of 7 maximal points (in percent-
ages) to define the similar results. In 3 out of these 8 items Croatia has a slightly
higher percentage than the OECD average. In 4 out of 12 items Croatian students
had poorer results in comparison to the OECD averages. These items are all not
typical for mathematics education in Croatia.

Since Croatia is not an OECD participant, perhaps it would be more interesting
to compare Croatian results to those of some other countries, such as Slovenia, Ser-
bia and Montenegro. These neighboring countries shared the same school system
with Croatia in former Yugoslavia until 1990. Figure 1 shows that Slovenia has
significantly better results in the numbers field in than the other three countries. In
most of the items Croatia had better results in the field of numbers than Serbia and
Montenegro.
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—— MNE 84,71 55,38 37,75 43,42 31,65 14,42 34,15 37,68 33,28 29,00 12,38 15,61
——CRO 88,67 75,33 38,93 63,72 46,56 39,39 35,14 44,77 26,28 46,53 31,43 37,35
——SLO 94,11 80,02 64,44 64,83 49,18 47,9 51,23 52,76 51,09 48,56 36,65 32,12

Figure 1. PISA 2009 Numbers.

3 In this research the closed answer items require one correct (mostly short) answer. The open
answer items require a more free expression of students’ ideas about mathematics. The closed
answer items put more emphasis on the final solution, while the open answers are more concerned
with the process and the way of solving a particular problem. Multiple-choice items offer a limited
number of already defined responses.
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Figure 1 shows* that in 2009 Croatia had poor results in two items in particular
compared to the OECD average and other countries from the region. Both items
are not commonly found in mathematics education in Croatia:

e The item M446Q01 (item 3 on Figure 1) was successfully solved by 69,01%
of OECD students (on average) but only 38,93% of Croatian students. The
results from PISA 2006 show that Croatian students had the same percentage
three years ago (38,62%). This item requires simple mathematical require-
ments with a closed answer form, but the item also requires modeling activ-
ities. Also, the rich text and the context unusual for Croatia surely affected
the results. Its mathematical requirements are simple, but the text has to be
read carefully with full concentration, and the students need to be confident
in their abilities.

e The item M411QO02 (item 9 on Figure 1) was successfully solved by 44,78%
of OECD students on average, but only 26,28% of Croatian students. This
item is very rich in text (more than 100 words in Croatian translation) and
requires students’ engagement on the reflection level. Besides dealing with
numbers according the given rules, it required some basic knowledge of statis-
tics. Such an item is not common in mathematics education at all. In the 2006
assessment this item was successfully solved by even less Croatian students
(21,41%). A lot of text, mathematics in the service of problem solving and
reflective thinking requirements surely influenced these poor results.

Geometry

The mathematical literacy domain in 2009 consisted of 8 (out of 35) items from the
geometry field. These items require the following mathematical topics: 5 out of 8
items refer to plane shapes, 2 items refer to spatial ability, and 1 item refers to iso-
metric mappings. The analysis shows that 6 out of 8 items fully match the contents
from the Croatian mathematics curriculum (MZOS, 2006). Only two items which
refer to spatial ability competencies are not an explicit part of Croatian curriculum.
The analysis shows that 3 out of § items involved modeling or presenting activities,
5 items required computation activities, 2 items involved interpretation activities®,
and none of the items involved argumentation activities. The complexity analysis
brings interesting results: none of the items required reproduction, 5 items are
on the connections level, and 3 items are on the reflection level. These findings
suggest that PISA 2009 put emphasis on more complex requirements in the field
of geometry than in arithmetic. Only 1 out of 8 items is intra-mathematical. All
context-based items have at least one scheme or picture attached. According to
my research, the analysis shows that 5 items require closed answer, 3 items are
multiple choice forms (2 regular multiple choice, 1 complex multiple choice), and
none of the items require open answer.

4 Source: Compendium for the cognitive item responses, http://pisa2009.acer.edu.au
(available on Jan, 5 2011)
> One item may have required more than one activity.
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The analysis shows that only 2 out of 8 geometric items in PISA 2009 are con-
sidered as typical for geometry education in Croatia. It is precisely the reflection
and more complex connection requirements, as well as interpretation skills and
problem situations (in text format) that make it untypical for geometry education
in Croatia. Such items are not often found in mathematics education in Croatia
(Glasnovi¢ Gracin, 2011).

The results show that Croatian students showed worse results than the OECD
average in all geometry items, even in the ones marked as typical for mathematics
education in Croatia (items 6 and 8 on Figure 2).
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Figure 2. PISA 2009 Geometry.

The results show that Slovenia has better results than Croatia in all geometrical
items. Croatia has better results than Serbia and Montenegro, but there are two
items in which Croatian students showed significantly poorer results in comparison
to other countries. These items call for deeper analysis:

e Item M406Q01 was successfully solved by 26,72% of OECD students on
average but only 14,52% of Croatian students (item 5 on Figure 2). Serbian
students solved it in 18,85% cases. The results from PISA 2006 show that
Croatian students had a similar poor percentage (15,40%) three years ago
on this item. This item requires more complex computational requirements,
an understanding of wider geometrical ideas, concentration in reading rich
text, and understanding the situation. These parameters are not common for
mathematics textbooks requirements.

e Item M462QO01 (item 8 on Figure 2) was successfully solved by 11,37% of
OECD students (average), 18,38% of Slovenian students, 7,66% of Serbian
students, and 4,18% of Montenegro students, but only 3,02% of Croatian
students in 2009. In 2006 it was solved by 5,13% of Croatian students.
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Interestingly, this item is intra-mathematical and is marked as usual for math-
ematics education in Croatia because it was found in textbooks during the
textbook analysis in Glasnovi¢ Gracin (2011). Therefore it is important to
examine it more closely. First of all, the translation should be clearer to
students, it is very likely that some students did not understand the problem
properly. In their report, the Croatian PISA 2006 expert group for mathe-
matics mentions this particular problem. “One item contained a language
problem, so we think that the students did not understand the question prop-
erly” (Bra$ Roth et al., 2008, p. 161, translation: D.G.G.): The other reason
for poor result could be the requirement of grasping the whole idea of the
triangle, not just following some computation or operation procedures.

Functions and Algebra

According to my research instrument criteria, there are 5 out of 35 PISA items in
the field of Functions and Algebra. One of these items belongs to both Numbers
and Functions. Comparing these findings to the other fields, the analysis shows that
the contents of Functions and Algebra are the least required in PISA assessment.
Three out of 5 items required non-linear functions or relations, which are not part
of the Croatian curriculum for mathematics (MZOS, 2006), and 2 items required
familiar knowledge about proportionality and linear function. The analysis shows
that in PISA 2009 the following activities were required: 3 out of 5 items required
modeling or presenting activities, 3 items required computation activities, 2 items
required interpretation activities, and none of the items required argumentation
activities. There were some items that required two activities. In terms of com-
plexity, the analysis of PISA 2009 items showed that 1 out of 5 items are on the
simplest complexity level, 1 item is on the connections level, and 3 items are on the
reflection level. Two items require closed answer, 3 are multiple choice (2 multiple
choice and 1 complex multiple choice), and none of the items require open answer
in the field of Functions and Algebra. All the examined PISA 2009 items from the
field of Functions and Algebra are put in context.

These findings suggest that in the functions field PISA puts emphasis on
the reflection knowledge items with requirements of modeling, computation and
interpretation and mostly with non-linear contents. These requirements are not
predominant in Croatian mathematics textbooks in the field of functions and alge-
bra (Glasnovié Gracin, 2011). The analysis shows that not one of these five items
in PISA 2009 is considered common in mathematics education in Croatia. None
of them are typical textbook items, primarily because of the content (non-linear
functions) and reflection requirements.

The results show that Croatian students have worse results than the OECD
average in all five items from the field of functions and algebra (Figure 3). One of
the items shows significantly worse results compared to other countries (item 1 on
Figure 3). This item (M446Q01) is already analyzed before, because it requires
knowledge of both Numbers and Functions. The results show that students find
functions and algebra requirements in PISA 2009 assessment more difficult than
numerical items.
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Figure 3. PISA 2009 Functions.

The comparison with other neighboring countries (Figure 3) shows that Serbian
students achieved better results in 3 out of 5 items compared to Croatian students.
The results from the other neighboring countries are similar to the geometry results.

Statistics and Probability

According to my research instrument criteria, there are as many as 13 out of 35
PISA items from the field of Statistics and Probability. Out of these 13 items 4
involve bar charts, 4 involve arithmetic mean, 3 line charts (which are not covered
in the Croatian mathematics curriculum), and 3 involve probability contents (they
are shown with the dashed pattern on OECD grey bars in Figure 4).

One item required presenting activities, 8 items required computation activ-
ities, 9 items required interpretation activities, and none of the items required
argumentation activities. There were some items that predominantly required two
activities. Two items are on the simplest complexity level, 6 are on the connections
level, and 5 are on the reflection level. The analysis shows that out of 13 items 8
require closed answers, 5 require multiple choice (2 simple multiple choice and 3
complex multiple choice), and none require open answers. All the examined PISA
2009 items from the field of statistics and probability are put in real life situations.

The analysis shows that 10 out of 13 PISA 2009 items are considered as not
usual for statistics and probability education in Croatia. They are not usual mostly
because of the reflection requirements, interpretations and rich textual problems.

The results show that Croatian students showed poorer results than the OECD
average in all 13 items from the field of statistics and probability (Figure 4). These
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items contain contents usual for mathematics education in Croatia, but other pa-
rameters such as activities, complexity, context or answer type surely affected the
Croatian results:

e Item M411Q02 (item 8 on Figure 4) is already analyzed here, because it
requires knowledge of both Numbers and Statistics.

e Item M408QO01 (item 9 on Figure 4) is considered as not usual for mathe-
matics education in Croatia. It is from the field of probability and Croatian
students did worse in this item not only compared to OECD, Slovenia, Serbia
and Montenegro. The item requires interpretation activities on the reflection
level. Since probability contents are poorly covered in Croatian compulsory
education, the lack of practice and not placing emphasis on understanding the
ideas could be also affecting this result.
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Figure 4. PISA 2009 Statstics and Probability.

It is interesting to note that the statistics and probability became official part of
the Croatian curriculum no earlier than autumn 2006 in the 7th grade of compulsory
education (13-year olds). This means that the 15-year old students that participated
in PISA assessment in 2006 were not taught Data and Chance in mathematics ed-
ucation at all, and the participants in 2009 had statistics in school. Still, the results
from 2006 are no worse than the results from 2009. Only approximately 1-2% of
the total mathematics education is devoted to statistics and probability, which is
not enough time to practice these contents and to reflect on the ideas in statistics
and probability. So, it may be that for Croatian students real life experience is still
the main source of understanding statistic and probability concepts. PISA 2009
required statistics and probability in 13 out of 35 items (37%) according to my
instrument.
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Conclusions

About one third of PISA 2009 mathematical items belong to the big idea of num-
bers, one third is statistics and probability and one third belongs to both geometry
and functions. The overall results show that 77% of mathematical items in 2009
required computation activities, 26% presentation, 37% interpretation and 0% ar-
gumentation activities. This lack of argumentation requirements is not fully in
accordance with the definition of PISA mathematical literacy, because argumenta-
tion is an important part of everyday mathematics. Numbers and statistics required
more reproduction and simpler connection items, while geometry and functions
required more difficult items. Reflection requirements are present in all overar-
ching ideas, but they are not connected to argumentations in PISA 2009, but to
interpretation activities.

The research results show that the PISA 2009 items mostly required closed
answers (19 out of 35). The rest were 16 multiple choice items. According to my
study, PISA 2009 did not require any item with open answer. Almost all PISA
items are very rich in text and are put in a realistic or authentic context. That makes
them completely different from the textbook items in the fields of numbers, geom-
etry and functions. Croatian textbook items mostly have closed intra-mathematical
contexts in these three fields (Glasnovi¢ Gracin, 2011). All these results sug-
gest that the mathematical requirements from the textbooks and plan and program
(MZOS, 2006) are different to a great extent from the PISA 2009 requirements.
The differences between school and PISA requirements most probably influenced
the results, particularly in some items.

In comparison to other countries from the region (Slovenia, Serbia, Montene-
gro), Croatia has poorer results than Slovenia in PISA 2009, slightly better than
Serbia and better than Montenegro. These results may be the basis for further
analyses and researches of the mathematics education in the region.

At the very beginning of this study, an important question arose: What are the
things that we should take from PISA in order to improve mathematics education?
Although the objectives of mathematics education can not be fully compared with
PISA objectives, some of the requirements that could be taken from PISA are, for
example: connecting mathematical contents with realistic and authentic contexts
to a greater extent, greater usage of mathematics within problem situations (not
just to practice a routine, but to really solve a particular problem), more focus on
reflective requirements and understanding mathematical concepts within textbook
exercises, introducing a thorough approach to the idea of function as well as imple-
menting it in authentic situations, having more focus on statistics and probability
in compulsory education, especially through everyday interpretations.

These suggestions should be implemented not with the aim of getting better
results in PISA assessment, but to truly improve mathematics education and to
encourage students in reflecting on mathematical ideas.
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Regionalna usporedba rezultata
iz matematicke pismenosti na
PISA istrazivanju iz 2009. godine
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SaZetak. Ovaj rad prikazuje rezultate analize zahtjeva u PISA is-
trazivanju 2009. godine iz podrucja matematicke pismenosti. Analiza
se temelji na svih 35 matematic¢kih zadataka koji su se pojavili na
PISA testiranju 2009. godine. Ciljevi istrazivanja su bili odrediti koji
matematicki zahtjevi su traZzeni u PISA zadacima, usporediti rezultate
hrvatskih ucenika s onima iz zemalja regije (Slovenija, Srbija, Crna
Gora) te usporediti zahtjeve iz PISA studije sa zahtjevima iz udzbenika
i nastavnog plana i programa za matematiku u Hrvatskoj. Rezultati
pokazuju da se zahtjevi iz PISA 2009 istraZivanja u velikoj mjeri raz-

likuju od kurikulumskih zahtjeva u Hrvatskoj. Clanak donosi i detaljnu
analizu zahtjeva u zadacima u kojima su hrvatski ucenici pokazali
narocito slabije rezultate u odnosu na rezultate zemalja iz regije, kao i
obzirom na prosjek zemalja ¢lanica OECD-a.

Kljucne rijeci: nastava matematike, PISA istraZivanje 2009., ma-
tematicka pismenost, zahtjevi
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Levels of geometric thinking in the
second triad of elementary school

Maja Skrbec

Elementary school Notranjski odred Cerknica, Slovenia

Abstract. Dutch mathematician Pierre M. van Hiele developed a
theory how to determine a level of geometric thinking of an individ-
ual on the basis of solving geometrical problem. He designed and
accurately described five levels of geometric thinking. His findings
encouraged several researchers to deal with this issue. Van Hiele’s
findings also affected changes of the curriculum in many countries.
We decided to research this problem because in Slovenia no significant
research dealing with levels of geometric thinking in elementary school
has ever been made. 782 pupils from grades four, five and six of
elementary schools solved a test that we had prepared. We found out
that the majority (60.7%) of pupils in the second triad are between
level O (visual) and level 1 (descriptive) of geometric thinking. Nearly
a third (31.7%) of pupils aged 9-11years are on the first level and 4.3%
are on level 0. According to the whole test, only 1.4% of children were
on the second (informal deduction) level of geometric thinking. We
found out that pupils know certain properties of geometric figures. But
these properties are not logically arranged and moreover, pupils are
not able to apply knowledge to new situations. Among other things,
we confirmed that there is a difference among classes. Older pupils
are at a higher level of geometric thinking than younger ones. We
did not notice any difference between genders. We also confirmed
the assumption that pupils who have a higher grade in mathematics
are at a higher level of geometric thinking. We found out that they
are using different levels of thinking, when they are solving problems
with different concepts. Using appropriate vocabulary was the biggest
problem that the pupils had. They are still confusing basic geometric
concepts such as edge and side. This paper briefly presents a model of
teaching that aims at improving geometric vocabulary and at the same
time promoting higher levels of geometric thinking.

Keywords: geometry, van Hiele, levels of geometric thinking,
second triad, encouraging higher levels of geometrical thinking
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Introduction

Geometry is an abstract science, where the relations among different concepts
are controlled through an appropriate use of language. Researchers across the world
concluded that students have many difficulties with geometric issues. Pierre M.
van Hiele dealt with the connection between language and geometric concepts. He
developed a theory how to identify levels of geometric thinking based on solving
geometric problems.

Levels of geometric thinking

Van Hiele (1999; van Hiele, 1957, in Fuys, Geddes and Tischer, 1984) ana-
lyzed how students solved geometric problems and, based on solutions, formed the
following levels of geometric thinking:

e Visual level (level 0) where students identify shapes according to their ap-
pearance.

e Descriptive level (level 1) where shapes are not judged by their appearance
but rather because they have certain properties.

e Level of informal reasoning (level 2) where properties are logically ordered.

e Level of formal reasoning (level 3) where an individual uses deduction to
prove the principles. It deals with the axioms and the necessary and sufficient
conditions.

e Rigorous level (level 4) where the comparison between different geometric
systems is based on axioms.

Van Hiele (1957, in Fuys, Geddes and Tischer, 1984) claims that the level of
an individual depends more on learning than on age or maturity. This means that
the way of teaching can accelerate or retard the development of geometric thinking.
Burger, Shaughnessy (1986), Wu and Ma (2006) also confirmed that the levels of
geometric thinking are not strictly defined by age or by the class students attend.

Van Hiele (1959, in Mayberry, 1983) also states that students cannot work
properly at some level, if they do not have any experience allowing them to think
at this level. He emphasizes that if the language used by the teacher in teaching
geometric concepts is on a higher level than the level at which the student is, then
the student does not understand the subject matter (van Hiele, 1959, in Mayberry,
1983). Van Hiele (1957, Fuys, Geddes and Tischer, 1984) believes that individuals
must pass the levels by type and that it is possible to identify the level on which an
individual is located by the way they solve geometrical problems.

The latter was confirmed by Mayberry (1983), Burger and Shaughnessy
(1986). Burger, Shaughnessy (1986) and Wu and Ma (2006) also agreed with
the statement from Mayberry (1983) that individuals are on different levels when
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they are solving problems of various concepts and that some students never get to
the level of formal reasoning.

Like other researchers, Usiskin (1983) had troubles determining the level of
students. He conducted a study, which included 2699 students aged from 14 to
17 years. He came to a conclusion that at the end of the school year after being
taught contents of geometry, 20% of the students were on level zero, 26% on level
1, fewer than that (22%) on level 2, and on the third level there were only 6% of the
students. 12% of respondents were below level zero. He could not classify 14% of
the students.

Wu and Ma (2006) investigated, at which level of geometric thinking were
5581 students from first to sixth grade. They found out that all the pupils of the
first and second grade are below or on level zero (Wu and Ma, 2006). The majority
of pupils in the third grade are on level zero, while the maximum number of pupils
in fourth, fifth and sixth grade are on the first level of geometric thinking (Wu and
Ma, 2006). Only in the fifth and the sixth grade there are around 20% of pupils on
the second level (Wu and Ma, 2006).

Yildiz, Aydin and Kogce (2009) came to a conclusion that after being taught
according to the new curriculum, only 9% of pupils in the sixth grade were at level
zero and 41% on the second level. In seventh grade, the percentage of children on
the second level did not change; what changed was the percentage of children on
level 0, from 8% to 0% and on the first level from 38% to 46%, always in favour
of the new curriculum (Yildiz, Kégce and Aydin, 2009). In other classes, the
difference among different classes is not noticeable as to the new or old curriculum.

Empirical part

Itis evident that van Hiele’s findings prompted several researchers to deal with
this issue and at the same time affected the teaching of geometry in the world.
While in Slovenia such a study has not been done, we decided to explore this topic.

Problem definition and methodology

With this research we tried to determine at what level of geometric thinking
in the content of shapes are the pupils who attend grades four (9-year-olds), five
(10-year-olds) and six (11-year-olds) of primary school. We also wondered if the
way of teaching geometric shapes in Slovenian primary schools, promotes higher
or lower levels of geometric thinking in comparison to other studies conducted.

Research questions
The research questions that we set are:

e At what level of geometric thinking are pupils aged from 9 to 11?

e Are there any differences in levels of geometric thinking among male and
female pupils who are in different classes of primary school?
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e What is the relationship between grades in mathematics and the level of
geometric thinking on which the pupils are?

e Are the pupils on the same level of geometric thinking when doing various
tasks?

Sample description

The test papers which we used to determine at which level of geometric think-
ing are the pupils in the second triad, were completed by 782 children, of whom
385 were boys (49.2%) and 387 girls (49.5%). The proportion of pupils from each
class was almost the same.

Data collecting procedures

In order to determine at what level of geometric thinking are pupils, we ran-
domly selected 20 Slovenian schools. From each school, one section of the fourth,
fifth and sixth grade took part. The vast majority (95%) of parents agreed that their
child could participate in the study. Then we sent test papers and detailed instruc-
tions to the schools. The instruction was that the students solve the tests during
their classes in no more than 45 minutes, and that the teachers should encourage
the students, but not help them. The tests were taken in May and June 2010.

Results and interpretation

The exam consisted of eight tasks, each of which consisted of several parts,
altogether the students had to solve 19 tasks. Six tasks verified the second level of
geometric thinking. It should be noted that the tasks that we assigned to the second
level, were possible to solve also on the first level. On average 17% of the pupils
did not solve an individual task. What follows are the results of those students who
solved the tasks.

On level zero of geometric thinking we included the answers which suggest
that the pupils responded on the basis of appearance of the shape, as well as those
that from the perspective of mathematical correctness are nonsense. On the first
level of geometric thinking we assigned the answers, where it was noted that the
students knew the characteristics of the shapes, which among other things means
that their answers were correct in mathematical terms. The second level of geo-
metric thinking was assigned to the pupils, where it is evident from the responses
that not only did they know the properties of geometric figures, but these properties
were also logically arranged.

In determining the levels we, like many other researchers, had difficulties
(Burger and Shaughnessy, 1986; Fuys, Geddes and Tischer, 1988; Usiskinu, 1982).
It turns out that a large number of students are in the transition between the first
level of geometric thinking and level zero (these students do not look at shapes as
a whole, but take into account the specific characteristics of the shape, and at the
same time they make a lot of mistakes) as well as the transition between the first
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and the second level. That is why we decided to form another two levels, 0.5 and
level 1.5. On level 1.5 we classified those pupils who are very familiar with the
characteristics of individual shapes, but these properties are not logically arranged.

In the first exercise the students had to name different geometric shapes that
were drawn for them: a rectangle, a square, a hexagon, an "upright’ and a 'narrow’
triangle and an "upright’ and a 'narrow’ rectangle. Pupils did not have any prob-
lems with naming the shapes. The only exception were a narrow and an upright
rectangle for which almost a third of the fourth grade pupils wrote that it was a
quadrilateral.

The second exercise consisted of three parts (2.a, 2.b and 2.c) with drawn
shapes. Pupils had to eliminate one shape and justify their decision.

Table 1. Levels achieved at the second exercise.

LEVEL EXERCISES
2.a 2.b 2.c
0 12.6% 12.5% 8.4%
0.5 22.7% 9% 9%
1 64.8% 78.4% 82.5%

Table 1 shows that most pupils circled and properly explained why the selected
shape does not belong among the other shapes.

The instruction for the third exercise was: draw a quadrilateral that has only
one pair of parallel sides. More than half (54.8%) of the students drew the appro-
priate shape. This was assigned to the first level of geometric thinking. 35.7% of
the students drew a shape which had two pairs of parallel sides. These pupils were
assigned to level 0.5, while other pupils drew a shape without parallel sides. We
assigned them to level 0.

In task 4.a we examined how many pupils solved the exercise on the second
level of geometric thinking. Pupils had to draw three different triangles. The
second level was assigned to 41.7% of the pupils, 31.5% were assigned to level
1.5. The first level was assigned to 25.6% of the pupils, and level 0.5 to 1.2% of
the participating pupils.

In exercise 4.b the pupils were asked to write down how many different trian-
gles could be drawn. 24% of the students were assigned to level 2, 30.9% to the
first level, and 45.1% to level 0.5.

In the fifth exercise the pupils had to write letter S into the squares and letter R
into rectangles. Nine quadrilaterals were drawn. Among them were two squares,
three rectangles, two parallelograms and two trapeziums. In exercise 5.b they had
to list as many differences as possible and in exercise 5.c as many similarities
between a rectangle and a square as they could. In the following exercise (5.d)
the first question was whether the rectangle is a square, then they had to write why
they thought so. Exercise 5.e contained the question if a square was a rectangle,
and then they had to justify their answer.
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Table 2. Achieved levels at fifth exercise.

LEVEL EXERCISES
5.a 5.b 5.c 5.d S.e
0 46.9% 27.9% 7.6% 36.3% 39%
0.5 29.1% 13.2% 23.8% 33.9% 24.7%
1 24% 58.9% 68.7% 13.8% 3.1%
1.5 0.3% 1.5%
2 15.7% 31.7%

Table 2 shows that we observed the second level of geometric thinking in ex-
ercises 5.d and 5.e. The pupils were more successful in exercise 5.e where 31.7%
reached the second level and in 5.d with 15.7%. In the first three parts of the
fifth exercise pupils were most successful in exercise 5.c. They had to write the
similarities between a rectangle and a square. In exercise 5.a the students reached
the worst results as one fourth of the participants did not reach the first level, which
means that among different quadrilaterals the pupils did not recognize the rectangle
and the square.

The sixth exercise requested that the pupils observe different quadrilaterals and
encircle the shapes that have a common property. Then these shapes were drawn
twice and each time they had to encircle shapes with the common property, but this
property had to be different from the previous one. Each time they also had to write
the property of the encircled shapes.

Table 3. Levels achieved in the sixth exercise.

LEVEL EXERCISES
6.a 6.b 6.c
0 20.4% 29.9% 32.8%
0.5 42.9% 51% 46.4%
1 36.7% 19.8% 20.8%

Pupils had difficulty with the sixth exercise, which is reflected in the low per-
centage of the students who reached the first level. In exercises 6.b and 6.c only a
fifth of the pupils properly encircled the shapes and explained their decision. Most
pupils were in the transition between level zero and the first level of geometric
thinking. We found out that they had a problem using appropriate vocabulary.

In the seventh task pupils were asked to write the name of the shape which has
two pairs of parallel sides. This did not present a lot of problems, because 88% of
the pupils were assigned to the first level, 4.3% to level 0.5 and 7.6% of pupils to
level zero.

The last (eighth) exercise was composed of several parts. First, some rhombs
were drawn. It was also explained that we had invented a name for them, they were
called purps. Then there were different quadrilaterals, including the rectangle and
parallelogram. Below them it was written that they were not purps (rhombs). In
exercise 8.a there were different quadrilaterals and pupils had to to encircle those
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purps (rhombs). In exercise 8.b the pupils had to draw the purps. Below (8.c) they
had to describe the purps. In the last part of the eighth task (8.d) the pupils had
to write if the square is also a purp and justify their answer. The following table
shows the results of the eighth exercise.

Table 4. Levels achieved at eighth exercise.

LEVEL EXERCISES
8.a 8.b 8.c 8.d
0 6.2% 20.3% 2.6% 14%
0.5 32.6% 17.4% 24.1% 13.6%
1 61.2% 62.3% 50.9% 50%
1.5 0% 0.5%
2 22.4% 21.9%

Table 4 shows that most of the pupils are in the first level of geometric thinking
in all of the eighth exercise. Exercises 8.c and d checked the second level of geo-
metric thinking. We found out that about a fifth of the pupils were on the second
level.

We were interested in the average level of geometric thinking. We calculated it
by adding up the percentages of achieved levels of individual exercises and divided
the sum by the number of exercises. We found out that the majority of pupils
(38.9%) are on the first level of geometric thinking, but the fewest of them are on
level 1.5, namely 6.7%. On level two are 22.2%, at level zero 15.4% and at 0.5
20.9% of pupils. Because we were interested in the average level of the whole
exam, not only in the individual tasks, we numerically evaluated individual levels.
When we assigned a pupil level zero, we gave him O points. Level 0.5 pupils were
assigned 0.5 points, 1 point to the first level, level 1.5 got 1.5 points and 2 points
were given for the second level. The pupils who did not solve the exercise were
assigned level zero (0 points). We have found that the second level of geometric
thinking was attributed to only 1.4% of respondents. Most pupils are at level 0.5
that is 60.7%, on the first level there are almost half less (31.7%). At level zero
are 4.3% of pupils. From the results it can be concluded that the majority of pupils
in the second triad know properties of geometric shapes, but these properties are
not logically arranged. We found that pupils have difficulties using the appropri-
ate geometric vocabulary and that they are not able to use this knowledge in new
circumstances.

For each task, we looked for statistically significant differences between classes
and achieved levels of geometric thinking, the final grade in mathematics as well
as the difference between the sexes. We confirmed that students in higher grades
are at a higher level of geometric thinking, which was also written by Wu and Ma
(2006). However, we also agree with the finding which was written by Burger
and Shaughnessy (1986), namely that the level of geometric thinking is not strictly
defined by age or class which pupils attend. We confirmed the assumption that the
pupils who have a higher score in mathematics are at a higher level of geometric
thinking. Gender proved to be significant only in three exercises. Girls were better
twice and boys once.
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Conclusion

By making this study we confirmed the opinion of Burger and Shaughnessy
(1986), Wu and Ma (2006) and Mayberry (1983) that according to various contents
to do with geometric shapes, individuals are on different levels.

If we compare the obtained results with those obtained by Wu and Ma (2006),

we find that the pupils in our study were slightly worse in achieving the first level.
In our study the first level, on average, was reached by 38.9% of pupils, in Wu
and Ma (2006) the percentage was 52.2% of the pupils who attend the fourth, fifth
and sixth grade. On the second level of geometric thinking, there were 22% of the
pupils, while in the study performed by Wu and Ma (2006), there were 0% in the
fourth, 15.3% in the fifth and 6.3% in the sixth grade.
Most students (26%) aged 14 to 17 years, whom Usiskin (1982) taught for 140
hours, were on the first level, 22% were on the second, and 20% on level zero. Per-
centages of students at each level who participated in our study, are better, because
there are 38.9% on level one, 15.4% on level zero, while the percentage of pupils
on the second level is almost the same.

After the use of the new curriculum Yildiz, Aydin and K6gce (2009) found out
that in the sixth grade 9% of the pupils were at level zero, and as many as 41% (and
only 20% before the implementation of the new curriculum) at level two. In our
study, 36.8% of the sixth-grade students were on the second level, which shows no
significant deviations, but only 16% were on level zero, which does not show large
deviations either.

The results and other findings that we obtained with this survey are therefore
comparable to the results of other researchers. We were surprised that the pupils
do not recognize rectangles and squares among different quadrilaterals (task 5.a).
Only a quarter of pupils correctly solved the task mentioned (which is one of the
basic tasks) that checks the first level of geometric thinking. Among other things,
we found out that pupils aged 9 to 11 years have major problems with forming
and using the appropriate geometric vocabulary. In addition, they still replace the
basic geometric concepts, such as edge and side, or they do not use the basic con-
cepts which indicate the level zero. Therefore, when teaching geometry contents,
a particular emphasis should be paid to the development, consolidation and use of
geometric terms, which is the basis for the formulation of thought and knowledge
and a proof of the actual level of geometric thinking.

In the review of textbooks used in teaching mathematics in the second triad,
we found out that they lack promoting the use of different materials, that tasks are
not diverse and that there are only a few or no tasks that can be solved at the second
level of geometric thinking. In order to promote higher levels, specific contents
should be explained, described and understood as for example the hierarchy be-
tween concepts. On the basis of information given a new conclusion should be
formed, new knowledge should be used and their own solution justified.

In order to develop an appropriate geometric vocabulary and encourage the
transition to higher levels of geometric thinking, the contents of geometry should
be taught step by step, as they were formulated by Dina van Hiele-Geldof and
Pierre M. van Hiele (inquiry, directed orientation, explication, free orientation and
integration). It is necessary to use a diverse material and give students a number
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of practical tasks. It is also important to include discussion. Pupils need to be
properly motivated for work. This can be done by creating a variety of games, such
as memory, Ludo or Black Peter, that are adapted to particular contents. Teaching
should often be carried out in pairs or in groups, while little time is devoted to
frontal interpretation. In addition, pupils should justify their solutions. It would be
necessary to address the hierarchy of concepts, and often use the acquired know-
ledge in new situations. They should be given problems that can be solved on the
second level of geometric thinking. This would promote thinking with pupils who
are not yet on the second level and pupils who would have the opportunity to use
the achieved level. It is therefore necessary to create suitable circumstances for the
students to be able to get as much experience as possible and as many challenges
as possible.
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Nivoji geometrijskega misljenja
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Izvlecek. Nizozemski matematik Pierre M. van Hiele je razvil
teorijo, pri kateri se na podlagi reSevanja geometrijskih problemov
dolo¢i nivo geometrijskega misljenja, na katerem se posameznik na-
haja. Oblikoval in natancno je opisal pet nivojev geometrijskega
misljenja. Njegove ugotovitve so spodbudile Stevilne raziskovalce,
da so se ukvarjali s to tematiko. Van Hielove ugotovitve so med
drugim vplivale na spremembe ucnih nacrtov po svetu. Ker v Sloveniji
ni bila opravljena raziskava, s katero bi se ugotavljalo, na katerem
nivoju geometrijskega misljenja so ucenci, ki obiskujejo osnovno $olo,
smo se odlocili raziskati to problematiko. Oblikovani preizkus znanja
je izpolnilo 782 ucencev Cetrtega, petega in Sestega razreda osnovne
Sole. Ugotovili smo, da se najve¢ uéencev (60,7 %) drugega triletja
nahaja na prehodu med nivojem ni¢ (vizualnim) in prvim (opisnim)
nivojem geometrijskega miSljenja. Na prvem nivoju je skoraj tretjina
(31,7 %) ulenceyv, na nivoju ni¢ pa 4,3 % ucencey, starih od devet do
enajst let. Le 1,4 % ucencev je skozi celoten preizkus znanja kazala
drugi nivo geometrijskega misljenja oz. nivo neformalnega sklepanja.
Ugotovili smo, da u€enci drugega triletja poznajo doloCene lastnosti
geometrijskih likov, vendar pa te lastnosti niso logi¢no urejene, poleg
tega znanja niso sposobni uporabiti v novih okoliS¢inah. Med drugim
smo potrdili, da obstaja razlika med razredi (uenci visjih razredov
so na viSjem nivoju geometrijskega miSljenja kot ucenci niZjih razre-
dov), medtem ko razlik med spoloma skoraj nismo opazili. Potrdili
smo domnevo, da so ucenci, ki imajo pri matematiki vi§jo oceno,
na vi§jem nivoju geometrijskega misljenja. Ucenci so pri reSevanju
razlicnih vsebin uporabili razlicne nivoje geometrijskega misljenja.
Najvec tezav so imeli z uporabo ustreznega geometrijskega besedisca.
Med drugim Se vedno zamenjujejo osnovna geometrijska pojma, kot
sta rob in stranica. V prispevku je kratko prikazan model poucevanja
za izboljSanje geometrijskega besediS€a in hkrati za spodbujanje vi§jih
nivojev geometrijskega misljenja.

Kljucne besede: geometrija, Pierre van Hiele, nivoji geometri-
jskega misljenja, drugo triletje, spodbujanje geometrijskega misljenja
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multiplicative concept in mathematics
in elementary school
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Abstract. Didactic model of the mathematical concepts based on
thoroughly analyzed key points of development, links and development
cycles, didactic and methodical approach designed model. Goal is to
precisely define all aspects of mathematical concepts, approaches to the
realization of these concepts, taking into account the age and cognitive
capabilities of the child. Globally didactic model describes the ap-
proach to mathematical concepts through two aspects, substantive and
procedural. The substantive aspect will list all the key points, concepts,
level, learning outcomes, a situation that represents a particular class
situation, key issues, representation, possible misconceptions, the age
at which it expected to be, a description of the cycle and connectivity,
while the procedural aspect based on description facilities through
which it will develop competence in the spectrum of mathematical
processes. Example of didactic model of development of mathematical
concepts in this paper will describe the multiplicative concept through
lower elementary grades, and the analysis of how the textbooks used
in Croatian schools presents multiplicative concept comparing to the
described model.

Keywords: mathematical concepts, multiplicative structures

Introduction

Thinking about teaching mathematics we aim to find the most efficient procedures
in approaching mathematical content. Tasks of teaching mathematics include a
broad range of competencies for which it is important to develop the students to
reach the objectives set by the national curriculum, but also a personal vision of
the teacher. Perhaps more demanding than other subjects, mathematics is a subject
which aim is interpolation of a broad spectrum of competencies which include
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skills mastery and understanding of mathematical concepts to competencies that
include a wide range of behavior in the handling of mathematical situations. It
is difficult even at the most elementary level, omit the part of the competency or
select competencies from basic structure to more complex, because they are all
equally important and intertwined. Numerous studies have provided insight into
the misconceptions and misunderstandings of basic mathematical concepts for fu-
ture mathematics teachers. And when working with future teachers, it is often
possible without deep insight to spot the gap between the perceptions of a mathe-
matical concept. Complexity and intertwining of mathematical competence areas
it’s clearer for people who have adopted these concepts in its depth and scope, but
for the teachers in the lower grades of elementary school, who by profession are
not mathematicians, and the math is only one of a spectrum of areas which they
teach, sometimes it is difficult to provide insight into all the elements that comprise
a concept. Working with teachers in lower grades of primary school showed us
the need for a systematic presentation of mathematical concepts according to the
elements of the concept that is not taught in elementary school, but concept rely on
the elements adopted in this period.

For the foregoing reasons, we designed a model approach to elementary math-
ematical concepts that aim to present all aspects of a particular mathematical
concept, the complexity and interconnectedness and all elements that make the
concept meaningful and upgradable in integrating it with other concepts. As it has
grown out of the need for coherence in the approach to mathematical concepts,
this model in its nodes have defined elements of methodological approach, but it
is not aim of a model at finality in defining appropriate teaching methods, but only
giving representative examples that describe a class of important situations in the
concept. Not reaching of all aspects of a concept results in lack of intertwining
of mathematical knowledge and understanding of concepts in its entirety, but as
isolated and unrelated facts that are difficult to remember.

Because teachers in their work use standard textbook, we’ll give a mathemati-
cal representation of a concept by components of didactical model of development
of mathematical concepts and their representation in the textbooks currently used
in teaching mathematics in Croatia.

Theoretical background

The initial consideration is the problem of describing certain mathematical con-
cepts under consideration of the existing theories that were created with the aim of
describing the nature of mathematical concepts and mathematical definition of the
concept. The largest contribution to this was given by Vergnaud (1996) with his
works on the nature of mathematical concepts, and a systematic attempt to show
what is a mathematical concept. Didactic model of the mathematical concepts
follows Vergnauds (1996) definition of mathematical concepts. Vergnaud (1996)
start his theory from a definition of the concept:
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Definition. The concept is the three-tuple set C = (S, I, R).
S is a set of situations that make the concept useful and meaningful.

I is a set of operational invariants used by people when dealing with these
situations.

R is a set of symbolic representations (diagrams, graphs, algebra,. .. ), which
can be used to represent relationships, talk about them and generally that help to
manage the situation.

Already in the definition of the concept Vergnaud highlights situations that
make the concept meaningful, as the backbone of the concept of a concept, a set
of symbolic representations that are methodical part of describing the concepts and
operational invariants that in didactic hatches should not be neglected in the teach-
ing of mathematics. Vergnaud has not dealt with the detailing of the approaches
to the concept, but he cited examples to illustrate the meaning of mathematical
concepts. His works are more epistemological attempted to describe the nature
of mathematical concepts. Significant contribution to its consideration is linking
related concepts in the conceptual fields. Conceptual field is a set situation, re-
quiring mastery of several interrelated concepts. It is at the same time a set of
concepts, with different properties, the meaning of which stems from the different
situations. (Vergnaud, 1996) Vergnaud cites some examples of conceptual fields
related to mathematical concepts, and describes them as examples of conceptual
fields. These are conceptual field of additive structures (Vergnaud, 1996), con-
ceptual field of multiplicative structures (Vergnaud, 1996), which in some papers
is called the multiplicative conceptual field (Vergnaud, 1994), and conceptua the
field of elementary algebra (Vergnaud, 1996).

Vergnaud (1994) defined multiplicative conceptual field as the simultaneous
set of situations and a set of concepts. Concepts become meaningful through dif-
ferent situations and different aspects of the same concept. At the same time the
situation can’t be analyzed with the help of only one concept, it is necessary to
include at least a few concepts. For this reason, in his first paper examines multi-
plicative conceptual field with a conceptual point of view and situational standpoint.
From the conceptual point of view multiplicative conceptual field is the set of situa-
tions and solutions which involves a multiplication, a division, or a combination of
such operation. The conceptual field of multiplicative structures is also a set of in-
terconnected concepts: measure, scalar, ratio, quotient and product of dimensions,
fraction, rate, rational number, vector, space, linear and n-linear function, constant
coefficient, linear combination and linear mapping, and of course multiplication
and division. (Vergnaud, 1996).

While the situational conceptual standpoint multiplicative conceptual field in-
cludes a very large group situations that need to be classified and carefully analyzed,
so that they would describe a hierarchy of competencies that students must learn
both inside and outside of school.

In his work on the nature of mathematical concepts Vergnaud (1996) briefly
and symbolically represents diagram multiplicative structure as follows:
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Table 1. Multiplicative structures.

MULTIPLICATION PARTITIVE DIVISION MEASUREMENT DIVISION
1 a 1 O 1 a
b O b c O c

Although seemingly simple look, the multiplicative structure students become
more complicated when it is turned situational context and numbers which may not
be mastered. Especially when it comes to relations between two measures, or when
the relationship is expressed in a rational number. Different authors emphasize the
different situations, so it is necessary to specify at least a representative.

Problem situations for multiplication and division, and strategies for their so-
lution are investigated by Mulligan and Mitchelmore (1997), and many others.
Specifically, there are a number of different problem situations whose solution is
multiplication and division as a computational operation and that it is not a trivial
consequence of the model of repeated addition or partitive or measurement model.
‘We have to understand the fact that in general there are two fundamental situations
models for division (partitive and measurement), but there’s a whole range of dif-
ferent problem situations for division by its semantic structure and that the child
uses a variety of strategies to solve them. Children need to be offered a whole
range of problems so that they can properly develop the concept of multiplication
and division. Mulligan and Mitchelmore bring several different problem situations
for multiplication and division situations that differ in their semantic structures and
therefore are classified into different groups, classes of problems. Values and types
of numbers in a certain class of problems can vary, and the topic or task context,
however, the basic structure that includes actions and connections and relationships
remains the same. For all uses of context conditions must be such as to have math-
ematical properties that allow us to analyze the system and situation. Situation
within a class include the same actions over sizes or distances. Children recognize
the structure of the task with the help of intuitive model by which it selected the
relevant strategy for its solution. One and the same problems, students can solve a
variety of strategies, but they are one component of that strategy, the same intuitive
model. While researching for 24 mathematical problems that are solved students
second and third grade, Mulligan and Mitchelmore saw 12 distinct strategies for
solving. They have sublimed it into four categories and of solving strategies: di-
rect counting, repeated addition, repeated subtraction and multiplicative operation.
Logically, the strategies over time, in parallel with the child’s cognitive develop-
ment are becoming more complex and abstract. As well as strategies and class
situations are changing the use of rational numbers. Examples of classification
problem situations multiplication and division are given by various authors Greer
(1992), Coats (1985), Nesher (1988), Schmitd and Weisser (1992) and Vergnaud
(1983). Greer is now the most common classification in the analyzes and studies
the development of multiplicative thinking.



38

Maja Cindri¢ and Irena MiSurac Zorica

Table 2. Greer’s classification of multiplicative situations.

Class

Multiplication problem

Partitive division

Measurement division

Equal
groups

3 children each have 4
oranges. How many or-
anges do they have alto-
gether?

12 oranges are shared
equally among 3 chil-
dren. How many does
each get?

If you have 12 oranges,
how many children can
you give 4 oranges to?

Equals
measures

3 children each have 4,2
liters of oranges juice.
How much orange juice
do they have altogether?

12,6 liters of orange juice
is shared equally among
3 children. How much
does each get?

If you have 12,6 liters
of orange juice, to how
many children can you
give 4,2 liters?

Rate

A boat moves at a steady
speed of 4,2 m/s. How
does it move in 3,3 sec-
onds?

A boat moves 13,9 me-
ters in 3,3 seconds. What
is an average speed in
meters per second?

How long does it take a
boat to move 13,9 meters
at a speed of 4,2 m/s?

Measure
conversion

An inch is about 2,54 cm.
About how long is 3,1
inches in centimeters?

3,1 inches is about 7,84
cm. About how many
centimeters are there in
an inch?

An inch is about 2,54 cm.
About how long in inches
is 7,84 cm?

Multiplicative
conversion

Iron is 0,88 times as
heavy as copper. If a
piece of copper weights
4,2 kg, how much does a
piece of iron of the same
size weight?

Iron is 0,88 times as
heavy as copper. If a
piece of iron weights 3,7
kg, how much does a
piece of copper the same
size weight?

If equally sized piece of
iron and copper weight
3,7 kg and 4,2 kg respec-
tively, how heavy is iron
relative to copper?

Part/whole

A college passed the top
3/5 of its students in an
exam. If 80 students
did the exam, how many
passed?

A college passed the top
3/5 of its students in an
exam. If 48 students
passed, how many stu-
dents sat the exam?

A college passed the top
48 out of 80 students
who sat an exam. What
fraction of the students
passed?

Multiplicative
change

A piece of elastic can be
stretched to 3,3 times its
original length. What is
a length of a piece 4,2
meters long when is fully
stretched?

A piece of elastic can be
Stretched to 3.3 times its
original length. When
fully stretched it Is 13.9
meters long. What was
its original length?

A piece of elastic 4.2 me-
ters long can be stretched
to 13.9 meters. By what
factor is it lengthened?

Cartesian
product

If there are 3 routes from
A to B, and 4 routes from
B to C how many dif-
ferent ways are there of
going from A to C via B?

If there are 12 different routes from A to C via B,
and 3 routes from A to B, how many routes from

B to C are there?

Rectangular
area

What is a area of rectan-
gle 3,3 m long by 4,2 m
wide?

If the area of rectangle is 13,9 m? and the length is

3.3 m, what is the width?

Product of
measures

If a heather uses 3,3
kW of electricity for 4,2
hours, how many kWh is
that?

A heather uses 3,3 kW per hour. For how long can
it be used on 13,9 kWh of electricity?
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Although systematic the class situation is defined mentioned is insufficient
in didactic form of teaching mathematics, and need to be split into sub-classes
depending on the type of numbers, and the application of measures or facilities.

Didactic model of mathematical concepts

Didactic model of development of mathematical concepts is designed as a spiral
with prominent nodes that are connected by a few common characteristics. Each
node is defined by the following elements: arepresentative situation, visual-didactic
representation, key concepts, elements of teacher notes and learning outcomes. It
is important to emphasize that no one element of each node concept is not trying
to give a “recipe” in teaching, but the frame of the main aspects of a particular
concept that can’t be ignored for the quality of teaching. The assumption of this
deliberation and setting of such a model is inadequate representation of all aspects
of the concept in the teaching of mathematics, which will be shown through the
analysis of textbooks.

Figure 1. Visual representation of nodes in helix for didactic model of development of
concepts.

Helix is a visual representation of the didactic model broth for reason to evoke
the level of adoption of certain aspects of the mathematical concepts and links be-
tween nodes. Connecting nodes from different levels of acquisition of knowledge
is essential to upgrade the quality of knowledge and build mathematical concepts,
not an isolated facts. The different levels of adoption can refer for example to apply
the concept in different number systems. In general didactic model of development
of mathematical concepts is applicable to all mathematical concept, and will be
featured here and part of the multiplicative concept its development in order to
obtain insight into the intention of introducing such a model.
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Table 3. An example of individual nodes in didactic model of multiplicative concept at an

elementary level.

Visual (oral) —

Key . . . . Teacher Learning
Nod of concept R Situation didactical . .
points . instructions outcomes
representation
Multiplicat.ion Times, Ivo, Apa, Mi- e This form of Realized that )
as successive ra, Stipe and S repeatedly addi-
factors, multiplication :
addition — Frane are col- s asymmetric tion of the same
product | Jecting old coi- al Sy | | number. Calcu-
equal groups ns. Every one grglsli)s equz}l‘his late result of
of them has : multiplying with
up to three co- ﬁﬁﬁ ﬁﬁsg i?;g:icto s the successive
ins. How ma- L > | addition. To un-
ny pennies ha- tuation of “equ- | jorgand the
ve together? —— al measure, the meaning of the
class 51§uat10n.1s first and second
conversion units | g oo Linking
and th; product | yiq ) represen-
Qf.physmal quan- | tation to the mul-
tiies. tiplication.
Rectangle array | .. Ivo, Ana, Mira, | Althoughsituati- | Linking visual
— equal groups Stipe and Fra- ﬁﬁﬁ on is equal to | representation
ne are collect- —~ -~ .~ | the priore situa- | to the multiplica-
ing old coins. ﬁﬁ tion, a set of vi- | tion.
Every one of <h &b &b | sual elements are
themyhas up to ’ @@@ diaplayed in a
gl)ree coins. @@@ rectanf}llﬁr 1shj—
ow man pe which leads
coins Lheyyhave %\—/—\i@ to the commuta-
all together? 3 tivity of multipli-
cation.  Rotati-
on of the image
change the
situation. This
class is led by
class rectangle
array — equal
measures and the
concept of area
of the rectangle.
Commutativity ;Frlga lz:ln(iinAnna b Introduce tasks | Spotting  com-
AR Factors ¢ playmng where it is neces- | mutativity pro-
of multiplication changi with cubes. Ti- .
ging sary to use perty and apply it
1 na puts 3 cubes commutativit to the new situ-
PREES | in 5 rows. for ease of Y ation is to fa{cili—
Anna puts 5 . S
- computation. tate the multipli-
cubes in 3 cation computa-
rows.  Which . P
tion.
one used more
cubes?
Multiplicative | Times Ana has 3 pen- Visual display | Apply multipli-
change more nies. Iva has showing the cation in these
— equal groups five times more llnkqge from kind of situati-
hol b than Anna. multiplying. ons.
— whole numbers How many Numerous studi-

pennies has
Ana?

es have pointed
to the problems
of students with
this kind of situ-
ation.
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iti ivisi Vi On the table the- . Determined by di-
Partmv: division D1y1fiend re are 12 apples. @ Firstly, put one viding the quoti-
~ equat groups divisor Apple should be apple in each | o\ ih the multi-
and put in three bas- basket, then put plication table us-
quotient | kets, so that in the ;mother 4P~ | ing given model.
each are equal pllf mn deach ba- Identify a model of
apple. How ma- @ sket and so on. the situation and
ny apples will be link it with divi-

in each basket? ding numbers.
Measurement Dividend | On the table the- % Determined by di-
division — divisor | € @ 12 apples. Put three apples | viding the quoti-
equal groups Apple should be in the first bas- | ent in the multi-
and put in baskets, ket, three apples | plication table us-
quotient | so that in each in the second one | ing given model.
are three apples. and so on. Identify a model of
How many bas- the situation and
ket we need? link it with divi-

% ding numbers.

Thus, for example, we show that the two nodes of the concept of multipli-
cation, rectangular array and multiplication as successive summation associated
situational context. This was not unequivocally determined, but the teacher should
initiates and develops it. Feature of the model is the underlining of connection and
necessity of presenting all aspects of concepts through the teaching mathematics.
Often teachers expect from students that the presentation of only one model of
a concept is enough that I'm a student establish links with all other aspects, but
this is possible only for those with higher cognitive abilities. As the aim of this
paper is not a detailed description of the model, which requires a larger volume and
time in the table are listed and briefly described only certain parts to facilitate the
presentation of idea. Some nodes are given for the purpose of describing links and
a display of inadequacy classification situations mentioned above, for the didactic
design and development concepts.

That rectangular array covers more situations than subclasses listed in Greer
classification, with didactic aspects, because it introduces the commutativity of
multiplication and students getting used to visualize rectangle forms as representa-
tions of multiplication. This node associate multiplicative concepts with the area
of rectangles and multiplying with equal measures, as well as developing an un-
derstanding of dimensionality. Certainly this form of multiplication has significant
consequences in later adoption as multiplicative concept and application in various
fields of science.

Multiplicative comparison, also the aspect of multiplicative concept, should
be presented to students layered and nurture of manipulating in the level of natural
numbers to the application of the rational numbers, when it only makes sense in the
handling with the measures. In this class situation is also worth pointing out the
linguistic context, which in the English language has the same form for the natural
and rational numbers, while in the Croatian language, it is not the case. It’s so hard
to say that iron has 0.88 times the mass of the same volume of copper, because it
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is a lesser value, is “more time” is a phrase that should be used only if you get a
higher value, which for 0.88 times as much and is not the case.

Also interesting in the progression through the multiplicative model is concept
of division, which for different number systems and situations that used measures
student look different and unrelated. The task of teaching is exactly the same model
fit through the different classes of situations and thereby develops the concept of
division as part of the multiplicative concept. Otherwise, students create miscon-
ceptions and isolated parts of knowledge in such a way that they are not able to
survive (Cindri¢, MiSurac Zorica, 2012). Unequal representation of different as-
pects of the concept in the lower levels of education, and inadequate connection of
concept nodes at different levels of education lubricates the construction of quality
in mathematical knowledge. Thus, the imposition of one aspect of the concept, such
as the partitive division — class equal groups, limited understanding of other aspects
of the concept as well as parts of one whole. If the numeric expression 12 : 3 is
presented to the child, they will associate it with problem situations in which 12
elements (eg, candy or apples) are shared among 3 groups (eg, three children),
because the division of whole numbers was imposed through the partitive model of
equal class group. If you fail to represent, during teaching, the measurement model
of division, or they are less represented, division of rational numbers and division
of whole number would not automatically be connected in child mind. Numeric
expression 12 : % student hardly fits in the partitive model of equal groups, because
they can’t imagine how the 12 apple split in half child. In further consideration
child not to go, but comes to the conclusion that the division of rational numbers is
not division he knows. The assumption in this paper is that situation involving the
measurement model of division are disadvantaged, which creates the perception in
children’s minds about division like actions in which a certain amount of elements
are divided into equal subsets. This fosters partitive division model, while the
measurement model has been neglected and is rarely associated with division.

In our research we will do an analysis textbooks to show what kind of repre-
sentation for division is brought in teaching of mathematics. The analysis includes
all textbooks and accompanying manuals approved by the Ministry of Science, Ed-
ucation and Sport for teaching mathematics from second to fourth graders. Some
studies (Glasnovi¢-Gracin, 2010.) showed that in the teaching of mathematics in
the middle school teachers monitor processing method presented in the textbook
and use examples and assignments generally presented in the textbook. Although
this is a mathematics teacher in the upper grades, the assumption is that with equal
probability accompanying textbook and class teachers in the teaching of mathemat-
ics. Therefore, the presentation of the concept in a textbook, it can be associated
with the presentation of the concept to children in school. The emphasis in the
analysis will be the representation of problems in relation to the computational
tasks and problem-oriented tasks, including the determination of the measurement
and partitive divisions. In tables 4, 5 and 6 are presented data which indicate the
ratio of the amount and proportion partitive and measurement division in the tasks
in relation to the total number of tasks that involve division, which appear in the
textbooks for the teaching of mathematics.
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Table 4. Analysis of division task in the second grade textbooks.

Total Percentage of Percentage of -
Textbook Number of Number of number of | Partitive division | measurement division
_ partitive measurement division tasks in total tasks in total
division tasks | division tasks tasks number of tasks number of tasks
o in textbook in textbook
1. 34 5 793 4,3% 0,6%
2. 65 21 880 7.4% 2,3%
3. 78 19 842 9,27% 2,23%
4. 75 20 834 9% 2,4%
5. 37 2 862 4,3% 0,2%

M partitive division
measurement division

other tasks

Figure 2. Number of partitive division and measurement division tasks in the textbook for
the second grade.

Table 5. Analysis of division task in the third grade textbooks.

Total Percentage of Percentage of
Textbook Number of Number of number of partitive division | measurement division
_ partitive measurement division tasks in total tasks in total
division tasks | division tasks tasks number of tasks number of tasks
in textbook in textbook

1. 11 2 478 2,3% 0,4%
2. 9 4 605 1,5% 0,7%
3. 55 9 518 10,6% 1,7%
4, 48 1 548 8,8% 0,2%
5. 56 6 502 11,2% 1,2%
6. 30 3 286 10,5% 1,1%
7. 21 2 329 6,4% 0,6%
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M partitive division
measurement division

other tasks

Figure 3. Number of partitive division and measurement division tasks in the textbook for
the third grade.

Table 6. Analysis of division task in the fourth grade textbooks.

Total Pe_rgentage_ Qf Percentage _o_f )
Textbook Nua{?t?teif/ e(:)f mlg::lj?:rrn (;fl .| nu mber of paftltlive. d1tv1tmlon mealsturim.entt dthllSlon
_pai division asks in tota asks in tota
division tasks | division tasks tasks number of tasks number of tasks
o in textbook in textbook
1. 7 1 356 2% 0,3%
2. 5 7 704 0,7% 1%
3. 27 5 455 5,9% 1,1%
4. 11 2 166 6,6% 1,2%
5. 61 13 500 12,2% 2,6%
6. 42 6 295 14,2% 2%

M partitive division
measurement division

other tasks

Figure 4. Number of partitive division and measurement division tasks in the textbook for
the fourth grade.

As it is obvious textbook tasks involving real situation and division as a com-
putational procedure in textbooks are represented in a small percentage of 0.2%
to 14.2%. But in this, the partitive division tasks are numbered in relation to the
proportion of measurement division tasks. These data confirm our hypothesis about
the uneven representation of all aspects of the concept of division.
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Conclusion

There are many factors that affect quality of the teaching, but in the center of atten-
tion is access to educational content. Content of teaching math, math concepts, are
the key element in teaching, because of their complexity, connectivity and complex-
ity can lead to a complete neglect of mathematics by students as subjects of human
knowledge. Deteriorating student achievement on external evaluations point out
the marginalization of mathematical knowledge as a real matter of concern.

The aim is to detect any research proposal and the current state in the direc-
tion of improvement. This brief analysis of the work of only one small segment
indicates weak linkages of various aspects of mathematical content and only at an
elementary level and in small part, raising questions about the coherence of all the
other parts, aspects, approaches, and in particular the correlation of different edu-
cational levels. Greater contribution of this paper we consider the proposal to build
a unique didactic model, which is intended to show unity mathematical content
in all its fullness. Concretization of such a model should not be restrictive in its
description, to act as a recipe for doing their share of lessons because the teaching
process is determined primarily by students, their previous knowledge, interests,
abilities, personality, teacher, and numerous material - formal factors. The task
of defining a didactical model of development of mathematical concepts and their
links is highlighting the importance of equivalent representation of all aspects of
the concept, structured the teaching content and perceiving standards in national
and world wide math teaching.
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Didakticki model razvoja multiplikativnog
koncepta kroz nastavu matematike u
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SaZetak. Didakticki model razvoja matematickih koncepata temelji
se na detaljno opisanim klju¢nim tockamarazvoja, poveznicamai prika-
zom ciklusa razvoja, te didakti¢ki i metodicki osmisljenim pristupu
cepata, pristupe ostvarivanju tih koncepata, vodeéi racuna o dobi i kog-
nitivnim moguénostima djeteta. Globalno gledajuéi didakticki model
opisuje pristup matemati¢kim konceptima kroz dva aspekta, sadrzajni
i proceduralni. SadrZajni aspekt navest ¢e sve kljucne tocke, pojmove,
razinu, ishode ucenja, primjer situacije koja predstavlja odredenu klasu
situacija, kljuCna pitanja, reprezentacije, moguce miskoncepcije, dob
u kojoj se ocCekuje realizacija, opis ciklusa i povezivanje, dok ée se
proceduralni aspekt bazirati na opisu pristupu sadrzajima kroz koji ¢e
se razvijati kompetencije iz spektra matematickih procesa. Primjer
didakti¢kog modela razvoja matematickih koncepata u ovom radu
opisan je kroz primjer multiplikativnog koncepta kroz niZe razrede
osnovne §kole, te je prikazana analiza udZbenicke literature koriStene u
hrvatskim $kolama u svjetlu opisanog modela.

Kljucne rijeci: matematicki koncepti, multiplikativni koncept
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Use of navigation devices in teaching
mathematics at primary schools

Gubo Istvan

Faculty of Economics, Department of Mathematics and Informatics, J. Selye University,
Komarno, Slovak Republic

Abstract. GPS (Global Positioning System) is one of the modern
technologies which have been expanding in our everyday life. Not only
can the navigation devices be used in industry, agriculture or during
outdoor free-time activities, but also in teaching certain subjects at
school.

The purpose of this article is to outline the possibilities of using
navigation devices in teaching mathematics. We introduce an activity
which was carried out at primary schools in Hungary. During this
activity, the pupils have learned how to use a hand-held GPS receiver,
and then solved measuring tasks around the school using this receiver.

Keywords: teaching mathematics, GPS, navigation device

Introduction

GPS (Global Positioning System) is one of the modern technologies which
have been expanding in our everyday life. Not only can the navigation devices
be used in industry, agriculture or during outdoor free-time activities, but also in
teaching certain subjects at school.

The purpose of this article is to outline the possibilities of using navigation
devices in teaching mathematics. We introduce an activity which was carried out
at primary schools in Hungary. During this activity, the pupils have learned how to
use a hand-held GPS receiver, and then solved measuring tasks around the school
using this receiver.

The GPS receiver

The GPS is a space-based satellite navigation system that provides accurate
navigation data in all weather conditions, anytime and anywhere on the Earth. For
positioning the GPS receiver uses the exact time and the current position of the
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satellites orbiting the Earth. To obtain two dimensional position data (latitude and
longitude) it is sufficient to have the current position of three satellites, while to
obtain three dimensional position data (latitude, longitude and altitude) a GPS re-
ceiver needs to receive good signals of at least four satellites. GPS receivers require
an unobstructed view of the sky, so they cannot provide navigation information in
enclosed, covered areas (tunnels, inside buildings). GPS receivers receive satellite
signals only passively, they do not transmit signals of any type [1].

The services of the GPS are freely accessible to anyone with a GPS receiver.
Even the simplest receiver is capable of:

e determining and storing current position with 3—15 m accuracy,

e determining the direction of the desired spot, its distance, the velocity of
approach and the estimated arrival time,

e determining instantaneous velocity,

e determining the exact time.

Apart from all this a GPS receiver (Figure 1) may have a built-in electronic
compass, barometric altimeter, camera and is capable of displaying map.

Figure 1. GPS receiver Garmin Oregon 450t (Source: [3]).

With the help of the GPS receiver, therefore, different outdoor measuring tasks
can be carried out (distance, time and velocity measuring). The saved data can be
stored in many forms, one of the most popular file type, the GPX (GPS eXchange
Format), which has been created for the transmission of data between users and
computer applications. Such information includes the waypoints, routes and tracks.

Waypoint — a Waypoint can be defined as a marked position somewhere on
the earth, with known coordinates. We can save these coordinates as a Waypoint to
the memory of the GPS receiver and it can be selected as a coordinate to navigate
to. Waypoints can be given names and they can be assigned a symbol (e. g. red
flag, blue pin etc.). Waypoints can be created by GPS receiver outdoors, this way
the altitude, the exact date and time will be automatically stored. If a software
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is installed in our computer (e. g. MapSource) which allows you to display and
manage GPS data and maps, it can also be used to create waypoints, and they can
be uploaded to the GPS receiver.

Route — series of waypoints, which are supposed to be matched in a specified
sequence, so that the road to the starting point and the target can be clearly identi-
fied. The best way is to create them using software, and then upload to your GPS
receiver.

Track — series of waypoints like routes, except that these waypoints are not
created by the user, but are saved by the GPS receiver at regular intervals. Tracks
are very useful since they help you see which way you have moved in the field. If
alongside a hiking trip the GPS receiver has been kept switched on, then at home
you can download the track into your computer and you can see the route you have
taken, where you have made a stopover, at what speed, the altitude and other data
(Figure 2).

Kosodreyina y

b, i 2
\o Google

Figure 2. The track of the hike in the Low Tatras visualized in Google Earth programme.

Navigation devices in teaching mathematics

In the following we present an activity conducted in primary schools in Hun-
gary, in which students carried out measuring tasks around the school with a GPS re-
ceiver. The participants of the activity were 7th grade students of Baja E6tvos J6zsef
Féiskola Gyakorl6 Altalanos Iskoldja (Eotvos J6zsef Training Elementary School)
(11 students) and Budapest Mustarmag Keresztény Ovoda, Altaldnos Iskola és
Gimndzium (Mustard Seed Christian Preschool, Elementary and Secondary Gram-
mar School) (9 students). The activity included a theoretical as well as a practical
part.

The theoretical part of the activity (45 minutes) was conducted in the class-
room, the following tasks were carried out:
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e recalling some basic knowledge (linear measurement, proportion, latitude
and longitude, geographical coordinates),

e introducing the principles of GPS operation,

e demonstration of how to handle the GPS receiver.

The practical part of the activity (60 minutes) was held in the open air. The
students worked in groups of 2—4, each group was given a Garmin Oregon GPS
receiver (Fig. 1), which was available for a total of 5 pieces. At the beginning of
the activity, students learned to handle the most important functions of the GPS
receiver (see the accuracy of the device, switch the view between map and com-
pass page, creating, editing and deleting waypoints). Then, the groups received
their tasks and began working. During the occupations each student completed a
worksheet on which they provided data and calculation results as well as feedback
on how they felt during the activity, what new information they acquired, what was
the most interesting and least interesting part of the activity.

Direction you
are currently

travelling
Bearing to
destination
Figure 3. GPS receiver Garmin Oregon Figure 4. GPS receiver Garmin Oregon
450t — compass page (Source: [2]). 450t — elevation plot page (Source: [2]).

During the practical part of the activity, the following tasks have been per-
formed:

e identification of the compass-points using electronic compass (Figure 3),

determination of altitude using barometric altimeter (Figure 4),

determination of geographical coordinates of a selected spot,

the distance of a selected object from a pre-determined spot,

finding the perimeter of a particular area (yard, park)

geocaching games around the school (navigation to spots with pre-determined
coordinates and the search of hidden boxes of different sizes).
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The following task was appointed for students in Budapest: find the perimeter
and the area of the school yard with a GPS receiver!

Solution: The shape of the school yard is approximately a rectangle, it is
therefore sufficient to determine its width and length. The task can be figured out
easily using the waypoints. During the navigation to a specific waypoint the GPS
receiver will show the distance of the waypoint from our current position.

So stand in one corner of the yard (e. g., northwest), and save geographic
coordinates of this location as a waypoint (WPO1 — N47° 36.071 E19° 02.754, see
Fig. 5).

Figure 5. Location of waypoint WP01 and WPO02 on the map.

Then walk to the northeast corner of the yard so that we navigate to waypoint
WPO1 with our GPS. Moving towards the northeast corner the distance will increase
as we move away from waypoint WP01. Reaching the corner of the park, stop and
record the value shown by our GPS receiver (42 m).

Now save the northeast corner of the geographic coordinates as a waypoint
(WP02 — N47° 36.061 E19° 02.784, see Figure 5). Walking to the southeast corner
of the park, determine the distance in the above mentioned method (22 m).

In possession of the measurement data, it is easy to calculate the perimeter

(128 m) and the area 924 m? of the school yard. The following the data were
obtained by the groups:

Group 1: length 43 m, width 16 m, perimeter 124 m (miscalculation!), area
688 m?
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Group 2: length 45 m, width 22 m, perimeter 134 m, area 990 m?
Group 3: length 48 m, width 23 m, perimeter 142 m, area 1104 m?

The first group probably made an error in the measurement of the width of the
school yard (did not save the waypoint in the right place), and therefore received
the inaccurate results.

We should note that the values are approximate, depending on the accuracy of
the GPS receiver. Ideally, the accuracy is 3—5 m, but different disturbing factors
(tall buildings or trees) can affect the detection of satellites negatively (even 15—
20 m). The accuracy of the GPS receiver can be checked on the website which
illustrates the current position of satellites (Figure 6).

Satellite
~ locations

- Elevation

Satellite
~ strength

Figure 6. Satellite page of GPS receiver Garmin Oregon 450t (Source: [2]).

After the measuring tasks were carried out, the geocaching game began. In
the beginning students were given coordinates of four boxes which were hidden
in the yard. Originally it was planned that students would have been expected to
determine the last three digits of the coordinates. The coordinates could have been
determined by solving mathematical tasks, but it had to be disregarded due to time
deficiency. Three boxes were small each containing stickers with 1-2-3 numbers
on them. The last box was bigger in which there was a small logbook, a pen, and
some chocolate hidden. The groups’ task was to find as many hidden boxes as
possible for the rest of the time (approx. 20 minutes).

After finding the large box each member of the team could have a chocolate,
and then they had to write something in the logbook. The numbered stickers which
were in the small boxes indicated the order in which they were found: the group
which found the relevant box first, could take sticker number 1, the following group
could take sticker number 2, and the third group got the last sticker with number
3 on it. The game was a great success amongst all the students in Baja as well as
students in Budapest.

Atthe end of the activity students were asked to fill in a worksheet, stating what
was the most interesting and least interesting for them. The percentage distribution
of students’ responses is shown in Table 1 and 2.
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Table 1. The percentage distribution of responses to question
“Today the most interesting thing was when. ..”
eocachin finding the
& game g big box all
Baja 70% 20% 10%
Budapest 100% 0% 0%

Table 2. The percentage distribution of responses to question

“Today the least interesting thing was. ..”

putting down had to no such

coordinates on paper walk a lot answer
Baja 10% 10% 80%
Budapest 45% 0% 55%

Conclusions

The use of GPS receivers in education requires outdoor activities that are
prepared thoroughly and accurately. Before the date is set for the activity, it is
recommended to check the site as its features may affect the tasks. At the same
time we can measure the important objects and coordinates of the hidden boxes.

According to the received feedbacks from the students we can state that the
use of GPS devices for educational purposes opens the door to big possibilities.
The worksheets were filled in by all students as “I feel good”, confirming thereby
the motivating effect of the work with a GPS receiver. The students mastered
the handling of the devices quickly, and skillfully completed the measuring tasks.
Several students also noted “if only all math lessons were like this.”
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Navigacios késziilékek hasznalata a
matematikaoktatasban az
altalanos iskolakon

Gubo Istvan

Selye Janos Egyetem, Komarno, Szlovakia

Osszefoglalé. A GPS (Global Positioning System — Globdlis
Helymeghatarozé Rendszer) egyike azon modern technolégidknak,
melynek haszndlata az utébbi években egyre szélesebb korben terjedt
el. Navigéciés késziilékeket nemcsak az iparban, mezdgazdasagban
vagy kiiltéri szabadidds tevékenységek soran lehet haszndlni, hanem
bizonyos tantargyak iskolai oktatdsanal is.

A cikk célja bemutatni miként lehet alkalmazni navigaciés készii-
lékeket a matematikaoktatasban. Lefrunk egy magyarorszdgi altalanos
iskoldkon lebonyolitott foglalkozast, melynek sordn a tanulék meg-
tanultdk kezelni a GPS vevdkésziiléket, majd segitségével mérési
feladatokat oldottak meg az iskola kdrnyékén.

Kulcsszavak: matematikaoktatas, GPS, navigacios késziilék
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The role of activity in
teaching axial reflection

Szilagyiné Szinger Ibolya

Eotvos Jozsef Féiskola, Baja, Hungary

Abstract. The basis of learning geometric transformations, thus
axial reflection as well, is inductive cognition based on gaining empiri-
cal knowledge. Starting out from the concrete and gathering experience
from various activities, such as folding, clipping, drawing, and the use
of mirror will finally lead to the formulation of general relationships.

In the junior classes pupils observe the reflected image of different
geometric figures in space and plane by using plane mirror by gaining
experience in a playful way. They construct reflections of geometric
solids and they produce the reflections of simple plane figures and axial
reflections my means of folding, clipping and drawing.

Activities have an equally important role in teaching axial reflec-
tion in junior high school as well. Producing axially reflected shapes is
possible in several ways: by means of moving, using transparent paper
and drawing on grid and by construction.

Keywords: teaching mathematics, axial reflections, activity

It is already in the kindergarten that children are introduced to geometrical
transformations, including axial reflection. Children in kindergarten are mainly
involved with playing games, thus they primarily meet geometrical transforma-
tions through games and gather experience from various playful activities. Both in
kindergarten and the lower primary grades the playful way of using mirror, folding,
clipping and drawing related to reflections can be found. Gathering experience
gained in these concrete activities will lead later on to the formulation of general
relationships.

When teaching geometrical transformations it seems to be more practical to
start with the manipulative examination of solids, because it is more natural to gain
experience in space than in plane. Teaching axial reflection in plane is as a matter
of fact is preceded by reflection on plane in space.

In the lower primary grades while constructing mirror images children observe
the various characteristics of reflection, such as:

o the mirror image is of the same shape and size as the original construction
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e the distance of the mirror image from the mirror is the same as that of the
original construction

e the original construction, for instance a chimney on the left of a house, will
be on the right of the mirror image after reflecting.

In this task children are asked to construct a mirror image:

You are working in pairs. The pencil placed in the middle of the desk desig-
nates the position of the imaginary mirror. One of the members of the pair should
build something from three matchboxes, and the other should construct the mirror
image. Check it with a mirror. Compare the mirror image with the original.

Children are also asked to find objects in their environment which are the
mirror images of each other, such as the left and right shoe. They try to turn around
the left shoe and they realize that there is no way to place the left shoe into the
right shoe. Activities like this will demonstrate to the learners that constructions
normally cannot be moved to their mirror image, unlike in plane where plane fig-
ures can always be turned over on their mirror image. The constructions, which
are symmetrical, thus they have symmetry plane, can be turned over on their mirror
image. At the beginning the shapes put together for reflection in space and plane
should be asymmetric in order that their mirror image could be distinguished from
them.

Children can observe the rotation of the pinwheel made in technology class
and they can notice when the direction of going round of the pinwheel has reversed.

Having taught the reflections in plane we turn to the symmetry of solids, and
symmetry is seen as the characteristic of shapes. The examination of the symmetry
of of solids related to plane is connected with defining the place and number of
symmetry planes. See the next task:

Hold a matchbox in your hands, then draw the position of the cut, where if the
matchbox was cut and one half of it along the cut would be placed on a mirror then
the whole matchbox could be seen. Draw the place of the mirror plane. If you find
more than one, mark each of them with various colours. How many did you find?

When checking the task the three different cuts can be easily shown on rect-
angular sponges or potato, or play dough.

In lower primary grades producing mirror images in axial reflection in plane
can be carried out by means of various activities and tools. Producing mirror
images can be achieved in the following way:

e folding, for instance folding coloured sheets of paper. On a folded black
photographic paper making a given pattern by running pins on it, then having
a look at it against the light.

e clipping, for instance cutting a given shape from a folded sheet of paper

e putting together congruent planes: The two sides of the congruent planes are
painted with different colours. If the plane is symmetrical then the mirror
image can placed in a way that the other half of the paper is not turned over.
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The mirror image of the non-symmetrical plane can be put together if the
other half of the plane is turned over, thus the colours of the the two planes
put together actually do not match. Mirror images are normally produced by
turning over.

e copying, moving: The plane figure to be reflected, the reflection axis, and its
any dot are copied on cellophane or carbon paper, then by turning exactly the
cellophane and fitting the axes exactly on each other we have produced the
mirror image. We should pay attention to the fact that the dots of the axis
should cover each other exactly.

e Drawing on squared grid, on regular triangle grid by counting the vertexes on
the grid. Set tasks in which the axis of reflection coincides with the straight
line of the grid, a slanted straight line, a side straight line of the shape to be
reflected, it goes through on one of the vertexes of the shape to be reflected,
it goes inside the shape to be reflected.

For instance: Make a reflection of the polygons on the symmetry axis with bold
type. Draw the mirror images with a ruler.

B )f/ﬂ
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Learners can check the mirror images with a mirror. Having produced the
mirror images, learners should notice the characteristics of axial reflection. The
formulations should be understandable and accessible for the children. Technical
jargon should be used according to the cognitive level of learners in the lower
primary grades.

Axially symmetrical plane figures can be produced by folding sheets of paper
and clipping or tearing. Fold a sheet of paper, make the edge smooth, and cut some
kind of pattern, such as a half heart, half butterfly, half leaf, half mushroom, so that
a part is cut also from the line where the paper is folded. After unfolding the sheet
of paper, it can be seen that the shape produced in this way is symmetrical. This
fact can be checked with a mirror placed on the line of folding or folding the sheet
of paper again. If we want to check whether a pattern cut from a sheet of paper is
axially symmetrical or not, we should fold it so that the two halves should exactly
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cover each other. If this is possible at some line of the folding then along this line
as a symmetry axis the shape is axially symmetrical.

Learners can also draw axially symmetrical plane figures on a grid, if it is
completed on one of the side lines of a given shape. For instance:

Make a reflection of the quadrangle on the symmetry axis with bold type.

When the axial symmetry of a plane figure is examined, the position and the
number of the symmetry axes are also defined. Children are asked to examine regu-
lar triangles, isosceles triangles, general triangles, general trapezoids, symmetrical
trapezoids, general parallelograms, rhombuses, rectangles, squares, convex deltoid,
concave deltoid, general pentagons, regular pentagons, regular hexagons, circles,
etc. cut out from paper. Children can define the position and the number of symme-
try axes by folding and using mirrors. Another task can be for the children to draw
plane figures with exactly one, two or three symmetry axes or without symmetry
axis.

The role of activities in teaching symmetry reflection is also highly important
in the upper primary grades. Producing axial mirror image can happen in various
ways, such as:

e copying, moving, using transparent carbon paper
e drawing on squared paper
e construction.
Mirror images produced by folding, moving and drawing on squared paper

seem to be more challenging and complicated compared to the tasks set in lower
primary grades. For instance see the tasks given in grade six below:

Make a reflection of the dog on the given axis.
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The figures were taken to pieces by reflecting. When reflecting on the axes
provided, the original figure will be produced. Try to figure out what the original
picture was and then check your guess by means of carbon paper.

ARGEReE

A\ |/
N Y

N

(Mathematics course book, volume I. grade 6. Apdczai Kiadd, p. 33)

It seems to be practical to introduce children to the characteristics of axial
reflection using proper technical terms before they start constructing axial mirror
image. These characteristics should be presented in a rather expressive way and
the mathematical content should be illustrated not only by means of geometrical
figures but also references to pictures, patterns from nature or everyday life, e.g.
architecture, design, products of technology etc. The easily memorable pictures
could be associated with some particular characteristics. For instance, the sections
drawn on the wings of the butterfly cut out from transparent paper, which are actu-
ally the mirror images of each other, by opening and closing them, the wings will
cover each other. In this way it can be demonstrated that the length of the section
is identical with that of the mirror image.

When the concepts of geometrical transformations, including axial reflection
are established, we should also make children realize that in case of transformations
and reflection it is not only a figure but every dot of the plane is concerned with
them. In a particular task it is always the picture of a figure that we are looking
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for, and this is why children tend to think that only this figure is being transformed.
This misconception can be corrected by the following task:

Move the chairs and the desks to the walls of the classroom. Then I draw a
square grid on the floor with a piece of chalk and in the middle of the classroom I
marked one straight line of the grid red. Everyone should stand on a random dot
of the grid, and when the whistle is blown, they should take the shortest way to the
red straight line, and then the same length.

Following these instructions children will get to the place of their mirror image.
The red straight line is the axis of the axial reflection. Having completed the task
children can easily visualize the plane as an enormous floor extending to infinity,
whose dots, like the children can be transformed according to various rules.

In lower primary grades three and four learners are familiar with compasses
and ruler, and in grade five they will learn how to construct triangles from given
sections and also perpendicular bisector. In grade six children learn to construct
the mirror image, the bisector and the perpendicular straight line and the symmetry
axis of a figure. Learners construct the mirror image of a dot, a section, an angle,
a circle, a semi-circle, and various polygons. Thus, they can make a reflection of
a rectangle on one of its side straight line, on one of its diagonals, perpendicu-
lar bisectors, and on a straight line intersecting the two sides of any rectangular.
Making a reflection on the perpendicular bisector of the rectangle can lead to the
examination of the axially symmetrical figures and the definition of the position
and the number of symmetry axes.

Two tasks involving symmetrical figures are shown below:

Peter wanted to draw symmetrical figures. He did not manage to draw some
of them symmetrical. Correct the drawings he did not get right. Mark the axis red
on the symmetrical plane figures.
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have

A

Colour the figures (if it is possible) in a way that the coloured figures should

exactly one symmetry axis

exactly two symmetry axes

exactly three symmetry axes

exactly four symmetry axes

no symmetry axis.

(Mathematics course book, volume 1. grade 6. Apdczai Kiado, p. 151.)

Teaching axial reflection requires the use of quite a lot of tools, and the use of
these tools and the preparation of the various learner activities requires more orga-
nization and preparation from the teachers. However this extra work is absolutely
essential, as without the proper use of tools and individual activities children would
not be able to gain personal experience, which is necessary for the development of
the proper content of notions. The proper system of notions are absolutely essential
for the solution of mathematical problems and understanding concepts, such as the
axial reflection.
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A tevékenység szerepe a
tengelyes tiikrozés tanitasaban

Szilagyiné Szinger Ibolya

Eotvos Jozsef Féiskola, Baja, Hungary

Osszefoglalé. A geometriai transzformaciok — igy a tengelyes
tiikrozés — tanuldsdnak alapja a tapasztalatszerzésbdl kiindul6 induktiv
megismerés. A konkrétbol valé kiindulds, a sokféle tevékenységbdl
(hajtogatds, nyiras, rajzolds, tikorhasznalat) szdrmazé tapasztalat Gssz-
egytjtése vezet el az altalanosabb Osszefliggések megfogalmazasdig.

Alsé tagozaton a siktiikorrel valé jatékos tapasztalatszerzés révén
a gyerekek megfigyelik a kiilonboz8 térbeli és sikbeli alakzatok
tiikorképét. Megépitik a testek tiikorképét, hajtogatdssal, nyirdssal, raj-

zolassal elGéllitjak egyszert sikidomok tiikorképét, illetve tengelyesen
tiikros alakzatokat alkotnak.

A tevékenységnek fels tagozaton is kiemelt szerep jut a tengelyes
tikrozés tanitdsdban. A tengelyes tiikorkép elGallitasa tobbféleképpen
torténik: mozgatassal, atlatszo papir segitségével, négyzethalds papiron
rajzolassal, illetve szerkesztéssel.

Kulcsszavak: matematikatanitas, tengelyes tiikrozés, tevékenység
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Formal language of mathematics
and logic in elementary school
instruction of mathematics
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Abstract. This paper presents a didactic tool for introducing pupils
of early school age to the formal language of mathematics, logic and
science. The tool is a virtual world on the computer screen. The picture
— world consists of a chessboard on which different figures are laid.
Properties are attached to every indivudual — figure and their positions
on the chessboard are favourable for establishing various relations.
The idea is based on a computer aid, Tarski’s World, designed for the
instruction of mathematical logic for philosophy students on American
universities. Our world, named Our Little Village (the name has been
borrowed from the Czech movie of the same title, directed by J. Men-
zel) is coloured, fun and suitable for creating children’ stories, from
which a trained teacher can abstract a lot of mathematical and logical
principles/validities expressed by mathematical — logical formulas. In
the same way the world can be approached reversely, so that, based
on a list of formulas — statements — principles, a new configuration is
created on the chessboard. This aid is a good tool for the introduction
of pupils to mathematical structures such as the naive set theory and
mathematical logic and is a good means of solving logical equations or
riddles from recreational mathematics.

Keywords: Tarski’s World, the naive set theory, mathematical
logic, formalisation, mathematical structures

It is difficult to find content pertaining to the area of mathematical logic or
naive set theory in the primary school math textbooks used in the Republic of

Croatia. However, in other national curricula such as the Italian one, logic and sets

are present in textbooks already early on in primary education [9], [13].

In the recommendation of the American committee for improving logic classes

from 1993, lessons in logic are recommended for children as young as five [2].

In addition to the textbook Language, Proof and Logic by Barwais and
Etchemendy [3], enclosed is also a CD containing several computer programmes
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intended for the users of the textbook — students of philosophy at Stanford Univer-
sity, USA — as an aid in following lessons in mathematical logic. Among these I
would like to particularly emphasise a programme titled Tarski’s world, in which
three sizes of geometrical figures such as cubes, tetrahedrons and dodecahedrons
are arranged on one chessboard. The user’s task is to create the correct formula
based on the position of the figures on the chessboard, or to correctly place the fig-
ures on the chessboard in relation to a given list of formulas. Further in their work,
Barwais, Etchemendy [1], [4] and their students completed their idea and devel-
oped a theory on connecting classical mathemathical logic with visual perception
in order to prove logical ([11], [12]) or mathematical [8] theorems and theories.

On the basis of the ideas expounded, this article will present one modified
chessboard-based game. It will attempt to elaborate on the methodical potential
of the game in using the didactical phenomenology of abstract mathematical ideas
in line with Freudenthal [6], and utilising them as a teaching tool for introducing
young pupils into the world of the fomal language of mathematics and of science
in general. The nature of mathematical logic and set theory is close to the everday
symbolical and linguistic practice of the young pupils, who are familiar with it
even before commencing their primary education [7] it would be a pity not to utilise
its great methodical and mathematical potential in class. With a good selection
of figures and verbal stories about them, we can communicate in a way that is
psychologically familar to children attempting to motivate them to work with the
abstract, rich and precise language of mathematics.

The picture — Village 0. presents a small virtual world depicted as life in one
small village. This is of course only one proposal for the configuration of this
model and many others could also be made, by working in cooperation with pupils
to shape the text and image,

A bit of theory

Let me introduce to you us meet the denizens of the village. Every figure on the
chessboard shall be considered a denizen of the village.

1. The denizens are located in the squares of the chessboard which we shall
mark as:

D={(ij)|i=0,1,2,3,4,5,6,7,8,9, j=0,1,2,3,4,5,6,7,8,9}
(i,7), with the positional variable interpreted as the position in row i and column j.

The sentence — formulas are first-order logical formulas with a standard inter-
pretation of logical conjuntions and quantifiers, enriched with the specific constants
defined in the list below. The constants T (true) i L (false) are closed logical sen-
fences in meaning.

2. The individual constants are:

GMA (grandma), MUM, AUNt, ANnA, IVY, NANa, GPA (grandpa), DAD,
UNCle, JOHn, GEOrge, MATthew, OXO(o0x), HORse, DONkey, GOALt (goat),
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PIG, VINe, APPle, PLUm (plum), CHRry, PEAr, TRCtor, CAR, TRUck, CArT,
BICycle, JoHN’s house, JACob’s house, MARK’s house, ANNe’s house, PETer’s
house

Village 0

3. The predicate constants are:

Female, Male, House, Animals, Plants, Vehicles, People, Animate (animate),
Inanimate, Red, Yellow,

4. the binary relations are:

SameColumn, SameRow, SameSort, in Front, Behind, Near, RightOf, LeftOf
5. the ternary relation is: Between
6. special relation: ) (“to be older than”), = (“to be a same age”)

7. constant functions: 6(i,j) = () (the position (i, /) is empty or unpopulated).
Every figure-denizen has its name in relation to the configuration given on the
chessboard, in the form of an ordered triple (o, 3, ¥) in which o is the individual
constant, f3 is the predicate constant and y € D U {()} where y = () indicates that
a is not on the chessboard. For example, the name of the figure OXO in village 0
is (OXO(ox), Animals, (2,4)).

8. individual variables: X,y, z, v, u, w. . ., follow the variables of their com-

ponents XOC’ yOC’ z(x, Va’ uOC’ WOC" R} Xﬁ’ yﬂ’ Zﬁ, Vﬂ’ uﬁ’ Wﬂ" ) X'}/’ y’)/’ z'}/’ V’)/’ u’)/’
Wy,. .., Xq, Xg, Xy a8 the first, second and third components of name x.

By 7 used or a given configuration, for example for Village 0. we marke the
interpretation of invididual constants, predicate constants, constant functions, vari-
able names and complex variants. The basic constants are interpreted according to
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their full (or abbreviated) name as written in standard font with a standard natural
and linguistic meaning. The other constants are interpreted as follows:

9. 7(Peo) = FemUMal, 7(Viv) = FemUMalUAniUPIa, 7(Ima) = VehUHou,
T(Red(x)) = T <= x, = (i,j), i +j = 2k + 1, k € N. The figure is located
in a red field. ©(Yel(x)) = T <= xy = (i,j), i +j = 2k, k € N. The figure is
located in a yellow field.

Interpretation of the relations:

7(SamCo(x,y)) = T <= x, = (i,j), yy = (k,1) and j = [. Figure x and y
are in the same column.

7(SamRo(x,y)) = T <= xy = (i,/),yy = (k,I) and i = k. Figure x and y
are in the same row.

t(Fro(x,y)) = T <= xy = (i,j), yy = (k,I) and i < k. Figure x is in the
row in front of y.

7(Beh(x,y)) = T <= x, = (i,j), ¥y = (k,1) and i > k. Figure x is in the
row behind y.

T(LefOf(x,y)) = T <= xy = (i,j), yy = (k,1) and j < I. Figure X is left
ofy.

T(RigOf(x,y)) = T <= xy = (i,/), ¥y = (k,1) and j > . Figure x is right
ofy.

t(Nea(x,y)) = T <= x, = (i,/), yy = (k,I) and max(|i — k|,[j —I|) = 1.
Figure x is next to y.

7(SamSo(x,y)) = T <= xy = (i,j), yy = (k,I) and xg = yg. Figure x
has the same properties as'y.

Ternary relation:

7(Betwe(x,y,z)) = T < (X}’ = (i,J), Yy = (k, 1), Zy = (m,n)):
(=)= k=T =nVIk—1] = |i—j| = |m—n]) A((m+n)— (k+D| =
|(i +j) — (k+ )| + |(i +j) — (m + n)]|).. Figure x is in the same row, column or
diagonal as figures y and z and is located between them.

10. special relations: ), = are a total order and equvalence relation respectevly.

() is defined for the set associated with the predicate constant Peo as GPA )
GMA ) DAD ) UNC ) MUM ) AUN) GEO ) MAT ) ANA ) NAN ) IVY )
JOH or defined for all individuals as:

(B) PET ) JHN ) MAR ) ANN ) JAC) CAT ) GPA ) VIN = GMA )
TRC = DAD ) UNC) PLU) PEA ) MUM ) CHR ) AUN) TRU = GEO )
OXO ) APP) MAT ) HOR ) DON = ANA') CAR = NAN ) IVY ) BIC =
JOH) GOA ) PIG.

With the formula x)y it is indicated that person or denizen X is older than
person or denizen'y.
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Let us now deal with some specificities regarding mathematics and logic on
the chessboard.

The problem with implication

It is well-known that the logical connective = or material implication resists
intuitive understanding more than connectives such as conjunction A, disjunction
V or negation —, as the latter follow directly from the natural practice of language.

The following psychology test that illustrates the unnaturalness of the logical
connective = has become famous, The Wason Selection Test.

Four cards are placed on a table before the examinee as depicted:

with the question: how many times must the cards be turned to verify the following
rule — if there is a vowel on one side of the card, then an even number must be on
the other side? The examinees, even those with a background in mathematics, are
usually unsuccessful in solving the test, as at first glance it appears to them that
it is sufficient to turn over the ‘A’ card, while forgetting that the card marked ‘7’
ought to also be turned. [5] However, if an analogous example from everyday life
is given, the results are incomparably better. One example for this is the following
question — in which manner will stranger A in the unknown city B verify that the
pedestrians respect the red light when crossing the street? Most examinees answer
that A has to spot that

1. when the light is red nobody crosses the street and
2. when the pedestrians cross the street the light is not red.

We shall try to introduce our young pupils into the world of implication by
using the example of our little village. Let us approach them with the following

story:

The head of the village is the uncle (UNC), who makes sure that life in the
village unfolds harmoniously. In order to stimulate the grandchildren to visit their
grandmother (GMA) more frequently, he parks the car (CAR) next to her house
and promises that every young person that visits grandma will receive the car keys.

Let us translate the story in terms of the uncle’s (UNC) promise:

(1) Every grandchild that visits grandma (GMA) will receive the car keys.
Let us interpret this sentence as a formula:

(1a) vx((Peo(x) A Nea(x, GMA) A AUN)x) — Nea(x, CAR)).

Let us take a look at the diagrammatical solution in our little village. We are
interested as to in which cases the village head’s proposition is respected and in
which it is not.
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The pupils’ task is to ascertain for which of the configurations the uncle’s
(UNC) promise is fullfilled, that is, for which is formula (1a) valid and for which it
is not. In Villages 1 and 2 there is no grandma, thus (1a) is trivially correct because
the antecedent has not been fulfilled, so it is irrelevant whether grandson George
(GEO) near the car (CAR) (Village 2.) will receive the keys or not.

ol

#. .5 5

Village 3 Village 4

In Village 3 the promise has not been fulfilled for, though grandson George
(GEO) is near grandma (GMA), he cannot receive the keys as the car is not parked
in his vicinity. In Villages 4 and 6 the promise has been fulfilled as in both of the
free fields close to grandma (GMA) her grandsons can receive the keys of the car
(CAR) (as they will be in its vicinity), but in Village 5 the grandson can be in
grandma’s vicinity (above grandma) but not receive the car keys, and thus formula
(1la) will be invalid.

. o i

ren w%-
CA >
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Village 5 Village 6

Therefore, we can verify formula 1a. with various configurations and connect
its validity with the verification of the uncle’s (UNC) promise, which is psycholog-
ically more familiar to pupils than an abstract definition of implication. They will
probably agree that the promise has not been fulfilled (only) if the grandson has
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visited his grandma (antecedent fulfilled) but has not received the car keys (conse-
quence not fulfilled), and that in all other cases association of the pair fulfilled /not
fulfilled with the pair antecedent-consequence is correct.

Conclusions from the chessboard

Let us imagine that the village is organised according to three formulas (see Village
7):

1. Vz (3xJy(Peo(x) A Peo(y) A Mal(z) A Betwe(z,x,y)) = (z)XA\Yy)z)).
Every man lives between an older and a younger person if he finds himself between
them.

2. 3Ixdy(Pla(x) A =SamSo(x,y) A Nea(x,y)). There exists a fruit tree in
whose vicinity there is no fruit tree.

3. Vx(Mal(x) = —3Jy(Mal(y) A Nea(x,y) AX #y)). Men do not like to
socialise.

4. IxVy((Mal(x) A Ani(y)) = —Nea(x,y)). There exists a man who does
not like animals.
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Village 7
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Our task is to infer and thus discover what is hidden behind the hill in Village
7. On the grounds of 2., behind the hill is x € Ama/Pla = Fem U Mal U Ani.
We can see that all men except the uncle (UNC) have animals. Therefore, accord-
ing to 4 there is no animal next to the uncle and thus x € Ama/(Pla U Ani) =
Fem U Mal. There is a man behind the hill. According to 3 it is not a man thus
x € Ama/(PlaU Ani UMal) = Fem. We can see that the uncle is located between
two women, thus according to 1 it follows that the person behind the hill has to be
older than him because mum (MUM) is younger than him. Throwing a glance at
the list of the relations ) we can see that it can only be grandma (GMA) behind
the hill. Such tasks could be produced endlessly.

Here we demonstrated the construction of a digram of Village 7 based on the
formulas given.
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Laws and the world of necessity and possibility

Let us assume that the game on the chessboard allows for the position of the figures
to be changed, for their number to be increased, for the relation fo be older than to
be reorganised etc. Let us also assume that the pupil is familiar with all the denizens
of our little village, regardless of whether they are present on the chessboard or not.
The only thing that shall be maintained during the game is the chessboard’s format
of 10 x 10 squares.

Together with the pupils, the teacher can discover which claims are valid re-
gardless of the game’s progress. Let us call such propositions the laws of the virtual
world, just as normal science discovers and reveals the laws of reality.

Let us continue with stories about the village. For example, the uncle (UNC)
wishes to plant an apple tree (APP) next to Anne’s house (ANN). Therefore, within
the configuration of the right village in the image of village 8 he imagines the vil-
lage configuration in the cloud. In order to express the proposition of the story
with a formula, we have to add the modal operators of necessity [ and possibility
¢ to the formal language.

In Village 8, picture to the right, it is valid that: {OVx(Hou(x) =
Jdy(Pla(y) A LefOf(y,x)). We can see that without the operator <) the formula
is not valid for the configuration of the right-side village. The uncle can relocate
the denizens of the village or introduce new ones according to his wish, but there
are some laws he cannot alter.

®°000
PLU UNC
AB PLU UNC
HR 8 =
s gam $S

Village 8

For example: It is a necessity that it is not possible that for every x there is
a 'y located to the left of it. Or, as expressed in a formula: —~{Vx3yLefOf(y, x).
The law of the left border. Upon observing the image above, it is clear that in
every world, and thus also this imaginary one, the uncle (UNC) cannot plan to
plant the apple (APP) left of the cherry (CHR). The propositions in the scope of
with the operator [ are thus valid in all possible worlds. Let us name the whole
proposition a cosmological law.

Cocider the sentence: Everything in the village is old. This proposition can be
interpreted with the formula:
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(a) VxJy(x)y Vy)x V x = y), the well-known law of trichotomy. Let us
observe the expanded formula

(b) OVxIy(x)yVy)xVx=y).

Formula (b) is valid only if we have selected () a sequence of relations ) and
will not be valid for a selection (o) of sequences. Therefore, a law with the prefix
O is dependent on the inner structure of the game. Let us describe these laws as
global. Let us also add to these laws another class of claims stated by the head of
the village, which are valid only for the configuration we are viewing. For example,
the aforementioned conditioned promise on lending the car to young people to go
out at night. Let us term them the laws of the village head. The laws of the village
head can be expressed with formulas with the prefix — [J, as they do not have to
be valid in some other imaginary world. The possibilities of inventing new laws
upon new laws are many, and they are followed by the invention of motivating
stories as a background for introducing young pupils into the secrets of logic and
science. A competent teacher can also introduce pupils to the crucial theorems of
mathematical logic that are the foundation of mathematics, and also human practice
and science in general.

Relations as structural determinants

The world depicted on the chessboard, our little village, represents a good tool for
introducing pupils into the world of mathematical structures. We shall demonstrate
several structural relations on the relation Nea.

It is easy to ascertain that a relation is symmetrical, that is, that the for-
mula VxVy(Nea(x,y) = Nea(y,x)) is valid. It is also trivially valid that
Vx(Nea(x,x)) (follows directly from definition of the relation). The relation is
thus reflexive, as can be plainly seen in the image below. Is Nea an equivalence
relation, that is, is it also transitive?
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Village 9

The drawing of the village above shows that this has not been fulfilled, as
7(Nea(APP,PLU)) = T i 7(Nea(APP,MAR)) = T but 7(Nea(APP, MAR)) =
1. Therefore, the sentence

VxVyvz(Nea(x,y) A Nea(y,z) = Nea(x,z)) (%)

18 not true, that is, the relation Nea is not transitive.
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Let us create such a village in which the relation Nea will be transitive, that is,
will be an equivalence relation.

Let us say that a contagious disease is threatening the village and thus the head
of the village, the awe-inspiring uncle (UNC), decides to reorganise the village
into a string of smaller villages for hygienic reasons: A garage has to be built next
to every inhabited house, a fruit tree must be planted next to the house or a barn
must be built, and the small villages must not touch each other.

:ANN e #. ) ﬁm
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Village 10

In village 10 the relation Nea is transitive. In order for the relation Nea
to satisfy sentence (x), we have to form a configuration for which it is valid:
|{y : Nea(chf,y)}| < 5 under the condition

Vuvvvz(Nea(z,u) A Nea(z,v) = —Betwe(z,u,V)) ()

(none of them is between its “neighbors”) in which with chf we imagine a variable-
name of village denizens that represents a set of proximate figures, and let us say that
this valuable has the property Poe, head of a small village. The set {y : Nea(chf,y)}
is an element of the partition of the village according to an equivalence relation
based on the relation Nea.

The elements of the partition may contain 1 (reflexive member), 2, 3 or 4
elements at most. If the set {y : Nea(chf,y)} were to contain more than 4 figures,
then (*) will not be fulfilled. That is, for configurations on the chessboard under
the condition (k%) the pupils will realise that: |{y : Nea(chf,y)}| < 5 <=
VxVyVvz(Nea(x,y) A Nea(y,z) —> Nea(x,z)).

It is possible to form such games in our little village that may lead us into the
world of naive set theory, ones based on properties (or predicate constants) en-
riched with set operations as a generator of new sets. Therefore, the game presented
has the potential to, with the aid of various motivational stories and illustrated de-
pictions, guide young pupils into the abstract world of mathematics and into the
world of science in general. Also in doing so, we connect mathematics with topics
from the mother tongue and art education.

Translation: Ester Vidovi¢, Ph. D.
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Formalni jezik matematike i logike u
osnovnoskolskoj nastavi matematike

Miljenko Stanié

Uciteljski fakultet, Sveudiliste u Rijeci, Hrvatska

Sazetak. U ovom clanku prikazat ¢e se jedan didakticki alat za
uvodenje ucenika u ranoj Skolskoj dobi u formalni jezik matematike,
logike i znanosti. Alat je virtualni svijet na zaslonu elektronskog
racunala. Slika — svijet sastoji se od Sahovske ploce na kojoj su posla-
gane razlicite figure. Svakoj individui-figuri pridruZena su svojstva, a
njihovi poloZaji na Sahovskoj ploci prikladni su za formiranje razlicitih
relacija. Ideja je temeljena na kompjutorskom pomagalu, Tarski’s
World, namijenjenom nastavi matematicke logike za studente filozofije
na ameri¢kim sveucili§tima. Na$ svijet, nazvan Selo nase malo (ime
posudeno od istoimenog ¢eskog filma J. Mencela), obojen je, zabavan
i podoban za sastavljanje djecjih pria iz kojih osposobljen uditelj
moZe apstrahirati mnoge matematicke i logicke zakonitosti izrazene
matemati¢ko-logickim formulama. Tom se svijetu moZe pristupiti i
obrnuto, tako da se na osnovi liste formula-tvrdnja-zakonaizgradi nova
konfiguracija na Sahovskoj plo¢i. Ovo pomagalo je primjeren alat za
uvodenje ucenika u matematicke strukture kao S$to su naivna teorija
skupova, matematicka logika, i dobro je sredstvo za rjeSavanje logic¢kih
jednadzbi ili zagonetki iz rekreacijske matematike.

Kljucne rijeci: Tarski’s World, naivna teorija skupova, matematicka
logika, formalizacija, matematicke strukture
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of the pre-school education institution
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Visnja Veki¢ Kljai¢

Pre-school education center Osijek, Kindergarden P¢elica, Croatia

Abstract. Pre-school education aiming at development encom-
passes design of the Center for Mathematics and manipulative games
in the living room for children. Materials of these centers support child
exploration, imagination and manipulation i.e. these are the means
that help children to learn how to compare, coordinate, calculate and
categorize. Their value from the aspect of child’s development are
that the activities in this center help children develop their intellectual
abilities, fine motorics as well as their eye and hand coordination.
Through negotiating and problem solving they learn social skills as
well.

Pre-school children reveal mathematic notions through rhythm and
repetitive movement, colour, sound etc. Ready made didactic materials
can be used for this purpose but also the means that kindergarden
teachers make themselves are equally efficient. The main feature of the
materials are that they offer children concrete, systematic experience in
counting, enumeration and comparing.

In Centers organized in this way the task of the teacher is to
equip the living room with different materials that offer a number of
possibilities for developing skills of mathematical reasoning, observe
children playing and use every opportunity to explain the notions in
order to help children arrive at mathematical conclusion on their own.

The aim of the paper is to get insight into the organisation and
equipment of centers for mathematics and pre-school teachers’ idea of
their role in center equipment.

Keywords: centers for mathematics, developmentally appropriate
practice, pre-school child, pre-school teachers
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Introduction

The living room in the pre-school education institution is divided into different
activity centers. It is dynamic. Surrounding adjusted to development motivates
complex playing, independence, socialisation and problem solving. Children are
offered to research materials and find out new information as a way of learning.
Activity centers contain different materials that children use and teachers choose
the materials carefully so as to motivate research and to make them accessible
for children to use them independently. By motivating a child to play we pro-
mote natural development of their skills and competences. When teachers plan
and create activity centers they reconsider their spacial developmental adequacy to
interests, furniture at disposal, materials. Activity centers are “little labs” where
learning takes place initiated by children themselves i.e. learning through playing
and working with various materials. Children choose the materials themselves
and play with them as they wish moving freely from one activity center to the
other. The time they spend in a center differs from child to child. When children
actively focus on games and are offered possibility to use various motivating and
creative materials they spend more time in activity centers and spend less time
moving aimlessly around. The team of teachers inserts changes from time to
time in the centers exchanging known materials with new ones, individualising,
designing them upon children’s interests. Teachers evaluate efficacy of the center
arrangement and change it as well.

Usual activity centers in the living room of a pre-school institution are: artistic
expression centers, centers for mathematics and manipulative games, construction
center, music center, nature research center, beginners’ literacy center, sand and
water games center, family and drama games center, open air games area. Some
other center can be added to the mentioned ones such as doctor’s corner, firemen’s
corner, autumn corner etc. depending on current activities and interests of the

group.

This paper aims at organising centers for mathematics in the living room of
the pre-school institution and the role of the pre-school teachers in their equipment,
changing and motivating children to activities. According to Romstein K. (2010)
mathematics is a constitutent part of life present in architecture, fine art and music.
Mathematical knowledge is taken as a “measure” while evaluating child’s readiness
for primary school and it is actually the practical usage of mathematics that matters
most.

Further on, the paper will focus on results of the survey done among pre-
school teachers about their practice in organising centers for mathematics in the
living room of the pre-school institution.
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Methodology of the research

The aim of the paper is to get insight into the organisation and equipment of centers
for mathematics and pre-school teachers’ idea of their role in center equipment.

There were 39 pre-school teachers from 5 Osijek kindergardens taking part in
the survey. The survey consisted of 10 questions divided into 3 groups. The first
referred to general equipment of the centers for mathematics, the second to the role
of pre-school teachers in center organisation and the third referred to competences
that are motivated in centers for mathematics. In addition, the paper deals with
ideas of pre-school teachers supporting their answers with recent notions by em-
inent authors as to get insight into organisation and equipment of the centers for
mathematics and pre-school teachers’ idea of their own role in the equipment of
the centers.

General equipment of the centers for mathematics

The majority of pre-school teachers (93%) have a center for mathematics and ma-
nipulative activities in the living room of the institution. Those who do not have a
separate center usually include the function of this center within some other center
e.g. school center. It is obvious herefrom that pre-school teacher connect early
literacy and mathematical concepts, which is natural. Center for mathematics is
usually distant from some louder centers of activities (construction, family and
drama centers). Herewith the center provides peaceful activity and full dedica-
tion to planned activities; children can focus on offered activities and materials.
Among materials represented in the center there are didactic games such as puz-
zles, plastic cubes with numbers, various strings, wooden beads etc. Such materials
are represented with 78% of pre-school teachers. 40% of the pre-school teachers
have at their disposal social games such as ludo, domino, monopoly, memory, also
non-structured material such as horse — chestnuts, acorns, pabbles, pasta, grains
(50%). 30% of the pre-school teachers have geometrical figures at their disposal.
Games and materials that are made by pre-school teachers themselves such as
number cards, bank notes, stopples with numbers etc. are represented in 13%
of the pre-school teachers whereas measure tape, set square, ruler and pencils in
20%. Some pre-school teachers have a clock, scales, magnets, glass vessels for
measuring liquids in their centers although these are single cases. It is important
to note that it is essential to pay attention to development of pre-operational phase
(Piaget) in cognitive development of children. It is the period when small children
play intensively and through playing they manipulate objects, learn about them
and get to know the world around them, acquire first notions, develop language,
make logical conclusions. At this age children understand only those quantitative
and spacial relations that are perceptively given to them, master per-mathematical
skills that help them understand the world of numbers, think in a logical and ab-
stract way. The importance of offering and having these materials permanently is
therefore unquestionable.



80 Visnja Veki¢ Kljai¢

Out of the activities that are most frequently represented in the center for
mathematics, so the pre-school teachers, the following are represented as follows:
63% numbering, 46% sequencing, 40% counting, 63% classifying, 66% compar-
ing, 33% measuring. Some teachers state here that they do mathematical stories
and word tasks, a few do various work sheets with all these activities. According
to the teachers’ statements the centers lack material and activities that motivate
measuring, quantity establishing, weighing and other developmentally appropriate
activities establishing length, height, quantity, mass.

The role of pre-school teachers in organisation of the centers for mathematics

The role of the pre-school teachers in the center for mathematics primarily refers to
adding motivating material depending on interest of the children (76%), supporting
children in their playing activity (43%) and most of them motivate the higher level
of thinking in children in activities (83%). According to Kirsten A. et al (2004) the
pre-school teachers help children widen concrete experience by modelling mathe-
matic language eg. introducing concepts such as smaller than, bigger than, equal
to by putting questions such as How many napkins are there? How many spoon
do we need? The more the teacher considers the choice that children make, the
more they are able to use the chosen activities for introduction and establishing
of mathematical concepts. According to Vlahovié-Steti¢ (2010) the job of the
pre-school teachers is to help children construct the existing knowledge, to give
children freedom for their own constructions and strategies, ensure atmosphere in
which discussion helps to build child’s knowledge, prepare manipulative materials,
ensure social interaction and enable rich surrounding, complex situations that will
motivate problem solving. Such thinking is in accordance with constructivism
in psychology and Vygotsky’s theory attributing great importance to qualitative
communication among participants of the educational process as one of the basic
factors and motivators of mental development.

Change of the position of the centers in space as well as adding and changing
material depend mostly on child’s interests (53%) and planned topics, activities and
projects (23%). The remaining 24% of the pre-school teachers state that material
change depends on their duration or cooperation with parents, one of the pre-school
teachers mentioned that materials are changed and added when more difficult tasks
are put before children and when she notices that they are ready for new activities.
According to Manderi¢ Z. (2010) motivating “ the next step in development” is a
key moment of constructivism (Vygotsky) and its application in practice.

Competences in children motivated in centers

All activity centers in the living room of a pre-school institution and open air areas
offer an opportunity for children for mathematical learning. Pre-school teachers
usually state that mathematical activities are carried out in the construction center
(66%), family center where children share cutlery, “cook”, weigh, add and count
ingredients (53%). Research centers, where children research nature: fruits, water,
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soil, plants (43%) are frequently mentioned in this context. One of the pre-school
teachers mentions the example of computer games that children bring from home
and which have mathematical content such as joining clusters, continue the se-
quence of numbers etc. She also mentions that these games lessen the interest
of children in non structured material and didactic games. Artistic center (26%),
music center (10%) and sport games in the gym or outside (13%) have also been
mentioned.

We can conclude about the interest of children in diversity and that the existence
of different centers in the living room is justified and mathematics is connected
with other areas of child’s interest.

The answer to the question about evaluation of exceptionally successful ac-
tivities for development of mathematical competences in children the pre-school
children state besides mathematical activities also activities in the morning circle
when children are counted, when the number of girls and boys is established, the
number of the absent children (20%). Queing is stated as well, standing in pairs,
serving the dishes, joining the napkins, taking a walk (50%) and 6% mention
games such as when children play shopping, market, library, bank, post office,
watch maker.

According to Slunjski (2012) mathematical competences in children depend
on competences of the pre-school teachers, possibilities of interaction among chil-
dren of different chronological age and different competences, freedom of children
in self- organisation of activities, existence of enough continuous time for develop-
ment of the initiated activities, unobtrusive communication style of the teacher with
children. The question which aspects of educational context ensures development
of mathematical competences in children is answered by the teachers by putting in
the first place didactic material, acquired, made and non-structured (90%). In the
second place they state freedom of children to organize the activities themselves
i.e. activities when children choose who they will play with (53%). Social interac-
tion between children and teachers takes the third place (50%) and mathematical
competences of teachers the fourth (43%). The last position is taken by adjustment
of time and space to child’s needs (33%). It is obvious that sometimes teachers
are limited by time because of obligation related to the rhythm of child’s meals and
daily rest in the kindrgarden but are also aware of the values of variety of materials
being the source of child’s comprehension, social interaction in group and child’s
initiative and freedom but also the importance of mathematical competence.

Examples of organised activities in mathematical centers

— Electrical circuit — the task is to connect the picture of the number and the
cluster, the lamp glows if correctly solved

— The table for games with light and geometrical figures — children create by
the means of geometrical figures, colours, shapes, teacher makes them more
difficult according to the age, interest and abilities of the children
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— Get the target — target with numbers is aimed at by balls, targets can be on
the floor, on a board, with holes, rings etc. The task is to hit the target of a
specific number.

— Games to develop motor skills — wooden grooved boards — in this game motor
skills are developed by following the groove line by hand or foot.

— Attach a number — shapes in the picture are compared and a picture of a
number or a number of dots is attached to it

— Social games — respect the rules, cooperate, recognize the picture of a number
— Sticks — order them in the sequence from the shortest to the longest

— Computer games — adding

— Count the teeth — clay model, counting

— Shadow theatre — planets scene plays

— Writing numbers — finger writing in corn semolina

— Stringing geometrical solids- according to their model children string wooden
solids on sticks

— Hop scotch — game by hopping according to numerical order

— Measuring — measuring of different parts of bodies by the means of paper
measures

— Measuring liquids — glass measures of different sizes.

Conclusion

These results offer insight into the organisation and equipment of the centers for
mathematics and indicate pre-school teachers’ idea of their role in this center. The
offer of the material and activities in the ceneter for mathematics depends on age,
age homogeneity and heterogeneity, implicit pedagogy of the pre-school teachers,
programme (groups for sports, English, religion). Integrated programmes pre-
vail in kindergardens carried out through all areas of child development (physical
and motor development, social-emotional development, cognitive development and
speech, expression and creativity ) so that mathematical contents are present in most
of the topics and activities.

While organising centers for mathematics teachers are mostly focused on their
equipment with didactic material and social games but it is very positive that 50% of
the centers have also non structured materials at their disposal that enable children
creative research and learning about nature, motivating creative development and
possibility for different ways of material manipulation. It is important to point out
that according to teachers’ statements there is lack of material and activities that
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motivate measuring — establishing quantity, weighing and other developmentally
appropriate activities by which length, height, quantity and mass are established.
The role of the teachers in the centers is viewed as thorough although only one
of the teachers states in open-questions that she motivates higher level of thinking
in children. This could be explained by lack of time to individually work with
children, many children in groups and a number of centers in which the activities
take place at the same time. Only very experienced and well organised teacher with
a small number of children in a group (the number set by Pedagogic standards) can
be dedicated to their work and by constant learning and improvement develop their
competences and the competences in children.

The purpose of the paper was to present, by examples from practice, the ac-
tivities that pre-school children take part in in centers for mathematics and how
mathematical competences in pre-school children can be developed in all activity
centers organised in kindergardens.
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SaZetak. Razvojno primjerena praksa predskolskoga odgoja obu-
hvacai plansko osmisljavanje centra za matematiku i manipulativne igre
u sobi dnevnog boravka. Materijali sadrZani u tim centrima podupiru
djecju eksploraciju, imaginaciju i manipulaciju, odnosno pomocu njih
djeca uce usporedivati, uskladivati, racunati i kategorizirati. Proma-
trajuc¢i njihovu vrijednost s aspekta djetetovog razvoja, aktivnosti u
ovom centru pomazu djeci da razvijaju intelektualne sposobnosti, finu
motoriku i koordinaciju o€iju i ruku. Medusobnim pregovaranjem i
rjeSavanjem problema, ona uce i socijalne vjestine.

Predskolsko dijete, kroz ritmi€nost i repetitivnost pokreta, boja,
zvukova i sl., otkriva matemati¢ke pojmove. U tu svrhu se mogu
rabiti gotovi didakticki materijali, ali i razli¢ita kreativna sredstva koja
odgojitelji mogu samostalno izraditi. Glavna odlika materijala koji
se djeci nude je konkretnost. To su materijali koji djeci nude zorna,
sistemati¢na iskustva brojanja, racunanja i usporedivanja. U tako
osmiSljenim centrima, uloga je odgojitelja funkcionalno opremiti sobu
dnevnog boravka materijalima koji nude razli¢ite mogucnosti razvi-
janja matematickog miSljenja, zatim promatranje djece u igri kako bi
mogao nadovezati se na iskazane potrebe ili pitanja djece, te poticanje
razgovora i pitanja koja poticu vise misaone procese i omogucuju djeci
da samostalno dodu do novih spoznaja.

Cilj ovog rada je dobivanje uvida u organizaciju i opremljenost

centara za matematiku te odgojiteljevo videnje vlastite uloge u opre-
manju centra.

Kljucne rijeci: centri matematike, razvojno primjerena praksa,
predskolsko dijete, odgojitelji
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The joy of mathematics

Debrenti Edith

Partium Christian University Oradea, Romania

Abstract. According to George Pdlya once someone has discov-
ered the joy of mathematics, they will never forget it.

In this research paper I present a set of activities that were carried
out during the previous academic year among second grade student
(aged 7-38) living in Oradea. The purpose of these activities is to
make the student enjoy and like studying mathematics and to make
them motivated in gaining mathematical knowledge. Moreover I was
applying methods that can make math classes interesting and efficient.

Different interactive methods were applied using elements of
Drama Pedagogy, didactical games and some components of the coop-
erative method. Our main standpoint was to let student be a part of the
process of solving the mathematical problem and to encourage them
to cooperate as often as possible. Our intention was to show student
that they should not be afraid of trying to solve the problems and they
should not be afraid of failure. Thus they can enjoy solving problems
even on their own.

Keywords: experience, skill development, action-oriented and
child-centered learning, sense of achievement, intrinsic motivation

Introduction. Alternative pedagogies

In the 60s in Hungary, Varga Tamas and his work team have brought about a new
revolutionary method of teaching mathematics, which is a complex system of cur-
riculum, teaching strategies, methods and teaching aids. This teaching method is
known abroad as the Varga-C. Nemenyi method of teaching mathematics and it has
been under implementation in Finland since 2000.

“The playfulness is served by clever, constructive games. The main occu-
pation of a child is the play because it brings along excitement, enthusiasm and
enjoyment. At the beginning of the class it can raise the interest or it could close a
learning stage. The play may help dissolve the phenomena that inhibit the thinking
procedure. (Kikovicsné et al., 2006, 26-27)
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We owe to Tamas Varga, the discovery that the young pupils need to be taught
not only counting and measuring but need to be initiated into other fields of math-
ematics, too. He thinks that a prolonged experience in acquiring knowledge is
necessary.

“If the children are in an accepting atmosphere and they learn in group meeting
problems specific to their age and interests, then they will experience the freedom
and joy of independent thinking. We cannot exclude from our schools some teach-
ing procedures such as: amazement, recognition, the pleasure of solving a problem,
the experience of surpassing oneself, the group work, being together with pears,
thinking together, the joy of creating. Excluding all those we would exclude the
joys of life from schools.” (Kikovicsné et al., 2006, p. 33)

“The more teaching methods we use, the more learners we reach. And the
more ways we apply to reach them, the deeper the knowledge embeds”. (Spencer
Kagan)

Among the main objectives of the alternative pedagogies (such as Waldorf,
Montessori, cooperative teaching, teaching through drama) are: the education for
an individual thinking, the use of such methods, techniques and plays which develop
the child’s imagination and sentimental education.

Instead of filling the child’s mind with a pack of information that he will soon
forget anyway, I chose to make use of the possibilities which lie in the circle plays.
Thus the time spent playing made learning more effective and our work more suc-
cessful. The children memorized more things because they were an active part of
the learning process.” (Finser, 2005, p. 28)

Finser M. Torin, a Waldorf teacher, who tries to teach mathematics similar to
the Varga method to children aged between 7-14 asserts that his aim is not only
to make them practise some skills  but to develop their talent, too. To develop
such talents that may be used in different situations in life. It includes the fact
that the children should learn not only how to follow the sequence of tasks and of
numbers, but they should develop the ability of flexible thinking, should preserve
their imagination, should learn how to solve problems together and to experience
things together. (Finser, 2005, p. 84)

The drama in education (the drama pedagogy, DP) arrived in Oradea 15 years
ago due to some enthusiastic teachers and since then it has been offering teachers an
alternative and a possibility to meet their pears and to teach in a colorful way. The
essence of the DP is to touch the feelings and to make children learn through actions
and activities. The DP workshop of Oradea (NDPM) is a professional learning
community where the members take part actively in the learning process while they
share their teaching experience and thus reinforce their identity as members of a
community. After some time the members learn to learn from each other, to work
together, to take responsibility for each other and to cooperate for the common
aims. The professional learning community — besides the fact it assures the profes-
sional development of the individual and of the whole community — functions as a
supporting community working as a protector factor against the loss of enthusiasm
of teacher.
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Activities

In my lecture I’'m going to talk about a series of activities designed by us and which
are taking place during the current academic year among 24 second grade pupils
(aged 7-8) from Lorantffy Zsuzsanna Reformed Church School, an average class
in Oradea. Their Teacher is Idiké Kovacs. The activities are held once a week
during a lesson.

Age Characteristics: The children aged between 4 and 8 are the most recep-
tive to forming. According to specialists this age is perfect for basing the natural
sciences. This is the time to help them build up relations with the world around
them, the rules and phenomena of nature.

The age between 7 and 14 is the period of time when the child’s sentimental
life is preeminent. All that we teach him during this age, making him use his
imagination, will remain well embedded in his mind. If we consider the stages of
intellectual development, Piaget says that the child of this age is in the stage of
concrete operations (Piaget, 1970). This is the time when, in the way of thinking,
there appear a series of logical grouping: logical relations, connections, the concept
of number, time, length, aria, volume, mass, weight. All these are called operative
concepts because they are formed based on certain operations. They were named
concrete operations because they depend on the recent concrete experience and the
logical conclusions are restricted to these operations.

He can understand and do only such operations that do not surpass the mod-
els. The children are not able to draw conclusions on a theoretical level. They
need a tangible, real object. The operations are always concretes, they are always
connected to an activity. They are never abstract. (Ambrus, 2004, pp. 45-46)

Aims: The aim of these activities is to make learning mathematics more in-
teresting, more exciting, more attractive for pupils and to raise their interest in
acquiring mathematical knowledge, as well as to try out such methods that may
turn the Mathematics classes into interesting and effective classes.

To stimulate pupils to calculate in mind, being able to add and subtract in mind
any time without using paper and pencil.

We look for various exercises, more or less difficult, which cannot be found
in a school book and which are closer to true to life situations. Sometimes we
transform the more abstract tasks into more tangible ones to bring them closer to
the pupils and to make them more pleasant for children when solving. We search
for or try to invent such activities, exercises, which can captivate their volition so
that the children will work to solve it involving all their energy, all their senses of
perception, finally their whole body. Thus we can stimulate not only their minds
but their whole body, too. During this procedure the teaching material will be better
learned.

Our aim is to develop their creative thinking and their problem solving ability,
to guide the children in using the acquired knowledge, to encourage them dis-
cover connections, to stir the logical thinking, the critical or divergent thinking
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and the argumentation. We analyze open problems, too, where they meet differ-
ent approaches to the problem and there are more questions related to the same
problem.

We would like to offer a learning environment which makes the discovery
possible, stirs the inner motivation, motivates learning and the group work, the
exchange of experience and it supports the talent.

We use different active and interactive methods, we try to vary the activities,
mainly those which bring mathematics closer to the learners. We prefer the well
working Hungarian methods (those of Tamas Varga and Zoltin Dienes). We do not
intend to replace them with foreign methods but we prefer to use drama, didactic
games and elements of cooperative methods.

The main objective is the learner: to make him part of the problem, involve
him in the solving procedure, offer him the possibility of self expression or mani-
festation, help him to experience success and form him not to be afraid of failure,
make him understand that mistake is allowed and lead him towards the pleasures
of solving a problem.

“If we fill them with dry, abstract concepts, then no wonder that they will
finally exclaim: And what if...? The abstract thoughts, conceptions will shortly
become useless and insignificant.” (Finser, 2005, p. 40)

Activities: We start the lesson by pushing aside the desks in the classroom
making some space. Then we continue with some games as warming up. These
are usually skill games mingled with some mathematical elements, designed by
us so that they preserve their ability feature but in the same time introduce some
mathematics. After two or three games there are several groups of four formed.
Examples of such games:

1. Circle game, ball game: the children are in a circle; everybody says a num-
ber in an increasing sequence and memorizes his or her number trying to remember
the other ones’ number, too. The pupil holding the ball starts the game by saying:
“I went to the market and I bought 6 kg of apples” then throws the ball to the pupil
who is number six. The later one continues: “why 6? why not 12?7 and throws the
ball to number 12. Those who do not pay attention or fail the others’ numbers or
do not notice those who fell out of the game and whose numbers cannot be further
used, will fall out of the game, too.

2. Circle game: we make up sequences. Somebody says a number and the
teacher asks pupils to add to the previous a number another number 1 or 2 or 3. . . by
the time everybody had his or her turn, they would realize that this procedure may
be continued with one or two rounds or it can be endless.

3. Animal and number game: everybody picks a piece of paper containing
a name, an animal name and a number (e.g. Goose Gill 367). They are asked to
walk about and find the members of their family by making sounds imitating the
animals (those who gaggle find each other). As soon as they find each other they
have to sit in each other’s lap starting with the eldest to the youngest (e.g. Goose
George 895 sits in Goose Gina’s lap 657, who then sit in goose Geer’slap 489 who
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finally sits in Goose Gill’s lap 367). The newly formed family will function during
the rest of the lesson as a work group.

4. Domino game: everybody gets a colored domino card which has a number
on one side and a mathematical operation on the other side. The teacher starts the
activity with her own card everybody solves in mind the operation lying on the
floor, so that he or she should know when to continue the domino line with his or
her own card.

5. The club of hundreds: everybody picks a colored piece of paper containing
a mathematical operation to be solved. As soon as he finishes the calculation he
can pick from the blackboard another colored piece of paper with a number on it so
that finally the sum of the numbers on his cards should be exactly 100. When the
teacher calls out “Stop” they should finish the calculations. With the teacher’s help
they check each other to see who can sign in the club of hundreds (those whose
final sum in their hand is 100).

6. Honey cake: everybody gets a card with a number. The pupils are lined in 2
rows, back to back to each other. The teacher reads aloud a receipt containing some
mathematical operations. The children should solve in mind these operations. The
first to recognize that the result of the operation is the same with the number on
his card should start running to the end of the row. There are always two children
having the same number and thus the same result to an operation. But who gets
there first? By the end of the receipt a pupil will have to run several times.

The receipt: Ingredients for the dough: 25-15 dkg butter or 17-9 dkg grease,
15-8 dkg sugar, 41-21 dkg honey, 35-34 entire eggs, 29-26 dl milk, 13-12 coffee
spoons of baking soda, 19—17 coffee spoons of cinnamon or powder clove. We mix
all these and then we add 63-13 dkg flour. We bake 18—12 tablets on the back of
the baking dish. We leave it in the oven for 56-26 minutes. Then we leave them to
cool down for 43-33 minutes.

The cream: we heat up 48-18 dkg sugar until it gets brown and then we pour
on it 26-23 dl of water and 16—12 dl milk.

We mix 23-13 dkg flour with 8—4 dl milk, and we add it to the hot caramel then
we boil the mixture and leave it to cool down. We add a pack of Rama margarine
to the cold cream and 30-28 vanilla. We mix all that together.

We cover the filled plates with chocolate coating: we melt 56-36 dkg choco-
late above steam or we can prepare our own chocolate like this: we boil together
34-24 sugar, 15-9 dl water and 57-55 spoons of cocoa. We take off the stove and
we add 24-16 dkg butter.

Time of preparation: 78-28 minutes. It will not last more than 23-16 days.

After the warming games, when the teams are already formed, they sit at the
tables in groups of four and get the tasks. First task is a handcraft when they have
to assemble together certain number cards according to a given sum. Then they
pass to the next task. Together with the teacher I check each team, we listen to
their arguments, we accept the good results or if it is needed we help them with
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prompts/ questions that may lead them to the solution. We sometimes act out the
problem or we encourage them to draw representation of it.

Tasks

1. Uncle Tom has an orchard with 24 apple trees. He waters them every day
this way: he goes to each tree once a day and he never steps twice the same path.
How can he get from tree 1 to tree 24?

2. There are some snakes, frogs and two storks in the reeds. They count
altogether 9 heads and 12 feet. How many snakes, frogs and storks live there?

3. A king has 4 sons. Each brother has a sister. Into how many parts should
he divide his kingdom to give each of his child an equal share?

4. We have got a pot of 25 liters. There is 18 liters of water in it. If we add 10
more liters to it how much water will be in the pot?

5. Tom and his sister have altogether 30 cards of calendar. If Tom gave his
sister 5 cards each of them would have the same amount of cards. How many cards
has now each of them?

6. Two little elves, Moss and Fern are planting in the garden. While Moss is
planting 3 plants Fern is planting only 2. How many plants does each elf plant if
they finally plant 30 altogether?

7. A snail fell into a 6 meter deep well. During the day it climbs 3 meters but
it slips back 2 meters each night. When does it finally gets out of the well?

8. If a tortoise can cross the road in 60 minutes how long does it take to 10
tortoises to cross together the road?

9. Ludas Matyi is going to Dobrog. On his way he meets 3 men on horseback,
3 men in a carriage and 3 men walking all coming from the opposite direction.
How many people are going to Dobrog?

10. Mr Kovacs has 6 children. There is 2 years difference in age between
them. How many years of difference is between the youngest and the eldest?

11. Hencida is 12 km far from Boncida. Two men meet on the way between
the two towns: one is on foot, the other is riding a bike. Which one is farther from
Boncida if they left at the same time from the 2 towns (one from Boncida, the other
from Hencida)?

12. A candle burns in an hour. If we light 5 such candles in the same time how
long will they be burning?

13. How many 3 unit numbers are there which you can read from left to right
and vice-verso and it still remains the same?

14. The miller goes to the mill. There are 4 women coming towards him. Each
woman is carrying 3 sacs. In each sac there are 3 cats, and each cat has 3 kittens.
How many altogether are going to the mill?
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15. There are 100 hundred houses in a street. A craftsman is asked to write
the numbers of each house. How many times does he have to write the number 9?

16. You have got a bag of candies. You give half of them to your friend. You
drop the half of the rest so there are only 6 left. How many candies did you have
in the beginning?

17. I picked a number. I took away 3 and then I added 5 to the rest. Afterward
I took away 10 so the rest was 10. Which was the number I thought of?

Teaching experience/conclusions/

During the activities we observed the following:

In the beginning it was very difficult for the pupils to make calculations in
mind but they got used to it and got faster (even at catching the ball).

They better pay attention to each other. When one of the team member tries
to explain the others the situation, we are amazed how well can he do that. It’s true
that the children can explain things best to each other. In the same time they have
to explain to the teacher their choice and thus they will better understand the task
and they can see it through.

They notice many features they have not learned yet: the features of the ad-
dition (associativity and commutativity which make the calculation easier). They
haven’t learnt the multiplication yet, but certain exercises can well prepare it.

They have learned to pay more attention to the text. We do not solve two
similar exercises which have an analogue solution. The children must pay great
attention because there are any logical problems hidden among the others.

We have even solved equations but step by step, analyzing.
We always ask them to draw, encouraging them to use the representation.

We stimulate a positive attitude towards mistakes, that is we let them do the
calculation they have started asking them whether they are convinced about the
result. They may realize that they have made a mistake somewhere.

They children enjoy very much these classes. There were pupils who told us
before the second meeting that they had been looking forward to this class.

According to Gyorgy Pélya “solving a mathematical exercise can be so much
fun as solving a crossword, because the powerful intellectual work can be as good
as a powerful tennis match. If somebody will taste the joys of mathematics he will
never forget it. In this case all the chances are given to make the pupils give some
importance to mathematics in the future.

I am grateful to the drama workshop from Oradea (NDPM) who supported
my work. I would like to thank the support of Mrs. Ildiké Kovécs, the teacher of
the 2" form pupils I worked with. T owe her acknowledgments for her cooperation
which made possible the whole series of activities.
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Kivonat. Pélya Gyorgy szerint “ha valaki egyszer megizleli a
matematika 6romét, nem fogja konnyen elfelejteni.”

ElSaddasomban egy altalunk kidolgozott tevékenységsorozatrol
szamolok be, amely az elmult tanévben zajlott, 24 masodik osztalyos
(7-8 éves) nagyvaradi kisdidk vett részt benne, egy dtlagos isko-
lai osztdly tanuléi. A tevékenységek célja a matematika tanuldsat
érdekes, izgalmas élménnyé tenni, megkedveltetni a tanul6kkal, mo-
tivaltakka tenni ket a matematikai ismeretszerzésben, olyan mddsz-
ereket és eszkozoket kiprobdlni, alkalmazni, amelyek eredményesebbé,
érdekesebbé tudjdk tenni a matematikadrakat.

Kiilonboz4§ aktiv és interaktiv modszereket alkalmaztunk, a dra-
mapedagdgiai jatékokat, didaktikai jatékokat, a kooperativ mddszer
néhany elemét hasznaltuk. A f6 szempont, hogy a tanuld részese
legyen a problémanak, a megoldési folyamatnak, minél gyakrabban
és eredményesebben nyilvanuljon meg, legyen sikerélménye, ne féljen
a prébalkozasoktodl, a kudarctdl, és szivesen oldjon meg egyediil is
feladatokat.

Kulcsszavak: élmény, képességfejlesztés, tevékenységkdzponti és
gyermekkozponti tanulas, sikerélmény, belsé motivacio
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Application of the elements of Vedic
mathematics in classes with Roma pupils

Goran Lapat! and Lidija Eret?

Faculty of Teacher Education, University of Zagreb, Croatia
2Eugen Kvaternik Elementary School, Velika Gorica, Croatia

Abstract. Work with Roma children raises special challenges for
educators and teachers who during their pre-service training have not
been prepared for the specific work within the culture of the Roma
community and the Roma language and in particular for the flexibility
in work with Roma pupils. Interest of Roma pupils in educational
process is a challenge to which we have tried to respond by introducing
elements of Vedic mathematics in tuition. This article provides a
methodological proposal which shows a connection of an active ap-
proach of Roma students’ mathematical learning with the introduction
of the Vedic way of calculating in additional mathematics classes and
extracurricular activities.

Keywords: Vedic mathematics, Roma, additional mathematics
classes, extracurricular activities

Introduction

Primary school teachers with many years of experience with Roma pupils are daily
facing challenges and difficulties in the realisation of curriculum. It takes more
time for processing of maths lessons, and mastering of those lessons is a necessary
precondition for continuing with the curriculum. Maths has to be practised and
exercised continuously. Roma pupils come from deprived and disincentive sur-
roundings, and whether we like it or not, this has a great influence on the adoption
of the curriculum. Pupils do not work at home; do not write their homework or
exercise. Students do not work at home, not doing homework, not training. Mul-
tiplication table is an example of basic knowledge of mathematics and very often
pupils in higher grades have not acquired it. Vedic mathematics offers a different
model of multiplication where it is enough to know the multiplication table up to
5% 5.
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Roma in Medimurije

The Roma community in Croatia is included in census as a nation since 1971. It
consists of different ethnic groups. In northern Croatia, in Medimurje, prevails the
group which speaks Ljimba d’bjash. This is an old Romanian dialect which was
adopted by Roma during their stay on the territory of today’s Romania. (Novak
Mili¢, 2007; Oluji¢ and Radosavljevi¢, 2007). They have migrated to Croatia
during the last decades of 19th century. In 2011, there were Roma, and 5232 of
them claim that their native language is Roma, and 77 claim their native language
is Romanian. According to data, we can conclude that there are 5 321 Roma in
Medimurje (www.dzs.hr).

Table 1. Number of Roma population 1971-2011

Year 1971. | 1981. | 1991. | 2001. | 2011.
Medimurje 153 | 1139 | 1920 | 2887 5107
Croatia 1257 | 3858 | 6695 | 9463 | 16975

In the last years, there are many papers, researches, reports and programs about
Roma, their position and life conditions in Croatia, whose aim is to draw atten-
tion to discrimination and xenophobia against the Roma national minority which
already lives on the alarming margin of society. The most important researches are
“Social position of Roma in SR Croatia” which was conducted by the Institute for
Social Research in Zagreb in 1982, “Social and developmental status of Roma in
Croatia”, which was conducted by the Institute of Social Sciences Ivo Pilar in 1998,
“Structure of Roma families and understanding of parenthood in them” conducted
by the National Research Institute for Family, Maternity and Youth in 2002.

The “Report on Roma approach to employment”, 2004 by L. Kusan, 1. Zoon,
and magazines Rural sociology 87/90, 1985 entitled “Studies of the social situation
of the Roma” and Social Studies 2-3 (46-47), 2000, entitled “The social status of
Roma in Croatia”.

Roma aspiration to preserve their identity and to be different is a basic human
right. The problem is how to maintain traditional culture and identity in a time
of global and rapid modernization. There is the constant question of whether to
maintain the traditional differences which contribute to their unequal treatment or
to accept the need for change and modernization, which can help them to gain
equality, but also to change their identity. Although the desire of Beash Roma
to live together with the majority population in Croatia, the most of Roma are
spatially dispersed, unconnected with the “typical” type of settlement. They live
cities, where they usually inhabit the suburbs, along the edge of the road, on the
forest boundaries, on the edge of the village, but they also live in villages, usually
in separate “Gypsy settlements” without built infrastructure (sewer, water, garbage
collection, roads, etc.). Their social space can be interpreted on three sociological
concepts: exclusion, marginality and subclasses (Fassin, 1996). Today they are
spatially stable and live in permanent caravan locations. So Roma are spatially,
economically and politically marginalized (§uéur, 2000).
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Roma education

Most of Roma political and cultural elite is aware that education is the key to
modernization. However, education, especially today, requires tangible assets and
liabilities. Many Roma communities are lacking both. Since hard living and hous-
ing conditions mainly dominate, and Roma do not have the habit of schooling, and
have a high percentage of illiteracy among parents, many look with contempt at
investments which education requires. Therefore Roma resist to their children’s
education.

Low level of education has implications for the general quality of life and life
conditions. Starting from the reality that today’s schools have become meeting
places of different cultures, religions, languages and points of view, the develop-
ment of teachers’ attitude towards culturally different students based on intercul-
tural competence becomes crucial when dealing with Roma students. Student is
the subject of the process of education, a teacher’s partner in the common work,
and the most important reason for the existence of the entire school system and the
education system (Mijatovi¢, 2002).

Pupil, teacher and parents are responsible for the success of pupils. Roma
pupils and parents are mostly illiterate and uneducated people who think that it is
enough to send their children to school and that here end their concerns related
to education. Attitudes of students towards school obligations are very differ-
ent. There are students who come to school with clean books, who carry school
slippers and accessories, as well as those which only see the as a dry and warm
place to stay. Continuous monitoring of the development of pedagogical science
becomes fundamental premise of improving the quality and effectiveness of edu-
cation, professional development of teachers and necessary step towards a society
of knowledge (Hrvati¢ and Pirsl, 2007).

In explaining the cognitive development of children it is usually mentioned
Piaget’s theory. He explains that the inheritance determines the sequence of de-
velopmental stages, but that environment gives specific content (Piaget, 1977).
This means that environmental influences determine the duration and effectiveness
of content and activities. The child’s environment at the age of early childhood
present parents, siblings and relatives and neighbors. A child learns by experience,
often by method of trial and error and imitation. Thus, children will imitate people
around them, using all their merits and vocabulary. The earliest and easiest to adopt
are the terms that have to do with children’s everyday experiences, such as the ideas
of things, shapes, relationships between people and objects. Thus, to understand
the cognitive development of children in the ages of early development we must be
thoroughly familiar with everyday environment in which the child lives. Particular
attention should be paid to the development of concepts about life, the concept of
space and time, then the social concepts (relations among family members, and
relatives and neighbours).

School reform is a social and educational process. It, one hand, radically
changes education policy and position, the position of students and teachers in the
education and organization of the education system and its contents. On the other
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hand, educational reform requires a new organization of the school, the application
of modern and proven methods, the application of new teaching technologies... The
school, then, through its activities focuses the attention to flaws and weaknesses in
the work, especially when it comes to students with disabilities. In the past, there-
fore, came to doubling and paralysis of inclusive education (Lapat, Milenovic,
2010).

Society sets up the task of conducting the inclusive education, to ensure sys-
tematic knowledge adopted through active learning of each student in relation to
his abilities. Theoretical construct known as “lifelong learning” includes learning
from birth to death (more in: Pastuovi¢, 1999). This is actually a system of various
forms of formal, non-formal and informal learning of young people and adults.
Experts will agree that in this lifelong process the most important thing is learning
at the very beginning of life, so learning from birth to school age and learning in
elementary school. Experts are always asking questions about the factors that affect
the learning of the young human being as well as the ability to influence and control
this complex process. The answers to these questions as a starting point for the
announced scientific evaluation should be sought in the oeuvre of knowledge and
understanding of developmental psychology and preschool pedagogy and educa-
tion science (e.g. Babi¢, 1991, Babi¢, 1993; Miljak, 1995; Miljak, 1998; Pastuovic,
1999).

In Europe we countries in which compulsory education begins from the age of
four (Netherlands) or five (England) and countries in which the primary obligation
of compulsory school attendance begins with seven years of age (e.g. Finland). To
the question “when the child is ready for elementary school”, famous psychologist
John Furlan (1983) answered with the text titled “Does Muhammad come to the
mountain or the mountain comes to Muhammad?”. He actually asked the opposite
question: “Does the child need to be ‘mature’ for the school or schools should
accept all children of a certain age the way they are and provide them with optimal
conditions for progress and development.” In educational circles, the prevailing
opinion is that we should create a model of compulsory primary school where all
children of a certain age can succeed (“pedagogy of success for all”) and can make
progress optimally (Baert et al., 1989). Certain improvements in the education
of Roma in Croatia, however, do exist. This is partly a consequence of existing
measures undertaken with the aim of better integration of the Roma into Croatian
society. Education is certainly one of the most important components of the inte-
gration of the Roma minority, and as such has an important place in the National
Programme for the Roma and the Action Plan for the Decade of Roma Inclusion
(Croatian Government, 2003, 2008).

The approach to teaching mathematics given the uniqueness
of the Romany culture

When the education of the Romany children is concerned, the specific qualities of
such a relationship must be taken into consideration, and that applies to teaching
mathematics in the classroom as well. A Romany child approaches the educational



98 Goran Lapat and Lidija Eret

process not only by bringing to it his or her individuality and competence, but also
as a member of a culture and a language that is, in a way, different from the culture
from which most of the children in our schools approach the teaching process.
For this reason, the approach to teaching, including teaching mathematics, poses a
challenge not only for the Romany student, but for the teachers who are not familiar
with the specific characteristics of the Romany culture. That is why it is necessary,
when working with the Romany students, to find a methodological approach to
teaching mathematics in which a teacher will try to adjust the learning process
on some new level, with the aim of better and easier acquisition of mathematical
contents.

Figure 1. Bronfenbrenner’s ecological model of the environment
(source: Vasta et al., 2005, 61).

Naturally, the primary focus is on the student’s individual skills, competences
and aspirations (Eret, 2012, 156), and furthermore, a student has to be perceived as
an individual in a particular, and in this case, specific, social and cultural context
(Eret, 2012, 157). School, and thus teaching as well, is only a small part of the
educational environment; the child as an individual in a society, is influenced by its
broader and narrower environment, best described by Bronfenbrenner’s model of
developmental theory of ecological systems (Figure 1). As we can see, in the clos-
est circle of social influence on upbringing (and education), in the microsystem,
are factors of the child’s immediate environment, some of which are family and
school, while all the way up to the macrosystem there are attitudes and ideologies of
the culture in which the child is growing up, and they are shaping him into a social
individual, in a way that which each of these influences has the same significance
(Eret, 2012, 145).
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Vedic mathematics as an alternative answer to a specific
methodological problem

As noted in previous chapters, one of the difficulties that the Romany children
encounter in their education is the acquisition of mathematical contents in a way
that is prescribed by the mathematics curriculum for primary school children. In an
attempt to find a better approach to learning mathematics, as an alternative option
it is possible to apply calculation by using Vedic mathematics. Vedic mathematics
is a calculation system based on 16 sutras (Sanskrit formulas) the basic feature of
which is a simplicity of calculation without the written computation, which can
stimulate the students’ interest in mathematical thinking and creativity in finding
solutions to mathematical problems (Miloloza, 2008, 19). In contemporary re-
searches, scientists are trying to find alternative usages and importance of Vedic
mathematics apart from its computational aspect. In that process, they are dis-
covering a correlation with various aspects of a daily life, with other sciences, as
well as the perspective of observing through the significance of sutras for everyday
work and activities; their philosophy and meaning are applicable not only in the
mathematical sense, but also to the events and order of social achievements, moral
development, interest in individual and social progress (Kandasamy and Smaran-
dache, 2006, 36-39). The 16 sutras, through formulas which are expressed in
words and are easily understandable, memorable, and applicable, represent ways
of solving mathematical problems in the areas of arithmetic, algebra, geometry and
calculus (Miloloza, 2008, 19).

Sutras which are the focus of this work are related to mathematical contents
and ways of calculation that could be applied in extracurricular work with the
Romany students, particularly in remedial mathematics classes. Precisely because
of all the above mentioned characteristics, sutras might be a useful alternative or
a supplement to a traditional method of teaching, in cases where such a method
of teaching does not achieve the expected results or educational progress. The
following chapter proposes the examples of the application of the sutras, that is,
Vedic mathematics, in primary school remedial classes with the Romany students.

The application of Vedic mathematics in remedial primary school
mathematics classes

The Romany students often experience problems in mastering basic calculations
operations and tasks, encountering the problem of insufficient acquisition of the
mathematical basics in the prior knowledge necessary for advancement in math-
ematical work. That is why it is necessary to find an approach to teaching by
applying an alternative work method, which would provide the Romany students
with a problem solving method that is simpler and faster than the traditional method
used in most of our schools.

Two sutras, All from 9 and the Last from 10, and By One More than the
One Before, whose examples have thoroughly discussed Croatian authors as well
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(Miloloza, 2008), will serve as a model for methodological examples of the 5%
grade primary school remedial classes. The use of Vedic mathematics in these
cases is interesting because of the prior knowledge required for the acquisition of
the 5™ grade content (Set of Natural Numbers), and for mastering basic mathe-
matical operations in general; in the examples which will be outlined, in the Vedic
methods of multiplication, it is sufficient to know the basic mathematical opera-
tions of addition and subtraction, and 5 x 5 multiplication table. The main point
is, that students can perform calculations by heart and quickly, without the written
computation (Kandasamy and Smarandache, 2006; Miloloza, 2008).

Before the calculation, it is necessary to learn and acquire several concepts of
Vedic mathematics. By fen in Vedic mathematics we mean decimal units, that is,
powers of number 10: 10, 100, 1000, 10 000... which is closest to a given number;
we call them also bases. Likewise, the notion of a number deviation, or to what
extent a given number (in a positive or negative sense) deviates from the nearest
ten (Figure 2), so deviation is either positive or negative, and has a corresponding
sign (Kandasamy and Smarandache, 2006; Miloloza, 2008). In the process of
multiplication also occurs a Viculum number (Belavié, internet source 1) when the
digits of a number are ‘composed’ of positive but also negative numbers obtained
by the method. In order to “make” a negative number a digit, it must become
positive, so this number is replaced by its complement (deviation), e.g. number
—9 by 1, —2 by 8, and from the previous number we subtract 1 (see example 2).

Table 2. Examples of positive and negative number deviation.

NUMBER | BASE | DEVIATION
8 10 -2
17 10 7
73 100 —-27
899 1000 —101
1123 1000 123

Examples for practice: Vedic mathematics in the 5" grade primary
school remedial classes

The following examples will show how the 5" grade primary school Romany stu-
dents can master the procedures of multiplication without written calculations, by
using the principles of Vedic mathematics. Here we have several examples which
can serve as the framework for remedial classes in the acquisition of content and
mathematical operations of the Set of natural Numbers unit.

Example 1. Multiply numbers 6 and 9.

Procedure. (1) The base of both numbers is 10. We calculate deviations of the
numbers: deviation of 6 is —4, deviation of 9 is —1.

(2) To one of the numbers we add a deviation of another: 6+ (—1) or 9+ (—4);
in both cases the result is 5.
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(3) We multiply deviations, —4 - (—1) = 4.
(4) The solution, respectively, is 5 and 4, 54 (Figure 3).

Table 3. Multiplying numbers 6 and 9.

6 —4

9 T -1 l
9+ (—4)=5

or —4.-(-1)=4
6+(—1)=5

Example 2. Multiplying numbers 103 and 87.

We approach multiplication as in the above example. However, one of the
numbers is higher and another is lower than the base. The procedure is slightly
different. It is an example of complementing the rule with the theory presented in
sutras.

Procedure. (1) The base of both numbers is 100. Deviations are, respectively,
3 and —13.

(2) To each factor we add a deviation of one another. 103 + (—13) or 87 + 3,
in both cases we get 90.

(3) We multiply deviations. 3 - (—13) = —39. As we cannot take a negative
number for digits (which in this case would be written 9039), we use the above
rule for this Viculum number: the complement of number —39 is 100 — 39 = 61.
We subtract 1 from the number of the previous solution (90 — 1 = 89).

(4) The final solution, instead of 9039, is 8961.
Example 3. Multiplication by number 9. Multiply numbers 17 and 9.

We have stated in previous chapters that Vedic mathematics primarily serves as
algorithmic thinking in which the student does not have to memorize the multipli-
cation table over 5 x 5, and the rest of the procedure can be learned by heart. In that
way, multiplication by number 9, particularly in the multiplication table 10 x 10, but
also in the case of multi-digit numbers, becomes mathematically logical sequence,
not a set of learned information. The example of the ‘multiplication table’ is shown
in Example 1 on the previous page, while multiplication by double-digit numbers
is shown here.

Procedure. (1) To the digit of the ten we add 1 (1 + 1 = 2) and we subtract
the result from the factor (17 — 2 = 15). 15 is the first part of the solution.

(2) We append the complement of the unit’s digit of the same factor (3 for 7).
(3) The solution is 153.
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Conclusion

Methodological examples described serve to enrich and complement the traditional
practice of methodology of teaching mathematics in primary schools. Primarily,
the examples described are applicable to schools with students of the Romany popu-
lation, referring to the problem of the acquisition of basic mathematical operations,
in this case, multiplication.

Of course, Vedic mathematics offers far more examples applicable in prac-
tice and in the problem area of methodology of mathematics in working with the
Romany students than it is specified in this paper; the sutras theory, as described
in the previous chapters, expands through a wide range of the mathematical area.
Therefore, the next scientific deliberations might tackle Vedic calculations and
mathematical problems of another type, the applicability in other methodological
situations, to a different age of (the Romany) students or education level.

Certainly, the purpose of the methodological proposals is to investigate the
efficiency of application of the alternative (Vedic) calculations according to the
positive developments in the mathematical success of the Romany students. Thus,
this paper points to the applicability of the alternative way of thinking and calcu-
lating to the traditional system of school education, while on the other hand, we
would like to use it as an initiative for further discussion of the same (or similar)
issues, and as a model for further scientific deliberations.
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SaZetak. Rad s romskom djecom postavlja posebne izazove pred
odgojitelje i ucitelje koji nisu tijekom svog Skolovanja pripremljeni na
specifiénost rada unutar kulture romske zajednice i romskog jezika,
te na posebnu fleksibilnost u radu s romskim ucenicima. Zaintere-
siranost u¢enika Roma za odgojno-obrazovni proces izazov je na koji
smo pokusali odgovoriti uvodenjem elemenata Vedske matematike u
nastavu. Ovaj rad donosi metodicki prijedlog rada koji pokazuje
povezanost aktivnog pristupa ucenika Roma matematickom ucenju s
uvodenjem vedskog nacina racunanja u dopunsku nastavu matematike
i izvannastavne aktivnosti.

Kljucne rijeci: Vedska matematika, Romi, dopunska nastava
matematike, izvannastavna aktivnost



2.

The role of information and communication
technologies in other approaches to teaching

high school mathematics

In this chapter the authors analyse the pre-existing conditions connected to us-
ing ICT in high school instruction, but also refer to goals and visions for the future.
The opposing opinions involved in the “media debate” started in the 1990’s have
since been reconciled. Nowadays, the prevailing attitude is that educational goals
should precede the selection of appropriate ICT tools in designing instruction. From
the papers included in this chapter it is obvious that in the sorrounding countries
ICT is recognised as an important factor in high school instruction. Yet, the quality
and availability of technical equipment, as well as the professional competence of
teachers regarding its application within mathematics instruction, differ among the
neighbouring countries. It is argued that providing resources for ICT equipment in
high schools is as equally important as investing in life-long training of mathematics
teachers for using it. Certain solutions can be achieved by mastering the free ICT
tools which contribute to the higher efficiency of mathematics instruction without
requiring additional financial investments. Pupils enthusiastically use new tech-
nologies on an everyday basis for fun, “surfing” the Internet, or playing games. For
this very purpose the role of ICT in the classroom is unavoidable. Yet, the scholars
report less willingness in pupils to engage in exploration by means of computer
software. The authors highlight the need to encourage active, and subsequently
creative approach of pupils/students to computers and computer software, the use
of which, however, can cause resistance in pupils.The greatest advantage of using
ICT, however, is the adjustment of the environment to the activites of an individual,
as well as that of a team. Accordingly, it is important to give pupils the opportunity
to make mistakes, think on their own, express dilemmas, look for answers, and
independently choose the paths to solving problems. By supporting pupils during
specific activities, individually or as a team, using ICT can significantly contribute
to the development of their creativity.
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Abstract. Our times are characterized by strong changes in tech-
nology that have become reality in many areas of society. When
compared to production, transport, services, etc education, as a rule,
slowly opens to new technologies. However, children at their homes
and outside the schools live in a technologically rich environment, and
they expect the change in education in accordance with the imperatives
of the education for the twenty-first century. In this sense, systems
for automated data processing, multimedia systems, then distance
learning, virtual schools and other technologies are being introduced
into education. They lead to an increase in students’ activities, quality
evaluation of their knowledge and finally to their progress, all in accor-
dance with individual abilities and knowledge. In this thesis we try to
present the advantages and disadvantages of integrating ICT in teaching
mathematics, covering the following topics: the need of introducing
and the goals of innovative teaching, planning integration of computers
in the teaching process — integration models, resistance to integration,
ways of applying ICT in education and teaching mathematics (through
the classes of acquiring the new teaching material, evaluation classes
and testing and evaluation of students’ knowledge as well). In order to
prove the need of introducing ICT in the teaching process, the survey of
students and teachers on the current representation of ICT in teaching
was conducted. Furthermore, some mathematics lessons were held
supported by the use of ICT and then the research was conducted about
computer application in mathematics teaching.

Keywords: education, multimedia systems, distance learning,
virtual schools, mathematics and computers, lectures, exercises, inte-
gration, survey, research
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Introduction

The time we live in is characterized by radical changes in engineering and technol-
ogy which have come to life in various areas of society. Education, as a rule, slowly
opens up towards new technologies in relation to manufacturing, traffic, service
industry, etc.

Nevertheless, children live at home and outside of school in technologically
rich environment, expecting changes in education in accordance to education im-
peratives for 21% century. In that sense, systems for automatic data analysis are
slowly being introduced in education as well as multimedial systems, long distance
learning, virtual schools and other technologies which lead to increase in students’
activity, more quality in evaluating knowledge and students’ advancement regard-
ing their individual abilities and former knowledge. The guiding thought while
conceptualizing and writing this paper was that our education system, particularly
in elementary schools is too traditional and should be modified. The school of
the present should be replaced by the school of the future where information tech-
nologies would occupy an important place, from the aspect of research, as well
as multipractical aid in acquiring new and fortifying already gained knowledge
through the Internet, various data in digital form, simulation programs, etc.

“Classes should be transformed into a new learning system, which implies
less memorizing of facts and more studying of methods and ways through which
certain facts and validities can be gained, as well as affirmation of creativity and
creation. . . These and similar changes have been present in the world for a long
time, and among other things they are supported and directed by intensive scientific
and technological development. .. ” (Hrusti¢, 2002, p. 11).

Necessity of including innovative teaching and its aims

When talking about pedagogical innovation, we may refer to adapting the school
(school system) to social-economic, scientific-technological and other changes,
demands of general development in society and our knowledge about development
of children (pupils/students). “The following innovation should be introduced in
our schools: individualized classes, multilevel classes, problem targeted classes,
computer assisted classes, cabinet, programed, team classes, etc.” (Hrustic¢, 2002,
p- 80).

Computer application as innovation classes would enable the following:

to reduce and acquire quicker and easier overly wide curricula,

it would impose modern and contemporary content upon the traditional one,

e memorizing would give place to thinking, and conformity to critical thinking
and flexibility,

uniform formats would provide more space for various studying styles,



Influence of development of computer technologies on teaching in BiH 109

o the role of student and teacher would change,

e The teaching process would significantly be embedded with technical, tech-
nological, methodical and other novelties, etc.

Models of computer integrating in the teaching process

Considering the current condition in our school system, the following models
of integrating personal computers in the teaching process can be abstracted:

The traditional model

The traditional model contains all the elements of the classical classes: fixed
place and time, classroom without computer, while the Internet is additional re-
source which students may use in the computer cabinet during the hours or their
free time. The traditional model introduces the Internet in the teaching process and
uses it as the alternative information source.

The transitional model

The transitional model keeps the traditional elements of fixed place and time,
but the place can encompass regularly planned visits to the computer cabinets.

The distance teaching model

This model surpasses the limits of the traditional classes by embedding the
entire material, exercises and resources online. Students do not have to come
to school for a classical class; instead, they exchange ideas and information en-
tirely through the Internet, with possible exceptions regarding orientation sessions,
official classes or supervised exams.

Computers in inclusive classes

Education system, which is created according to our standards, almost completely
neglects children with special needs, forgetting that they too have to bear everyday
life. Indeed, they wish to cope with it and be as productive as everyone else.

Information and communication technologies can not only enable these chil-
dren more accessible learning, but can also by their nature be more accessible
for persons with special needs. Computers can greatly expand the horizons of
these children, and display options with special accessibilities in order to employ
available technologies more efficiently.
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Computer in mathematics teaching

In mathematics teaching on all levels: in elementary and high school, at colleges
and universities, we are faced with disconcerting situations. Mathematicians are
debating and writing about what pupils and students could and should study. At
the same time pupils and students are struggling with the basic problems:

— how to learn the language of mathematics,
— how to accept mathematical models and mathematical thinking processes.

There are different manners to influence the overcoming of this uncomfortable
situations. Books are being written which provide examples — “patterns” for solv-
ing great number mathematical problems. Mathematics teachers give simpler tests
and written exams, much easier than those that could be solved based on subject
matter prescribed by the curriculum. It is usually considered that the problem in
mathematics teaching lies in pupils and students, not in the lack of communication
between them and mathematics teachers. It is commonly said that pupils and stu-
dents do not accept all that is being offered to them through classes or that they are
completely disinterested for mathematics classes (MacLane, 1994, p. 24).

This poses the following questions:

e Can mathematics be taught in the manner it is studied?

e Can interest in mathematics be increased, and if there is none, can it be
incited?

e What is the role of computers regarding the two previous questions?

Contemplations of the mathematician Davis will be provided in reference to
the role of computers in teaching mathematics and possibilities they offer regarding
the posed questions. He believes that the possibilities of research in mathemat-
ics have significantly improved thanks to computers. Even with great assistance
which computers offer in all areas of mathematics, the mathematicians still have
the leading role.

It is important to mention that the students’ work without computers in a no
way neglected by employing computers in mathematics teaching. On the contrary,
employing computers stimulates the most important aspect in teaching mathemat-
ics, and that is understanding the subject matter. Pupils or students no longer have
to learn by heart great numbers of formulas, are no longer afraid making a mistake
in calculation, so their entire attention is drawn to understand problems and tasks.
A large problem in mathematics teaching without computers, in schools as well as
universities, is application to a small number of problems (Davis, 1995, p. 86).

Teacher or professor also meets difficulties while choosing examples of classes
and task preparing tasks for knowledge evaluation since it necessary to assemble
with “nice solutions”. With the use of computers, most of the above mention limita-
tions is entirely eliminated and students acquire better image about the significance
of mathematics and its applications.
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Current representation of computer application in mathematics
teaching

Considering the way of presenting one subject unit in mathematics in an average
school in Bosnia and Herzegovina today, the conclusion follows that this way of
presenting is in not much different from the way of presenting twenty years ago.
If, on the other hand, the students, their environment, lifestyle, aspirations and in-
terests are observed, a significant difference can be notices between students today
and twenty years ago. Today, students are exposed to various multimedia con-
tents which can be found everywhere, television, commercials, billboards, mobile
phones, computers, the Internet, Today students are overwhelmed with information
and their attention is directed towards various contents. In such environment it is
necessary to improve and innovate classes so as to make them more acceptable,
interesting and useful for students.

Research. How much do we use computers in mathematics teaching today.

Teachers

This research included forty — five elementary school mathematics teachers of dif-
ferent ages, in the Tuzla Canton area. The aim of this part of the research is forming
an image about using computers in mathematics teaching process in elementary
education, as well as about teachers’ attitudes. In reality, the idea is to find out from
this part of research how much teachers employ information technologies during
classes, but also to examine to what extent they give homework that demands using
a computer. Also, the aim is to examine teachers’ attitudes about availability of
resources in their schools, which are relevant for conducting multimedial classes.
Alongside with this the position of teachers, as well as their desire to use computers
more everyday teaching process was examined. This research also examined the
confidence of teachers towards The Faculty of Natural Sciences and Mathematics
as an institution which can provide adequate assistance and support. The research
was conducted through survey. The survey consisted of five closed type questions.
The survey was anonymous.

Survey results

46% — 56%
36% 44%)
18%
Never Occasionally Often Yes No
Figure 1. Responses to the question Figure 2. Responses to the question*““Would
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Do you use a computer in cciasses?” you like to use a computer more in classes?”
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47% ]

34%
19%

Never Occasionally Often

Figure 3. Responses to the question “Do you give homework that demands using a
computer?”’

Based on the figures a hypothesis can be set that the two previous questions
are correlated. Also, based on the two previous graphs it can be concluded resource
availability, i.e. the equipment with information technologies in schools largely
has no significance for improving classes with the use of computers.

56% 64%
44%

36%

Yes No Yes No
Fi%rure 4. Responses to the question Figure 5. Responses to the question
“Would you benefit from the assistance “Are there, schools where you are

of Faculty for in Natural Sciences and employed, solid conditions for using
Mathematics as an institution which can computers in mathematics teaching?”

provide adequate expert help related to
using computers in mathematics teaching?”’

Students
The aim of research

The aim of this part of research is forming an image regarding students’ atti-
tudes towards implementing computers in the teaching process. It is expected that
the findings of this research will provide information related to the quantity of com-
puter usage by students to which purposes. Students were questioned individually
orin pairs. They were encouraged to bring out their opinions and formulate answers
to the posed questions. Audio recordings of this part of research were analyzed
using content analysis method. The sample encompasses students in sixth, seventh
and eighth grade of elementary school. In this part of research thirty students from
elementary school “Bukinje” —Tuzla took part. The criterion for choosing students
is their expressiveness and communicability.

Students replied to the posed questions:
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1. How often do you use a computer?

How much time do you spend in front of a computer during the day?
Do you use the Internet?

What kind of content do you watch on the Internet?

. Besides the Internet what is your computer useful for?

Do you use the computer for educational purposes? How? Which ones?

N

Have you ever processed a teaching unit at school using computers, safe from
informatics class?

o]

. Do you remember what you learned during that class? Was it interesting?

9. Do teachers give you homework assignments which demand using a computer
(the Internet)? Are those assignments difficult?

10. Do you have any program on your computer which is useful for school?

Responses resume

Students largely put accent on the Internet as the reason for using a computer.
It is interesting that students spend a bulk of their time on the Internet while actually
visiting a small number of Internet sites. They are not familiar with many sites
which they can use in educational purposes. They spend most of their time on
social networks. When it comes to educationally useful software, students mostly
express no knowledge about them or gave short and simple answers.

Students were very motivated to answer the posed questions. They were ex-
cited to talk about impressions from classes when they use computers. According
to students, there were very few of such classes, but they are well-remembered and
almost all students had positive impressions.

Students expressed positive attitudes toward including computers into teach-
ing process. They realize many advantages of that manner of learning, but certain
students are aware of possible difficulties that can occur while including computers
in the teaching process.

The manners of applying computers in teaching mathematics
The manners of applying computers in teaching mathematics are related to repre-
senting teaching units or their parts through:

e presentation

¢ video footage

e programs
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e mathematical games

e ready — made software, etc.

These manners of application may be used regardless of the type of class
(presentation, revision, and systematizing).

Presentations

Through presentations it is possible to present all subject units in mathematics in a
very original or interesting. Preparation of presentations is very simple, so this type
of computer usage in teaching mathematics does not require additional training for
a teacher.

Video footage

Through video footage it is possible to interpret parts of subject matter and /exercises
which, due to their length, difficulty, cannot be performed during class with ut-
most quality. It is also possible to use short films or other recordings to present
historical facts about life and work of certain mathematicians, which are extremely
motivational for the children.

Programs — Programed teaching

In programed teaching, the program precisely lays out all the important facts and
concepts that students should learn. The subject matter is divided into logically
connected units which are easy and small enough, and they are being mastered one
after another. In order for students to start mastering the mentioned subject matter,
they must acquire knowledge from prior subject units. Subject matter cannot be
skipped. During the students’ work in class the teacher will follow up the process
of completing the tasks, provide additional information and explanation for work,
etc.

Games in mathematics

If a student is properly included in the world of mathematical games: In the first
stage students should understand the rules of the mathematical game which is anal-
ogous to understanding text of the task. In the second stage it is expected that
the student should provide a plan of game. Research has shown that during every
consequent playing of the same game, students remain longer in this stage so as to
find the winning strategy. The third stage comes down to making the correct move
in the game. In the final stage, after the game is over, the students are allowed
to see the game process. This possibility drags them to think how to discover the
winning strategy.
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Using mathematical games serves to successfully remove the lack of moti-
vation in teaching mathematics, since the well-expressed affinity of children of
playing is used significantly.

Evaluating and grading students’ knowledge

Evaluating and grading through computer is mostly designed so that certain tests,
papers or exercises are to be completed according to suggested model, even though
it can be conducted through other manners of evaluating. Every piece of work
should be leveled and have clearly defined measuring object. It must be defined
what the work is measuring and with what accuracy, objectivity and consistency.
Evaluations of students’ knowledge using a computer have their upsides and down-
sides. Besides being economical, these kinds of works enable more objective and
reliable assessment of classwork then with other types of examining. Also, they
enable comparison of results between different students as well as comparison of
achievements for the same student in different periods of examining.

One of the greatest weaknesses of this type of evaluation is that it measures
only what is shown, only that the student managed to write or show at a particular
moment, but it does not measure the implicit part of knowledge that subtle under-
standing of subject matter that a teacher can sense during other types of examining.
Another weakness is also the fact that this way it is difficult to measure attitudes
and interests of students.

Positive and negative factors in using computers in mathematics
teaching

Positive factors

individual approach enabled,

offers efficient feedback,

capacitate student for individual work,

the position of students and teachers is altered.

Negative factors

e classes are schematized (limited imagination, creativity, originality),
e it is acceptable for students with modest intellectual capabilities,

e limited personal communication — social isolation,
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e all parts of subject matter are not equally applicable for presentation via
computer

e induces the phenomenon of electronic memorizing in students (children got
used to easements when using computer technologies, so they do not even
attempt to memorize, calculate something, etc., which leads to ever worse
results in mathematics teaching — 60% of eight graders do not know by heart
their parents’ birthdays and 43% telephone numbers).

Research — computers in mathematics teaching (yes/no)

In June 2012, in elementary school “Bukinje” — Tuzla computer supported classes
presentation, revision, and evaluation of subject units in subject mathematics in the
seventh grade. The classes took place with a group of 24 students also present dur-
ing classes were colleagues — teachers for other subjects and the school pedagogue.
Their observations are presented in Tables 1 and 2.

Table 1. Results of students’ survey.

Answers Answers
Questions YES” in NO’ in Other
percentages | percentages
(%) (%)

Did you like the previous class? 95,84 4,16

Would you like to replace classical classes

(teacher, presentation, blackboard, chalk) with 87,5 12,5

this kind of classes?

Bg }r/)ou believe it is is interesting to learn this 91,67 8.33

y?

Should classes in all subjects be conducted

this or similar way (meaning other picturesque 87,5 12,5

programs depending on the subject)?

How often should you have classes like this? All the time 79,18
Often 12,5
Rarely 4,16
Never 4,16

Do you believe that you encompassed (learned)

the subject matter in this class with more quality 87,5 12,5

because it was presented in a different way?

Do you think that the subject matter you learned 91.67 833

this way will stay longer in your memory? ’ ’

Would your success be better if you did written

exams (tests, papers, exercises) in this manner? 75,00 25,00

If you think it is necessary, write your opinion

about the previous class!
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Table 2. Results of teachers’ survey.
Answers Answers
Questions YES’ in NO”in Other
percentages | percentages
(%) (%)
Did you like the way the previous class was
1. 75 25
conducted?
Would you like to replace your classical classes
2. | with these or similar innovative methods of class 75 25
construction?
3 Do you consider that it is more interesting for 100 0
* | students to learn this way?
4 Do you believe that your work would be easier 100 0
* | using these methods of teaching?
Should classes in all subjects be conducted this
5. | way or similarly, even with different and more 75 25
picturesque programs (depending on the subject)?
6. | How often should pupils have this kind of classes? | All the time 25
Often 50
Rarely 25
Never 0
Do you believe that every student mastered with
more quality the subject matter elaborated in the
7. | previous class because it was presented using the 50 50
visualization method (demonstration) more than
presentation?
In the case that the previous question was answered 0-25% 0
8 with ‘no’, tell us: How many students (in per- 26-50% 0
* | centages) will in your opinion master the subject
matter with more quality? S1-75% 100
76-100% 0
9 Do you believe that subject matter learned this way 75 25
* | will remain in students’ memory longer?
Would you agree to allow students to do written
10 | exams in your subject (tests, papers, exercises 50 50
etc.) this way?
Would these types of written exams and eval-
11 | uation be more objective than the classical 75 25
ones?
12 If you think it is necessary, write your opinion
about the previous class!
Conclusion

Well-prepared and expert mathematics teaching with the help of a computer can
enable new ways of schooling and significantly facilitate the teachers’ job. There-
fore, the conclusion derived would be that computer technologies could greatly
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facilitate the very manner of knowledge transfer, as well as, accepting it, so the
results after tests would be much better. In any case, combining the prior manner
class conducting and computer technologies would provide excellent results in an
easier way of presenting the subject matter, as well as, in better understanding by
the students.
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Primjena ICT-a u nastavi matematike
u Bosni i Hercegovini
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SaZetak. Vrijeme u kojem Zivimo odlikuje se snaznim promje-
nama u tehnici i tehnologiji koje su zaZivjele u mnogim oblastima
druStva. Obrazovanje se, po pravilu, sporije otvara prema novim
tehnologijama u odnosu na proizvodnju, saobracaj, usluzne djelat-
nosti... Ipak, djeca kod kuce i van Skole Zive u tehnoloski bogatom
okruzenju o€ekujuéi promjene u obrazovanju u skladu sa imperativima
obrazovanja za 21. stolje¢e. U tom smislu ve¢ se polako u obrazo-
vanje uvode sistemi za automatsku obradu podataka, multimedijalni
sistemi, uenje na daljinu, virtualne Skole i druge tehnologije koje
dovode do povecanja aktivnosti ucenika, kvalitetnijeg vrednovanja
znanja i napredovanja ucenika u skladu sa individualnim sposobnos-
tima i predznanjima. Ovim radom ¢emo pokusati pokazati prednosti
i nedostatke integriranja ICT-a u nastavu matematike obradivsi teme:
potreba uvodenja i ciljevi inovativne nastave, planiranje integracije
racunara u nastavni proces-modeli integracije, otpor prema integraciji,
nacini primjene ICT-a u obrazovanjui nastavi matematike kroz nastavne
sate obrade novog gradiva, utvrdivanja, te ispitivanja i vrednovanja
uCenickih znanja. S ciljem dokazivanja potrebe uvodenja ICT-a u
nastavu izvrSena su anketiranja ucenika i nastavnika o trenutnoj za-
stupljenosti ICT-a u nastavi, odrzani su ¢asovi matematike podrZani
ICT-om a nakon njih provedeno je istraZivanje o primjeni ra¢unara u
nastavi matematike.

Kljucne rijeci: obrazovanje, multimedijalni sistemi, ucenje na
daljinu, virtualne Skole, matematika i racunari, predavanja, vjezbe,
integracija, anketa, istraZivanje



120 MATHEMATICS TEACHING FOR THE FUTURE

On the usage of interactive whiteboards
in the teaching of mathematics

in secondary schools in
Primorje-Gorski Kotar County

Vedrana Mikuli¢ Crnkovi¢ and Sanja Rukavina

Department of Mathematics, University of Rijeka, Croatia

Abstract. In the year of 2005 Ministry of Science, Education and
Sports of the Republic of Croatia has launched the project procure-
ment of interactive whiteboards for elementary and secondary schools.
Accordingly, from 2006/2007 secondary schools have been system-
atically equipped with ”smart boards” and introduced with on-line
interactive educational contents. Moreover, the National Educational
Standard specifies interactive whiteboard as the required equipment at
the school level. We can find numerous statements of teachers who
are enthusiastic about the introduction of interactive whiteboards in the
classroom, but there are also those who doubt the positive impact of
this type of innovation.

In order to determine to what extent is the usage use of interactive
whiteboards widespread in teaching of mathematics in PGC secondary
schools, we conducted a research among secondary school teachers
of mathematics in PGC. Furthermore, the aim was to examine the
ways in which the interactive whiteboards are used in teaching of
mathematics and what are the possible reasons for not using them.
In addition, we have examined how many of undergraduate students
of Mathematics in Department of Mathematics, University of Rijeka,
have met with the usage of interactive whiteboards in math classes in
secondary school. Given the fact that most of them are prospective
teachers of mathematics, we were interested in their attitudes, based on
their personal experience, towards the usage of interactive whiteboards
in teaching of mathematics.

Keywords: teaching of mathematics, interactive whiteboard



Interactive whiteboards in the teaching of mathematics in secondary schools 121

Introduction

The usage of interactive whiteboards starts at the beginning of the final decade
of the 20" century. The business world was the first one to adopt it and a few
years later the same thing happened in education. In addition, pieces of research
addressing the usage of interactive whiteboards in teaching of mathematics in sec-
ondary schools (Clark Jeavson, 2005), as well as the pupils’ results achieved in
mathematics due to the teaching based on the interactive whiteboard usage, started
to appear in the late 20th century (Clemens, Moore & Nelson, 2001). Moreover,
pieces of research on the available literature for the usage of interactive whiteboards
in the classroom are also carried out. Ultimately, respective ministries recognize
the interactive whiteboard as an integral part of future classrooms (Smith, Higgins,
Wall & Miller, 2005).

In the year of 2005 Ministry of Science, Education and Sports of the Republic
of Croatia has launched the project procurement of interactive whiteboards for ele-
mentary and secondary schools. Accordingly, from 2006/2007 secondary schools
have been systematically equipped with “smart boards” and introduced with on-
line interactive educational contents. In cooperation with CARNet, the Ministry
executes the project “Application of interactive whiteboards in the classroom” to
order develop educational materials on the usage of interactive whiteboards in the
classroom and to provide adequate support for teachers in the application of new
technologies. (Mudrini¢ Ribié, 2009). Moreover, the National Educational Stan-
dard specifies interactive whiteboard as the required equipment at the school level
(Primorac i sur., 2008).

In order to determine to what extent is the usage use of interactive whiteboards
widespread in teaching of mathematics in PGC secondary schools, we conducted
a research among secondary school teachers of mathematics in PGC and students
of Undergraduate University study of Mathematics in Department of Mathematics,
University of Rijeka.

Research results

Teachers

In order to learn whether or not interactive whiteboards are used in teach-
ing mathematics a questionnaire was conducted among the present teachers at the
Primorje — Gorski Kotar County (PGC) meeting of secondary school teachers of
mathematics, held in Rijeka in November 2012. The questionnaire was completed
by 54 secondary school teachers of mathematics in PGC, which accounts for 60%
of all secondary school teachers of mathematics in PGC. Additionally, the sample
comprises of 19 respondents who are teachers in high schools, 34 respondents who
are teachers in vocational schools and 1 respondent who is a teacher in both high
school and vocational school. Moreover, the conducted questionnaire is comprised
of equally represented teachers with different number of work experience: 11 re-
spondents have less than 10 years of experience, 14 respondents have between 10
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and 20 years of experience, 13 respondents have between 20 and 30 years of ex-
perience, 15 respondents have more than 30 years of experience and 1 respondent
did not answer the question.

number of teachers
o0

less than 10 (10, 20] (20, 30] more than 30

years of work experience

Figure 1. Number of teachers in relation to their work experience.

Among the examined teachers, only four teachers (7.4%) indicated that they
use interactive whiteboard in teaching mathematics. Taking into account that 10
teachers (18.5% out of a total number of teachers examined) said their school does
not have the interactive whiteboard, we can say that 9% of the examined teachers,
among those who have this possibility, use interactive whiteboard in teaching math-
ematics. Among teachers who report that their school does not have interactive
whiteboard, nine (90%) of them were teachers who work in vocational schools.

Out of four teachers who use interactive whiteboard in teaching mathematics
two of them work in high school (one has between 20 and 30 years of work expe-
rience, and the other one has more than 30 years of work experience), one works
in vocational school (with between 20 and 30 years of work experience) and one
works in both high school and vocational school (with less than 10 years of work
experience). Interestingly, more experienced teachers, in relation to their younger
colleagues, report higher tendency of interactive whiteboard usage. Teachers re-
ported that they tend to use interactive whiteboard as a GeoGebri supplement, in
teaching and exercising contents of geometry and stereometry, for the exam and
for the transmission of educational contents.

If we were to exclude the teachers who state that they do not have interactive
whiteboards in their schools, unavailability of the classroom in which it is located
is reported as the most common reason for non-usage of interactive whiteboards
in the teaching of mathematics. This specific reason is cited by 28 teachers. In
other words, there are 70% of teachers of mathematics who do not use interactive
whiteboard in the classroom even though they are aware that it exists in their school.
This is consistent with the studies which suggest that the availability of interactive
whiteboards in one’s own classroom is significant for its actual usage in teaching.
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Moreover, it seems that there are not as many teachers who tend to plan their lesson
plan using interactive whiteboard if they are generally forced to hold a lesson in a
classroom where the board does not exist. In addition, teachers are not inclined to
disturb the usual routine with casual abandonment of “their” classroom in order to
keep their lesson in the classroom in which there is an actual interactive whiteboard,
even when it is embedded in the anticipated schedule (Levy, 2002). However, part
of the teaching process could be regularly held, at least in some of these schools,
in these classrooms if a teacher of mathematics expresses such a desire. Thus,
it is possible that the “unavailability” of interactive whiteboards, which is a real
problem, is sometimes used as a convenient excuse.

Seven teachers state that the reason for non-usage of interactive whiteboards
lies in the absence of the adequate IT support, three of them said they do not know
how to work with interactive whiteboards and the same number stated that they
do not want to use it. Finally, two teachers did not provide an explanation for
non-usage of interactive whiteboards.

Students

We have examined how many of undergraduate students of Mathematics in
Department of Mathematics, University of Rijeka, have met with the usage of inter-
active whiteboards in math classes in secondary school. Given the fact that most of
them are prospective teachers of mathematics, we were interested in their attitudes,
based on their personal experience, towards the usage of interactive whiteboards in
teaching of mathematics.

The questionnaire was conducted during December 2012 and it was completed
by 87 undergraduate students of Mathematics in Department of Mathematics, Uni-
versity of Rijeka, which makes 77% of all students in the Department for the
academic 2012/2013 year. Out of 87 questionnaires, two were invalid, thus, our
sample consists of 85 respondents. Among them, 36 respondents finished sec-
ondary school in PGC (24 of them attended high school and 12 of them vocational
school), and 49 respondents finished secondary school elsewhere (35 of them
attended high school and 14 of them vocational school).

Table 1. Student — sample affiliation in relation to their answers.

Did your school have interactive whiteboard?

PGC Others
High schools | Vocational | High schools | Vocational
YES 9 3 14 4 30
NO 11 8 19 10 48
DO NOT
KNOW 4 1 2 0 7

To the question “Did your school have interactive whiteboard?” 48 students
(56.5%) responded “NO” and only 30 students (35.3%) responded “YES”, while
the remaining 7 students (8.2%) did not know the answer to this question. With
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regard to the project of equipping schools with interactive whiteboards, we assume
that such a large number of negative responses results from the fact that interactive
whiteboards are not used in the classroom. Thus, students are often not aware of
their existence in their schools. We can note that students from PGC are equally
aware of the presence of interactive whiteboards in schools as their other colleagues.
More precisely, 33.3% of students from PGC state that their secondary school had
an interactive whiteboard and the same thing claim 36.7% of other students. Over-
all, approximately 35% of students (12 from PGC and 18 other students) said that
their secondary school owned interactive whiteboard. Responses of these students
are subjected to further analysis.

To the question “Did your teacher of mathematics use the interactive white-
board?” all 12 students from PGC who confirmed the existence of interactive
whiteboards in their schools have responded negatively, while 7 (39%) students
from other areas responded positively. Equal number of students from PGC and
other areas state that the interactive whiteboard in the classroom was used by a dif-
ferent teacher, so the experience of using interactive whiteboards in other cases had
five students (41.7%) from PGC and five students (27.8%) from the other areas.
Based on the experience of undergraduate university students of Mathematics in
Department of Mathematics, University of Rijeka, we can say that the implemen-
tation of the interactive whiteboards usage in the teaching of mathematics in PGC
is lagging behind other areas from where our students come.

All students are asked to express their attitudes towards the use of interac-
tive whiteboards in the teaching of mathematics. Out of all students, 14 of them
(16.5%) had a positive attitude and 4 of them have participated in such classes.
Five students (5.9%) had a negative attitude and 2 of them have participated in such
classes. The remaining students did not show any positive or negative attitudes.

Conclusion

Even though it has been more than 5 years since the Ministry started to systemat-
ically equipping schools with interactive whiteboards, only 7.4% of respondents-
teachers of mathematics in secondary schools in Primorje-Gorski kotar County use
them in the teaching process. Moreover, none of the current undergraduate univer-
sity students of Mathematics in Department of Mathematics, University of Rijeka,
who come from the Primorje-Gorski kotar County, had the opportunity to attend
such classes. Most teachers who do not use the interactive whiteboard tend to list
objective reasons for it (there is no interactive whiteboard at school, interactive
whiteboard is in the other, unavailable, classroom, there is no adequate IT support).
Furthermore, only six of them (6.9%) report subjective reasons (do not know how
to use interactive whiteboard, do not want to use interactive whiteboard), and two
of them did not provide an answer to this question. In accordance with these
results and results of other studies, we can conclude that there will be no major
use of interactive whiteboards in the teaching of mathematics in secondary schools
until mathematical classrooms in PGC are equipped with interactive whiteboards
and teachers are given an adequate support in the implementation of this type of
innovation.
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O uporabi interaktivne ploce u nastavi
matematike u srednjim Skolama
Primorsko-goranske Zupanije
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SaZetak. Ministarstvo znanosti, obrazovanja i sporta Republike
Hrvatske pokrenulo je 2005. godine projekt nabave interaktivnih ploca
za osnovne i srednje Skole. U skladu s tim od Skolske godine
2006./2007. srednje $kole sustavno se opremaju “pametnom plocom”,
a uz to uvode se i interaktivni obrazovni sadrzaji on-line. Takoder
Drzavni pedagoski standard navodi interaktivnu plo¢u kao opremu koju
je potrebno imati na razini $kole. MoZemo nai¢i na brojne izjave
nastavnika koji su odusevljeni uvodenjem interaktivne ploce u nastavu,
ali i na one koji sumnjaju u pozitivni u¢inak ove inovacije.

S ciljem utvrdivanja u kojoj je mjeri uporaba interaktivne ploce
rasprostranjena u nastavi srednjoskolske matematike u Primorsko-
goranskoj Zupaniji, proveli smo ispitivanje medu srednjoskolskim
nastavnicima matematike. Takoder cilj je istraZiti koji su razlozi
nekoriStenja interaktivne ploce te kako i s kojim ciljem je upotreblja-
vaju oni koji se njome sluZe u nastavi matematike. Osim navedenoga
istrazili smo koliko se studenata Preddiplomskoga studija matematike
Odjela za matematiku SveuciliSta u Rijeci susrelo s interaktivnom
plo¢om na satu matematike u srednjoj Skoli. Zanimalo nas je kakve
stavove o uporabi interaktivne ploce u nastavi matematike imaju stu-
denti, u odnosu na vlastito iskustvo i s obzirom na ¢injenicu da su
mnogi od njih buduéi profesori matematike.

Kljucne rijeci: interaktivna ploCa, nastava matematike, srednja
skola
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Abstract. Interactive (smart) whiteboards are an ideal solution for
those who want to increase the quality of teaching, to encourage and
motivate the students and help to achieve the desired results. The
features and benefits of interactive whiteboards are very large. It can
be used as a regular whiteboard, or connect to a computer via a serial
cable, USB or wireless, and take full advantage of its interactivity.

The interactive whiteboard management is very easy with an
interactive pen, which takes over the function of the mouse which we
use every day. On a very easy way we can edit, save, send e-mail or
print the contents of all that we input on the interactive board, so there
is the possibility of sending materials to students who did not attend the
lectures. In a simple way we can approach to all previous processed
materials, and held lectures.

With each interactive whiteboard comes accompanying software
that includes a wide variety of contents, including content related to
teaching and learning in mathematics. With the help of interactive
whiteboards and expertise teaching math capabilities are unlimited.
The limitation of interactive whiteboards utility is just our imagination.
Interactive whiteboard attracts and holds the attention of students
creating compelling of interactive lectures where everyone loves to
participate.

Interactive whiteboards are a modern revolutionary idea in the
field of teaching supplies in educational institutions. The basic concept
of the modern ways of teaching and learning is based on the use of
modern teaching supplies and technologies that contribute to the new
didactic methods.

The purpose of using interactive whiteboards is to motivate stu-
dents to improve the quality of teaching and learning, combining ease
of interactive whiteboards and computer capabilities. We are interested
in how smart whiteboard functions in an educational environment
(technical description), and how the introduction of such a smart
whiteboard in the classroom reflects the subjects of mathematics and
teaching methodology (methodological description).
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Students through the questionnaire express their impressions about
this way of learning, or whether the use of interactive content in the
teaching of mathematics contributed it to be their favorite subject. Con-
ducted research suggests that before utility of interactive whiteboards
students have not expressed sympathy for the subject of mathematics,
and the most of them thought that it was a difficult subject. After
installing and applying the same, the results of the final questionnaires
show the changes in the positive direction in terms of motivation and
learning approach in mathematics, and respectively:

e students demonstrate themselves more independent when ac-
quiring new teaching

e students independently reach conclusions
e slmost all of the students are active in the class

e students express less need for additional explanations from the
teacher in front of the whiteboard

e students show more interest and motivation for learning mathe-
matics

e students with their own initiative visit websites with digital
materials at home

e students are more satisfied with the mathematics teaching (as
they are using the computer more often)

e students can ask each other’s help too, and they help each other
more

The results of the final interview (the first grade of high school,
150 students, 2012):

Students listed their impressions about this way of learning,
whether the use of interactive whiteboards in the teaching of mathe-
matics contributed it to be their favorite subject, etc. The first results
(the traditional approach) show that 65% of the students, when they
encounter a problem in solving the tasks, address to his/her teacher,
and now it is 35%; also 18% tried to find a solution without the help
of teachers or parents earlier, and is down to 65% now. From this
it follows that provided interactive content increased motivation for
individual work and finding solutions without additional help.

The results of the interesting facts of mathematics teaching in
the first survey (the traditional approach) were really against existing
teaching mathematics, or over 75% of students said they do not like
mathematics, and over 80% believed that mathematics is a difficult
subject, while nearly 90% thought that the teaching of informatics
much more interesting than teaching mathematics. Results presented
later modern methods in teaching mathematics are really much better.
Even 84% believed that the teaching of mathematics with correspond-
ing interactive contents can be just as interesting as the teaching of
informatics, and that over 76% of students said they prefer this way of
learning in addition to traditional education.

Eventually, the students were given evaluation for the classes
supported by interactive content. Only 8% of the respondents consider
and state that it is not satisfied with the aspect of teaching, and 12% of
those surveyed students are assessed with grade 2, and 20% with grade
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3. With the grade 4 were 26% of respondents and with grade 5 were
answered by the most of respondents 34%.

With this issue the science is not sufficiently dealt with in BiH, and
what has already been written about it is incidentally and not enough
interpreted.

Keywords: interactivity, discovery, GeoGebra, virtuality, con-
structivism, multimedia

Introduction

Development of technology at the same time the need for improvement of educa-
tion technology occurs. The emergence of computers and other modern teaching
tools causes changes and improvement of the existing relations between the par-
ticipants in the learning process and the teaching process. However, the whole
process of improving technology education is conditioned upon the possession of
appropriate equipment by the school. Interactive whiteboard is a multifunctional
panel that meets all the needs of the presentation, electronic storage, printing or
sending e-mail in various formats.

The computerization of the teaching process is necessary for the students in
order to become prepared for the challenges of tomorrow, and to go out into the
labor market. One of the most important competencies and computer literacy is
a reasonable use of technological solutions that make it easier to work and study.
Therefore school is a priority focus on computerization of the educational process
and the use of modern information and communication technologies in teaching.

Interactive (smart) whiteboards are an ideal solution for those who want to
increase the quality of teaching, encourage and motivate students, to help in achiev-
ing the desired results. The possibilities and benefits of interactive whiteboards are
large. It can be used as a regular panel, or connected to a computer through a serial
cable, USB or wirelessly, and utilize of its interactivity fully. Easily managing of
interactive whiteboard with an interactive pen, which takes over the function of the
mouse from what we use every day. The easy way is to edit, to save, to send an
e-mail or print the contents of all that we take the interactive