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Problem 1 (20 points): Let PM and P@ denote transition probability
matrices for ergodic Markov chains having the same state space {1,2, ..., K}.
Also, let 71 and 73 denote the stationary (limiting) probability vectors
for the two chains. Consider the process defined as follows:

Xo = 1. Then, a coin is flipped, and if it comes up heads, the remaining
states Xi,...are obtained from the transition probability matrix P while
in the opposite case, the remaining states are obtained from the matrix pP@).

Answer the following questions:

i. Is {Xp,n > 0} a Markov chain?

ii. If p = Prob(coin comes up heads), what is lim, o P(Xy = )7
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Problem 2 (25 points): In a certain system, a customer must first be
served by server 1 and then by server 2. The service times at server 7 are
exponential with rate u;, ¢ = 1,2. An arrival finding server 1 busy waits
in line for that server. Upon completion of service at server 1, a customer
either enters service with server 2 if that server is free, or else remains with

~ server 1 (blocking any other customer from entering service) until server 2 is
free. Customers depart the system after being served by server 2. Suppose
that when you arrive, there is one customer in the system and that customer
is being served by server 1. What is the expected total time you spend in
the system?
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Problem 3 (30 points): Counsider a taxi station where taxis and customers
arrive in accordance with Poisson processes with respective rates of one and
two per minute. A taxi will wait no matter how many other taxis are
present. However, an arriving customer that does not find a taxi waiting
leaves. Answer the following questions:

i. What is the average number of taxis waiting?
ii. What is the proportion of arriving customers that get taxis?

iii. Provide a CTMC that will describe the dynamics of the aforemen-
tioned station if an arriving customer will leave only if the number of
waiting customers exceeds a certain number N.
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Problem 4 (25 points): Consider two independent exponentially dis-
tributed random variables X; and X, with corresponding rates py and ps.

Compute E[X2]| X > X1].

L/(/ FXL>X‘(X) - P[XléxlXLSX,]:
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