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Convergence

Convergence of Series

An (infinite) series is an expression of the form

>k, (1)
k=1

where {ax} is a sequence in C.

We write ) ax when the lower limit of summation is understood
(or immaterial).

n
We call 5, = Zak the nth partial sum of (1).
k=1

We say that (1) converges to the sum S = lim,_,o Sp, when the
limit exists. Otherwise (1) diverges.
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Convergence

The Cauchy Criterion for Series

The Cauchy criterion for the convergence of {S,} is that for all
€ > 0 there exists N € N so that

n

D

k=m+1

|Sm — Sn| = <e forall N < m< n.

Note that, in particular, S, — S,_1 = a,. The Cauchy criterion
thus implies that lim,_, a, = 0. Hence:

Theorem 1 (Divergence Test)

If Ziozl ay converges, then a, — 0.
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Convergence

By considering partial sums, one finds that convergent series
behave linearly, much as integrals do:

Zak—FZbk—Zak—Fbk), cZak—Zc-ak).
k=1 k=1

The product of two series is a double series:
o0 [e.0] o o0
(La) (Lo) X3 a0
k=1 =1 k=1 (=1

If we group terms in (2) according to the sum of their indices, we
formally obtain

[ee]
> 2 et
k=1 \j+t=k

whose convergence and relation to (2) we consider below.
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Convergence

Absolute Convergence

A series Y ay is called absolutely convergent provided ) |ak|
converges.

Note that there is no a priori connection between convergence and
absolute convergence of a series.

Nonetheless, the two notions are connected in the “expected” way.

If > |ak| converges, then ) a) converges. Moreover,

‘Z ak‘ <> aul-

Remark. If ) ax converges, but > |ak| diverges, we say that
> ak is conditionally convergent.
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Convergence

Proof

Let € > 0 and choose N € N so that

n n
Z ag| < Z lak] < e forall N < m< n.
k=m+1 k=m+1

By the Cauchy criterion, this implies > ax converges.

Furthermore, for any n we have

n n o
D_a <D lad <) lad,
k=1 k=1 k=1

because |ax| > 0 for all k. The conclusion follows. O
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Products of Series

Cauchy Products of Series

Formal multiplication of series can also be justified with the
additional hypothesis of absolute convergence.

o o0
Given series Z ax and Z by, their Cauchy product is
k=0 k=0

00 k
E Ck, Where ¢, = E ajby_;.
k=0 j=0

This is the natural way power series are multiplied, for example.

If > ax and > by are conditionally convergent, their Cauchy
product need not converge.
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Products of Series

Convergence of Cauchy Products

However, we can show that:

If >"%2 o ak converges to A, 77 by converges to B, and at least
one of them converges absolutely, then their Cauchy product
converges to AB.

Remark. If both series converge absolutely, it is not difficult to use
Theorem 3 to show that their Cauchy product does, too.

Proof. Let A, = ZZ:O ak, and likewise for B,, C,.

Assume (WLOG) that {A,} converges absolutely.
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Products of Series

By reversing the order of summation, we find that

n—ch—ZZajbk_J _ZaJZbk_J

k=0 j=0
n n n
= 3Bij=) anjBj=) an (B~ B+B)
j=0 j=0 j=0
= Z an—j(Bj — B) + A,B.
Because A, — A, it therefore suffices to show that

lim " a, (B — B)=0.
=0

n—00 4
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Products of Series

Let € > 0 and choose N; € N so that |B; — B| < € for j > Nj.

Write

N —1

Zan_J (Bj — B) Zan_J (B —B)+Zan_J (B; - B).
Jj=N
X Y
for n > Nj.
By assumption,
n o
Y[ <€) lanjl <€) la] = €A,
J=Ni k=0

by absolute convergence.
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Products of Series

As Bj — B — 0 as j — oo, there isan M > 0 so that |[B; — B| < M
for all j.

Thus
Ni—1

IX| <M Z lan_j| =M Z |ak|-

k n— N1+1

Now choose N € N so that 7 ., |ax| < € for n > m > Na.
Then for n > Ny + N> we have n > n— Ny > Ns, so that
n
XI<M S Jal < Me,
k=n—Ni+1

and hence [X + Y| < |X| + Y| < (A" 4+ M)e. The result
follows. O
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Geometric Series

Geometric Series

A series of the form -
P (3)
k=0

with z € C is called a geometric series.
The series (3) necessarily diverges if |z| > 1, since then
|24 = |2|“ > 1

for all k, and hence z¥ -+ 0.

For |z| < 1, the convergence of geometric series is governed by the
telescoping polynomial identity

X —)X"+ X"+ + X +1) = X" — 1. (4)
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Geometric Series

Indeed, if we evaluate (4) at X = z, then divide by z — 1, we obtain

Zz i) 5)

Since |z| < 1, the RHS of (3) converges to &1 = L. Thus

> 1
sz:— for |z] < 1.
1—z

k=0

This, in turn, implies that

[ee] o 1

k k
1K= Yl = gy for 2l <
k=0 k=0
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Geometric Series

This proves:

Theorem 4 (Convergence of Geometric Series)

The geometric series _ z¥ converges absolutely for |z| < 1 and
diverges otherwise. The sum is given by

1

k

Y= (z<).
k=0

o
Show that Z kzk—1 =

—— for |z| < 1.
k=1 L=z

Solution. We square the geometric series and use the Cauchy
product.
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Geometric Series

Because geometric series converge absolutely, Theorem 3 implies

oo oo oo
(1_2)2_ Zz kz_(:)zk kz_(:)zk :kz_(:)ck(z),
where
z)—ZkaJ—Zz (k +1)zk
The result follows after reindexing the sum on the right. O

Remark. It's worth noting that the identity

[e.e]
1
Y
pt (1-2)
also results from formally differentiating the geometric series.
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Geometric Series

An Error Estimate

Just how rapidly does a geometric series converge?

If |z] < 1, we have

n o o0 n+1
1 _§ :zk — § : zk §|z|n+1§ :|Z|k: ‘Z| )
1-=z 1—|z|
k=0 k=n+1 k=0

So the partial sums converge exponentially (in n) to the infinite
sum, more slowly as |z| — 1.
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Closing Remarks

Remarks

We have intentionally avoided discussing general convergence tests
for series (e.g., the (limit) comparison tests, root test, ratio test,
etc.).

These are (implicitly or explicitly) tests for absolute convergence.

As such they don’t have true extensions to complex series, since
they can simply be applied to > |ak|, which is a real series.

An exception to this rule is Dirichlet’s test, which generalizes the
alternating series test.
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Closing Remarks

Dirichlet’s test for Convergence

Theorem 5 (Dirichlet’s Test)

Let {ax} be a sequence of real numbers and let {by} be a
sequence of complex numbers. Suppose that:

1. 2\ 0
2. ‘Z’kv:l bk‘ < M for all N € N.

Then Y axby converges.

Remarks.

© Dirichlet’s test subsumes the alternating series (take
b = (-1)).

© The proof is a straightforward application of partial
summation.
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Closing Remarks

Let B, = >;_; bk, with By = 0. Then

n n n—1
Z abx = Z ak(Bk — Bik—1) = Z axBk — Z ak+1Bk
k=1 k=1 k=0

k=1
n—1
= apBy — a1Bo — Y (ak+1 — ak)Br
k=1
n—1
= a,,Bn — Z(ak+1 — ak)Bk.
k=1

This procedure is known as partial summation.

Since |B,| < M and a, — 0, a,B, — 0.
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Closing Remarks

The series > (ax+1 — ax) Bk converges absolutely since

D ek — a)Bi| <MD (ak — ak1) = M(a1 — ansa),
k=1 k=1

and ap,y1 — 0. (|

Remark. As the proof shows, {a,} need not be real or decreasing,
as long as a, — 0 and the series > (ax4+1 — ax) converges
absolutely.
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Closing Remarks

Example

0 -k
Let n € N and ¢ = €2™/". Show that Z % converges for o > 0.
k=1

Solution. Since ( is a nontrivial nth root of unity, the sequence
bx = C¥ is periodic and satisfies

1+C+C+--+¢" =0

It follows that the partial sums ), - bk are also periodic, and are
therefore bounded.

Since ay = k% ¢ 0, the result follows from Dirichlet’s test. O
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