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Rotational Motion

We are going to consider the motion of a rigid body about a fixed axis of rotation.

The angle of rotation is measured in radians: | 6(rads) = s (dimensionless)
r
S Notice that for a given angle 0, the ratio s/r is
A S independent of the size of the circle.
/\

Example: How many radians in 180°? CircumferenceC=2nr ms .
Tr ) -
0 = 2= —nrads mrads=180° 1rad=57.3° ‘N

r r r

Angle 6 of a rigid object is measured relative to some reference orientation, just like 1D position
X is measured relative to some reference position (the origin).

Angle 6 is the "rotational position”.

Like position x in 1D, rotational X= oy x+ +0
position © has a sign convention. —_— X «—0=0
Positive angles are CCW (counter- 0 o
clockwise).
Definition of angular velocity: | ® = 9 , O= A9 (rad/s) | (like v = dx , V = Ax )
dt t dt At

. rad

units [o] = —
S

In 1D, velocity v has a sign (+ or —) depending on direction. Likewise, for fixed-axis rotation, ®
has a sign, depending on the sense of rotation.

v o:
— (+
) @) (O
e—— ®
More generally, when the axis is not fixed, we define the vector angular velocity

® with direction = the direction of the axis + "right hand rule”. Curl fingers of
right hand around rotation, thumb points in direction of vector.
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For rotational motion, there is a relation between tangential velocity v (velocity along the rim)
and angular velocity ©.

Ae:§ = AS=TA0 , As in
r .

As [ AD .A& time At
V=—=—=7T10 V=ro

At At

L . do _ Ao )
Definition of angular acceleration:| o = —, o = — (rad/s?)
dt At
dav Av rad

like a = , a = — Units: [a] = —
( dt At ) s

o = rate at which o is changing.
o =constant < a=0 = speedv alongrim=constant=r o

Equations for constant o

Recall from Chapter 2: We defined v = d_x , a= % ,
dt dt
V=V, +at

and then showed that, if a = constant, X =X, + Vit +%at?
Vi =V: + 2a(X - X,)
do

Now, in Chapter 10, we define o = 49 , o= —.
dt dt

0=0,+ ot
So, if a =constant, <0 =0, + w,t + ot

o =0, +2a(0-0,)

Same equations, just different symbols.

Example: Fast spinning wheel with wg =50 rad/s (@ =2xf = f~8rev/s). Apply brake and
wheel slows at o. = —10 rad/s. How many revolutions before the wheel stops?

2 2
Use o = + 200 AD, ofia=0= 0= + 200 AO = A0 = _o S0 =125rad
20 2(-10)
125 rad x 1 rev =19.9 rev
27 rad
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Definition of tangential acceleration a;;, = rate at which speed v along rim is changing

dv _ d(ro) do ~
= =T = atan = ra

atan = -0 - .
dt dt dt

2
\'
aan is different than the radial or centripetal acceleration @, = T

ar is due to change in direction of velocity v
awn 1S due to change in magnitude of velocity, speed v

awmn and a; are the tangential and radial components of the
acceleration vector a.

\V
\ dtan

Angular velocity  also sometimes called angular frequency.
Difference between angular velocity o and frequency f:

o - # radians F oo # revolutions
sec ’ sec
T = period = time for one complete revolution (or cycle or rev) =
Q):anad:@’ f:1rev:1 N o - 2nf
T T T T

Units of frequency f = rev/s = hertz (Hz) . Units of angular velocity = rad /s = s™

Example: An old vinyl record disk with radius r = 6 in = 15.2 cm is spinning at 33.3 rpm
(revolutions per minute).
e What is the period T?

33.3rev  33.3rev 60s (60 / 33.3)s
= = = =1.80 s/rev
Imin 60s 33.3rev lrev

= period T=1.80s
e What is the frequency f? f = 1/T = 1rev/(1.80s) = 0.555 Hz

e What is the angular velocity ®? w=2nf= 27 (0.555s") = 3.49rad /s
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e What is the speed v of a bug hanging on to the rim of the disk?
V = ro=(15.2cm)(3.49s) =53.0 cm/s
e What is the angular acceleration o of the bug? o =0, since ® = constant
e What is the magnitude of the acceleration of the bug? The acceleration has only a radial
component a; , since the tangential acceleration agn, = ra = 0.
V2 (0.530 m/s)’

a=a=—=——— = 184m/s’ (about0.2g's)
r 0.152m

For every quantity in linear (1D translational) motion, there is corresponding quantity in

rotational motion:

Translation <« Rotation

X <~ 0
dx do
V=— e 0= —
dt dt
dv do
a=— “ o= —
dt dt
F © (?)
M © (?)
F=Ma o (=) a
KE = (1/2) m V2 o KE = (1/2) (?) &*

The rotational analogue of force is torque.
Force F causes accelerationa <>
Torque t causes angular acceleration o .

The torque (pronounced "tork™) is a kind of

"rotational force".

magnitude of torque: |t| = r-F =rFsin®

[t]=[r][F]=mN

r = "lever arm" = distance from axis to point of

application of force

F, = component of force perpendicular to lever arm
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Example: Wheel on a fixed axis:

Notice that only the perpendicular component of the force F will rotate the wheel. The
component of the force parallel to the lever arm (Fj) has no effect on the rotation of the wheel.
If you want to easily rotate an object about an axis, you want a large lever arm r and a large

perpendicular force F:

l bad I better I best
axis\ ;

no goad!

no good! (FL=0)

(r=0)
Example: Pull on a door handle a distance r = 0.8 m from the hinge with a force of magnitude F
=20 N at an angle 6 = 30° from the plane of the door, like so:

FiA/FV T=rF.=rFsin6=
hinge {70 . (08m)(20N)(sin 309 =8.0mN
- >
Another example:
a Pulley T=rF,

F.

For fixed axis, torque has a sign (+ or -) : +1 .
Positive torque causes counter-clockwise CCW rotation.

Negative torque causes clockwise (CW) rotation.

If several torques are applied, the net torque causes angular acceleration: <, = Z‘r o o

Aside: Torque, like force, is a vector quantity. Torque has a direction.
Definition of vector torque : © = FxF = cross product of r and F: "r cross F"

Vector Math interlude: The cross-product of two vectors is a third vector AxB = C defined
like this: The magnitude of AxB is A B sin®. The direction of AxB is the direction
perpendicular to the plane defined by the vectors A and B plus right-hand-rule. (Curl fingers
from first vector A to second vector B, thumb points in direction of AxB
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To see the relation between torque t and angular acceleration o, consider a mass m at the end of
light rod of length r, pivoting on an axis like so:

X
\
\
O
_ : .
axis
/
,/

Apply a force F, to the mass, keeping the force perpendicular to the lever armr.

F.

acceleration agn = ra

axis ﬁ':i Apply Fret = m a, along the tangential direction:
Fi = mau = mra

Multiply both sides by r ( to get torque in the game ): rF, = (mr?) a

Define "moment of inertia"= | = mr?

= T=1-a (likeF =m-a)

Can generalize definition of I:

Definition of moment of inertia of an extended object
about an axis of rotation:

I = > mr? = mr? + mr,? +...
i

Examples:
e 2 small masses on rods of length r:

. o . |:2ml’2
m axis m
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e A hoop of total mass M, radius R, with axis through the center, has lhop = M R?

I = >mr? = [Zminz = MR? (sincer;=Rforalli) e Mi

>
Q

I = mr?+m,r,? +mg? +...=mR?*+m,R* + m,R? + ...
In detail: ) ,
=(m,+m,+m,+...)R" =MR

e A solid disk of mass M, radius R, with axis through the center: mass M

lsisk = (1/2) MR? (need to do integral to prove this)

See Appendix for I’s of various shapes.

Moment of inertia | is "rotational mass".

Bigl = hard to get rotating (like BigM = hard to get moving)
If 1 is big, need a big torque t to produce angular acceleration according to

Tnet: |-OL (Iikanet:ma)

Example: Apply a force F to a pulley consisting of solid disk of radius R, mass M. o =?

Parallel Axis Theorem

Relates I (axis through center-of-mass) to | w.r.t. some other axis: | 1= lgm + M d?

(See proof in appendix.)

Example:1 Rod of length L, mass M : ; ' rod mass M
lw = =MR* , d=L12 = < » length L
12 I X
, 1 , 1., 1., axis here axis here
lgaxis = low + Md° = EML +ZML =§ML (1) (lem )
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Rotational Kinetic Energy

How much KE in a rotating object? Answer: | KE,, = 11’ (like KE,, = :mv?)

trans

Proof: KE, = > (tmv?)

V =aor, V. = of

KE = > Gmor’) = %[Zminzjwz = 1l1o’

How much KE in a rolling wheel?

The formulav =r o is true for a wheel spinning about a fixed

axis, where v is speed of points on rim. A similar formulas vewm

o .
O ) v =r o works for a wheel rolling on the ground. Two very
different situations, different v’s: v = speed of rim vs. v¢m =
/ speed of axis. Butv =r  true for both.
v Vem = center-of-mass
Vlocity= o r
%
o Y

axis stationary: v=wr point touching ground

instantaneously at rest

To see why same formula works for both, look at situation from the bicyclist's point of view:
v ® axis stationary,
(O ) ground moving

VP
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Rolling KE: Rolling wheel is

simultaneously translating and _, _ @ —_— +
rotating:
J 7

KEtot = KEtrans + KEot

KEtOt = %M V2 + %I (02 (V:ch)

(See proof in appendix.)

Conservation of energy problem with rolling motion:
A sphere, a hoop, and a cylinder, each with mass M and radius R, all start from rest at the top of

an inclined plane and roll down to the bottom. Which object reaches the bottom first?

M R

Apply Conservation of Energy to determine Vsing. Largest Viina Will be the winner.

KE, + PE, = KE; + PE;
0 + Mgh = iMV* + ilo® + 0
KEtrans KErot

Value of moment of inertia | depends on the shape of the rolling thing:

lgisk = (U2)M R?, lnoop = M R?, lphere = (2 /5)M R?  (Computing coefficient requires integral.)

Let's consider a disk, with | = (1/2)MR?. For the disk, the rotational KE is
2
e = 1EM RZ)(%j = 1MV [used o=Vv/r]

= Mgh = iMV? + IMV? = (F+HMV = MV’
gh = 3v9, v = J30h = 1.16a/gh

Notice that final speed does not depend on M or R.
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Let's compare to final speed of a mass M, sliding down the ramp (no rolling, no friction).

Mgh = iMVv? (M’ cancel)

M
(vi=0)
D - =v = 2gh = 14gh
.=

h D v =? Sliding mass goes faster than rolling disk.
\
Why?

As the mass descends, PE is converted into KE. With a rolling object, KE,; = KEans + KErot , SO
some of the PE is converted into KE,,; and less energy is left over for KEgans. A smaller KEans
means slower speed (since KEgyans = (1/2) M v?). So rolling object goes slower than sliding
object, because with rolling object some of the energy gets "tied up™ in rotation, and less is
available for translation.

Comparing rolling objects: lhoop > lgisk > lsprere = HOOP has biggest KE;ox = (1/2) | o, =

hoop ends up with smallest KEans = hoop rolls down slowest, sphere rolls down fastest.

Another conservation of rotational energy problem:
Rod of mass M, length L, one end stationary on ground, starts from rest at angle 6 and falls.

What is speed v of end of stick, when stick hits ground?

| = %M > (axis at end)

Plan: Use conservation of energy to get o,

then v=or=olL

E,=E = Mghy = il

fixed axis

Important point:

PEgav = Mgh where h = height of center-of-mass, independent of the orientation of the stick.

Proof: PE,,, = Zm‘ gh, =gZ:mi h, =gMY,, = Mgh,
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( Have used definition of center-of-

mass: MY, :Zmi Yi) — same hewm , same PEgrav
i

Back to the problem: Mghg,, = 1o’ h=1Lsing, I= %I\/IL2 L/2

Mgilsing=1iML* 0’ = gsind= il

2

: v v? .
Use @ =V/r=v/Ltoget: 3gsin6 = LF =T v =,/3gLsin® Done.

The tip of the stick starts at height hgp = L sin6, but its final speed v
is faster than the speed of an object that falls from that height h [ j 4

imv’=mgh = v=.2gh ]. Thetip of the stick falls faster 4%

than it would in free-fall, because the central part of the rod pulls it |

down. This is why tall chimneys always break apart when toppled:

Let's Review: Translation <« Rotation

X © 0
dx _do
V=— <> 0= —
dt dt
dv do
a=— “ o= —
dt dt

F > T

M o |
F=Ma © T=la

KE = (1/2) m v* o KE = (1/2) | &
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Appendix 1: Moments of Inertia for some shapes

.

Hoop } Disk
I=MR® | | = (1/2) M R?
Solid sphere Thin spherical shell
| = (2/5) M R? | = (2/3) M R?
| |
| 3 L ,
| i >
| |
| |
| [
I |
| |
< | > |
< | >
L |
| |
! .
Thin rod, axis thru center Thin rod, axis thru end
| = (1/12) M L? | = (1/3) M L?
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Appendix 2: Proof of Parallel Axis Theorem.

Consider an object with total mass M and with moment-of-inertia I, about an axis through the
center-of-mass. Let axis A be any axis parallel to that center-of-mass axis. R is the distance
between the axes.

axis A axis through C.M.

R

P [
<« »

Let’s look at this situation from above the object, looking down along the axes. Let’s place the

origin of our Xy coordinate system at the location of axis A.

m
y r
I -~
C.M.
Axis A R ull
X

The position vector of the center-of-mass, relative to the origin, is R. We’re using boldface type
for vectors: R is the position vector. The magnitude of the vector R (bold) is R (not bold). A
mass element m; is a position r; , which can be written as r; = R + r;’ , where the vector r;’ is the

position of m;, relative to the center-of-mass. Recall that the center-of-mass position vector R is

defined by the equation MR = Zmi r; . Notice that, if we had chosen the center-of-mass to be

the location of the origin, then R would be zero, and r;would be r;’, so Zmi ;=0 (we’ll
i

need this result in a moment).
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Ok, the moment-of-inertia of the object about the axis Ais | = Zmi > . For any position
i

r=R+r',wehave I’ =r-r=(R+1")-(R+r') =R’ +r?+2R-r'. (Remember: bold is

a vector, non-bold is the magnitude of the vector.) So we can write

| =Y mrZ=>m(R*+r,?+2R 1) :(Zmin2+Zmin ?+2R-> mr"
i i i i i

|
M Icm 0

So I = MR?+1,. Done!

Appendix 3: Kinetic energy of a rolling wheel. Here we prove that the total kinetic energy of a
rolling wheel (mass M, radius R, center-of-mass speed V) is the translational KE of the center-
of-mass motion, KEgyans = (1/2)MV? plus the rotational KE about the C.M , KEyot = (1/2)lgm®®.
As in Appendix 2, we regard the position vector r of each piece of the wheel as the position R of
the center-of-mass of the wheel plus the position r’ of that piece, relative to the center-of-mass.

origin

\

JSSSS S SS

The vector equation relating the three vectors is: r = R + r'. Taking the time derivative of this

. d d d , . _
equation gives ar = ER + ar , which is the same as v =V + v'. In words: the velocity

v of each particle of the rolling wheel is the velocity V of the center of the wheel, vector-added

to the velocity v’ of the particle relative to the center of the wheel. We showed in Appendix 2

that Z m; r;' = 0. Taking the time derivative of this equation gives Z m, v,' =0, aresult we
i i

will use below.
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1
The total kinetic energy of the wheel is KE,, = ZE m, Vi2 . Now we can write

Vi=v.v=(V+Vv')-(V+v') =V>+Vv?+2V.v' (remember: bold means vector, non-bold

means magnitude.) So, we can rewrite the total KE as

1 1 1 :
KE,, = ZEm‘ V2 o= E[Zmijvz + E(Zmivfj + V-(ZmiV'ij. Now recall
-
M

0

that Vv'=or'. Sowe have

KE, = %l\/lv2 + %(Zmir'fjmz = %I\/IV2 - %lcmwz. Done!

—_—
Icm
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