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Abstract

Let (My)n>0 be the Mersenne sequence defined by M,, = 2" — 1. Let w(n) be the
number of distinct prime divisors of n. In this short note, we present a description of
the Mersenne numbers satisfying w(M,,) < 3. Moreover, we prove that the inequality,
given € > 0, w(M,,) > 9(1—e)loglogn _ 3 1)0]ds for almost all positive integers n. Besides,
we present the integer solutions (m, n, a) of the equation M,,+ M,, = 2p® with m,n > 2,
p an odd prime number and a a positive integer.
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1 Introduction

Let (M,)n>0 be the Mersenne sequence defined by M, = 2" — 1, for n > 0. A simple
argument shows that if M, is a prime number, then n is a prime number. When M, is a
prime number, it is called a Mersenne prime. Throughout history, many researchers sought
to find Mersenne primes. Some tools are very important for the search for Mersenne primes,
mainly the Lucas-Lehmer test. There are papers (see for example [1, 5, 21]) that seek to
describe the prime factors of M,,, where M, is a composite number and n is a prime number.
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Additionally, some papers seek to describe prime divisors of the Mersenne number M,
where n is a composite number (see for example [7, 16, 18, 19, 20]). In this paper, we propose
to investigate the function w(n), which refers to the number of distinct prime divisors of n,
applied to M,,. We prove that if n # 2,6 and pi" - - - p&¢|n, where the a/s are positive integers,
D1, ..., Ds are distinct prime numbers and Y7, a; = t, then w(M,,) >t if s =1, and

wM) =t 4+ (j) it s> 1.
=2

This lower bound is sharp for some cases. For example, w(My) = w(My) = w(Myg) = 2 and
(.U(Mg) = W(M27) = (.U(Mlo) = (.U(M14) = w(M15) = w(Mgl) = 3.

The equations F,, = y? and L, = y?, where ¢ is a prime number, F, is a Fibonacci
number and L, is a Lucas number, have been studied by several authors. One may see,
for example, [4, 9, 10, 11, 12, 13, 17]. The complete solution for this problem was obtained
by Bugeaud, Mignotte, and Siksek [2]), by combining the classical approach to exponential
Diophantine equations (linear forms in logarithms, Thue equations, etc.) with a modular
approach based on some of the ideas of the proof of Fermat’s Last Theorem. When we
consider M,, = y?, we see that this is equivalent to the equation 2" —y? = 1. The solution in
this case is much simpler, since the Catalan Conjecture (proved by Mihailescu [15] in 2002)
tells us that the only solution of the equation =™ — y” = 1, with m,n > 1 and =,y > 0 is
xr=3m=2y=2,n=3. This motivates us to raise the next question in the flavour of
these studies. We believe that the next step is to study equations of the form M,,+ M, = 2y9.
Here we consider the equation M,, + M, = 2p*, where p is an odd prime and a € N. To
the best of our knowledge, this equation has not been studied anywhere in the literature. If
p =1 (mod 4), we prove that the only solutions of the underlined equation are of the form
(m,n,a) = (2,2°+1,1), where p = 2241, Ifp=3 (mod 4), there is more than one possible
form of the solution. Among others, one possible case could be (m,n,a) = (k + 1,n,a) if
p®+ 1> 2k,

2 Preliminary results

We investigate w(M,,), the number of distinct prime divisors of M,,. We start by stating
some well-known facts and results. The first result is the well-known Theorem XXIII of [3],
obtained by Carmichael.

Theorem 1. Ifn # 1,2,6, then M, has a prime divisor which does not divide any M, for
0 <m <n. Such a prime is called a primitive divisor of M,,.

We also need the following results:
d = ged(m,n) = ged(M,,, M,,) = My (1)

Proposition 2. If 1 < m < n, ged(m,n) =1 and mn # 6, then w(M,,,,) > w(M,,)+w(M,).



Proof. As ged(m,n) = 1, it follows that ged(M,,, M,) = 1 by (1). Now, according to
Theorem 1, we have a prime number p such that p divides M,,, and p does not divide
M, M,,. Therefore, the proof of proposition is completed. O

Mihailescu [15] in his proof of the famous Catalan Conjecture proved the following.

Theorem 3. The only solution of the equation x™ — y™ = 1, with m,n > 1 and x,y > 0 is
r=3m=2y=2n=3.

For x = 2, Theorem 3 ensures that there is no m > 1, such that 2™ — 1 = y"™ with n > 1.

Lemma 4. Let p,q be prime numbers. Then,
(i) M, t (Mpq/Mp); if2P —14¢;

(i) M, { (Mp3 /My).
Proof. (i) We note that M,, = (2 — 1)(32¢_} 257). Thus, if (2° — 1)|(37_; 2*#), then

q—1
(20 — 1)‘ (Z 2k 4 9P 1) = opHl(gram2ml o optl )
k=0
Since 2P4-2P~1 .. .4 2P71 41 = (¢—2)2P"14+1 (mod 2P—1), we have (2P —1)| ((¢ — 2)2P~ + 1).
Therefore,

(20— 1) ((g = 22" + 1+ (2 — 1)) =271,
i.e., 2P — 1|q. Therefore, the proof of (i) is completed.

The proof of (ii) is analogous to the proof of (7).
U

Remark 5. 1t is known that all divisors of M, have the form ¢ = 2lp + 1, where p is an odd
prime number and [ =0 or — p (mod 4).

The first part of Remark 5 was first obtained by Euler (see Theorema 9 and Corollarium
5 in [6]). Euler does not actually write the coefficient 2, but clearly as the expression must
be odd we may do so without loss of generality.

The modern proof of this result is as follows. Let ¢; be a prime divisor of ¢q. By Fermat’s
little theorem, ¢ is a factor of 24~! — 1. Since ¢, is a factor of 2?7 — 1, and p is prime, it
follows that p is a factor of ¢ — 1 so ¢ = 1 (mod p). Furthermore, since ¢ is a factor of
2P — 1, which is odd, we know that ¢; is odd. Therefore, ¢; = 1 (mod 2p). But, since this
result is true for all prime divisors of ¢, i.e., for ¢ = 2l3p+ 1 and g = 2lop+ 1 prime divisors
of ¢ not necessarily distinct, we have q;qo = 2l19p + 1, where 115 = 2l1lop + 1 + l5. Applying
recursively for all prime divisors of ¢, we get ¢ = 2pl + 1, for some [ € N.

Now, the second statement is a consequence of the fact that all prime divisors of ¢ are
congruent to +1 (mod 8). Let us prove it here. We have 2°™! = 2 (mod ¢;), where ¢, is a
prime divisor of ¢. Thus, 23(P+1) g a square root of 2 modulo ¢;. By the theory of quadratic
residues, we have ¢ = +1 (mod 8). Since this result is true for all prime divisors of ¢, we
have ¢ = 2lp+1 = 41 (mod 8), for some [ € N. Now, if 2lp+1 = 4+1 (mod 8), then Ip =0
(mod 4) or Ip = 3 (mod 4). The first case implies [ = 0 (mod 4), since p is odd. The second
case implies [ = —p (mod 4), since —p? = 3 (mod 4).
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3 Mersenne numbers rarely have few prime factors.

We present below a result which is a consequence of Manea’s Theorem, which we shall state
next. We shall get the multiplicity v,(M,) for a given odd prime ¢ and a positive integer n.

Definition 6. Let n be a positive integer. The g-adic order of n, denoted by v,(n), is defined
to be the natural number [ such that ¢’ || n, i.e., n = ¢'m with ged(q,m) = 1.

Lemma 7 (Theorem 1 [14]). Let a and b be two distinct integers, p be a prime number that
does not divide ab, and n be a positive integer. Then

1. if p# 2 and pla — b, then

vp(a" = ") = vp(n) + vy(a —b);

2. ifn is odd, a+ b # 0 and pla+ b, then

vpla” +8") = vy(n) + vy(a+ b).

Definition 8. For a given prime number ¢ and an integer a € {1,...,¢ — 1} the number
ord,(a) is defined to be the smallest positive integer ¢ such that o' =1 (mod g).

Proposition 9. Let ¢ # 2 be a prime number. Define m = ord,(2) and w = v, (2™ —1). Let
n € N, and write n = ¢'ng, with ged(q,ng) = 1. Then

vg(M) = v0,(2" — 1) = {0 if min

[+w if mln.

Proof. By elementary number theory, we know that 2" =1 (mod ¢) if and only if ord,(2)|n.
This proves the first line of the formula.

Now, suppose that m|n and write n = mt. Then we have
M, = (2™ — 1"
By Theorem 7 (with a = 2™ and b = 1), we have

Ug(Mp) = vg(t) +v,(2™ — 1)
= [+ w.

This completes the proof. O

We will prove the following result for a lower bound of w(M,,).



Theorem 10. Let € be a positive number. The inequality
W(Mn) > 2(1—e)loglogn —3
holds for almost all positive integer n.

Theorem 11 (Theorem 432, [8]). Let d(n) be the total number of divisors of n. If € is a

positive number, then
2(1—6)1oglogn < d(n) < 2(1+5)1oglogn

for almost all positive integer n.

Proof. (Proof of Theorem 10). According to Theorem 1, we know that if A|n and h # 1,2, 6,
then M), has a prime primitive factor. This implies that

w(M,) >d(n)—3
Consequently, by Theorem 11, we have
w(Mn) > 2(1—5)1oglogn —3

for almost all positive integer n. O

4 Mersenne numbers with w(M,) <3

In this section, we will characterize n for w(M,) =1,2,3.

Theorem 12. The only solutions of the equation
w(M,) =1

are given by n, where either n =2 or n is an odd prime for which M, is a prime number of
the form 2in + 1, where [ =0 or —n (mod 4).

Proof. The case n = 2 is obvious. For n odd, the equation implied is M,, = ¢, with m > 1.
However, according to Theorem 3, M,, # ¢, with m > 2. Thus, if there is a unique prime
number ¢ that divides M,,, then M, = ¢, and ¢ = 2in + 1, where [ = 0 or —n (mod 4),
according to Remark 5. O

Proposition 13. Let py,ps,...,ps be distinct prime numbers and n a positive integer such
that n # 2,6. If pi* - - - p2*|n, where the ofs are positive integers and Y ;_, a; =t, then

t if s=1

w(My) = H;(j) if s>1°



Proof. According to Theorem 1, we have
W (Mp?i> > w (Mp?rl) S>> w (M) > 1,

for each i € {1,...,s}. Therefore, w(M,:) > a; and this proves the case s = 1. Now, we

observe that ged (Hie[pia HjeJPj) =1, for each pair ) £ I,J C {1,...,s} with INJ = 0.
Then it follows from Theorem 1 and Proposition 2 that

w(M) =Y (j) Yt ifs > 1.
=2

Theorem 14. The only solutions of the equation
w(M,) =2
are given by n = 4,6 or n = p; or n = p}, for some odd prime number p;. Furthermore,
(i) if n = pi, then M, = M, q¢", t € N.

(i1) if n = py, then M,, = p°q", where p, q are distinct odd prime numbers and s,t € N with
ged(s,t) = 1. Moreover, p,q satisfy p = 2lip1+1,q = 2lop1 + 1, where 1,1y are distinct
positive integers and l; =0 or —p; (mod 4).

Proof. This first part is an immediate consequence of Proposition 13.

(i) If w(M,) = 2, with n = p?, then on one hand M, = p*q’, with ¢, s € N. On the other
hand, by Theorem 1 w(Myz) > w(M,,) > 1, i.e., M, = p, by Theorem 3. Thus, according
to Lemma 4, M, = M,,¢" = pq*, with t € N.

(1) If w(M,) = 2, with n = py, then M,, = p°¢’, with t,s € N. However, according to
Theorem 3, we have gcd(s,t) = 1. The remainder of the conclusion is a direct consequence

of Remark 5.
]

Theorem 15. The only solutions of the equation
w(M,) =3

are given byn =8 orn=p; orn=2p; orn=ppy or n=p; orn = p;, for some distinct
odd prime numbers p; < pa. Furthermore,

(i) if n =2py and py # 3, then M, = 3M, k" = 3q¢k", r € N and ¢, k are prime numbers.

(ii) if n = pipa, then M, = (M,,)°My,k" = p°qk", with s,r € N and p,q,k are prime
numbers.



(m) if n = p%, then M, = Mplqtkm or M, = psqtk,r; with jwp1 _ psqt and (S,t) — 1, and
p,q, k are prime numbers.

(iv) if n = p3, then M, = M, q'k" = pq'k", with t,r € N and p, q, k are prime numbers.

(v) if n = py, then M, = p°¢'k" and p = 2l1p1 + 1,q = 2lopy + 1,k = 2l3p; + 1, where
l1, 1o, 13 are distinct positive integers and l; =0 or —p; (mod 4), and ged(s,t,r) =1,
with s, t,r € N.

Proof. This first part is an immediate consequence of the Proposition 13.

(i) If w(M,,) = 3, with n = 2py, then on one hand M,, = p*¢'k", with ¢, s, € N. On the
other hand, according to Proposition 2, w(May,) > w(M,,) +w(M,), i.e., M, = ¢, according
to Theorem 3. We noted that My, = (2" — 1)(2"* + 1) and ¢ does not divide 2P* + 1,
because if ¢[(2P* + 1), then ¢|2P* +1 — (2* — 1) = 2. This is a contradiction, since ¢ is an
odd prime. Thus, M, = (My)*M,,w" = 3°¢k”. Moreover, according to Lemma 4, we have
s =1if p; # 2% — 1 = 3. Therefore, M,, = My M, w" = 3qk".

(1) If w(M,,) = 3, with n = pyps, then on one hand M, = p¢'k", with t,s,7 € N. On
the other hand, according to Proposition 2, w(M,,,,) > w(M,, ) + w(M,,), i.e., M, = p and
M, = q, according to Theorem 3. Thus, M,, = (M,,)*(M,,) k" = p*¢'k" and ged(s,t,r) =1
if s,t,7 > 1, according to Theorem 3. However, 22 — 1 { p;, because p; < ps. According to
Lemma 4, we have ¢ = 1. Thus, M,, = Mj M,,k" = p*qk".

(ii7) If w(M,) = 3, with n = p?, then on one hand M, = p*¢'w", with ¢,s,7 € N. On the
other hand, according to Lemma 4, we have M, = p°¢’, with (s,t) =1 or M,, = p.

(iv) If w(M,) = 3, with n = p}, then on one hand M, = p*¢'w", with ¢,s,r € N. On
the other hand, according to Theorem 1, w(My) > w(Mye) > w(M,,) > 1, e, My, = p°.
According to Theorem 3, we have s = 1. Thus, M,, = M, ¢'k" = pq'k".

(v) If n = py, then M, = p°¢'k", with ¢,s,r € N. However, according to Theorem 3,
ged(s,t,r) = 1. The form of p, ¢ and k is given by Remark 5. O

We present some examples of solutions for Theorems 12, 14 and 15.
(i) w(M,) =1, where n is a prime number: My =3, M3 =7, M5 =31, M, = 127, ...

(ii) w(M,) = 2, where n is a prime number: M;; = 2047 = 23 x 89, M3 = 8388607 =
47 x 178481, ...; with n = p?, where p is a prime number: M, = 15 = My x 5, My =
511 = M3 x 73, Myg = M, x 4432676798593, .. ..

(ili) w(M,) = 3, where n is a prime number: Myg = 536870911 = 233 x 1103 x 2089, M3 =
8796093022207 = 431 x 9719 x 2099863, . . .; with n = 2p, where p is a prime number:
My = My x Ms x 11, My = My x M7 x 43,...; with n = p3, p is a prime number:
Mg = 255 = My x5 x 17, Moy = M3 X 73 X 262657, . . .; with n = p1po, where p; and p,
are distinct odd prime numbers: M5 = Mz x My x 151, My, = (M3)? x My x 337,. . .;
with n = p?, where p is a prime number: Mos = M;5 x 601 x 1801, . ...



5 Study of the Equation M,, + M, = 2p°

We consider the equation M, + M,, = 2p® with m,n > 2, p an odd prime number and a a
positive integer. We present two results on the solutions to this equation.

Lemma 16. For every p =1 (mod 4), we have p* + 1 = 2k, where k is an odd integer.
Proof. We have

p=1 (mod4) = p*=1 (mod4)
= p'+1=2 (mod4)
= p'+1=4a+2, forsomeacZ
= p*+1=2k; ged(k,2)=1.
U
Theorem 17. Let p be a prime number with p =1 (mod 4). Then
M., + M,, = 2p", with m < n, (2)

has an integer solution only if p = 22 4 1. Moreover, given such a prime, the solutions are
given by (m,n,a) = (2,2° +1,1).

Proof. Suppose that (2) has a solution, say (m,n,a), with m < n. Notice that
2" 42" = 2p° 42 = 4,

by Lemma 16.

Since k is odd, it follows that m = 2 or n = 2.
Case 1. If n =2 then m € {1,2}. Hence we get 4 + 2 = 4k or 4 + 4 = 4k. Since 6 is not a
multiple of 4, we are left with the later case, which implies £ = 2. Therefore, 2k = 4 = p*+1,
which is absurd, since p® + 1 > 5.
Case 2. m =2 and n > 2. From the definition of Mersenne numbers it follows that

414+2"%) = 2p°+2 =4k
2(142"72) = p*+1=2k
pPP+1 = 2nly9

Case 2.1. a = 1. So we have, p = 2”1 4+ 1. We know that if 2" + 1 is a prime number then

N is a power of 2. Hence there exists b such that n — 1 = 2°, i. e., 2+ 22" = 2k. Hence, if
(m,n, 1) is a solution of (2) then m = 2 and n = 2° + 1 such that 22" + 1 is a prime number.
Case 2.2. a > 2. Suppose that there exists a > 2 satisfying the equation (2). This implies
that p® = 2"~ + 1. Let us study when a is even and odd separately:

Case 2.2.1. a is even. The equation p® = 2"~! + 1 implies
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(p2 —1) (p2 +1) =21 (3)

Let 2 and y be positive integers such that p? — 1 = 2% and p? + 1 = 2¥, then y > z and
x4y =n—1. Thus 2 — 2% = 27(2Y"" — 1) = 2 which implies x = 1,y = 2, and consequently
n = 4. Therefore p® =9, i.e., p = 3 and a = 2, which is absurd, because 3 Z 1 (mod 4).
Case 2.2.2. a is odd. There exists a natural number [ such that a = 2] + 1. Thus

pa:2n—1+1:>pa_1:2n—l:>(p_l)(1+p+p2+_‘_p2l—l_‘_p2l):271—1‘

Thus, there exist positive integers z and y such that p—1 = 2% and 1+p+p?>+---p?~1 +
p? = 2Y. Clearly y > x and z+7y = n— 1. Notice that 2¥ —2% = 24+ p? + .- -+ p? 1 4 p? = L,
where k is odd, since p = 1 (mod 4). This only occurs when z = 0, that is a contradiction. [

Observation 18. Since we know that Fermat primes are very rare, from Theorem 17 we
can conclude that solutions are also very rare.

Theorem 17 explores the solution in the case p = 1 (mod 4). The next theorem will
explore the solutions in the case p = 3 (mod 4).

Theorem 19. Let p be a prime number with p =3 (mod 4). Then
M, + M, = 2p*, with m < n, (4)

has an integer solution only if p® = 28(1 4 27~ (k+1) — 1 with 2% || (p® + 1). More precisely,
such solutions are given by

(i) (m,n,a) =(2,4,2);
(ii) (m,n,a) = (k,k,1) if 28 = p® + 1. In that case M, = p is a Mersenne prime;
(iii) (m,n,a) = (k+1,n,a) if p* +1 > 2.

Proof. Since p = 3 (mod 4), there exists k € N,k > 2 such that 2% || (p® + 1). Note that,
if a is even, then k = 1. If a is odd, then k > 2, since 4 | (p* + 1). Suppose (m,n,a) is a
solution of (4). Without loss of generality we can assume m <n

Case 1. a is even.

As mentioned earlier, we can write p* + 1 = 2b, where b is an odd integer. Since p > 3,
we have b > 5. Observe that,

M, + M, = 2p*
2m 42" = 2(p*+1)
om L on = 2%,



Hence, m = 2, which together with the fact that b > 5, implies n > 3. Therefore, we
have

414+2"% = 2%
1+2"7% = b

Therefore, we can conclude that, b = 1+ 2”72 which in turn implies p® + 1 = 2(1 + 2"2) iff
(m,n,a) = (2,n,a) is the only solution of the equation (4). But, p® + 1 = 2(1 + 2"~2), then
p® —2"~1 = 1. According to Theorem 3, the only solution, with @ an even number is n = 4
and a = 2. Hence p = 3.

Case 2. ais odd. As mentioned earlier, we can write p® + 1 = 2*b; where b is an odd
integer and k& > 2. Observe that,

M, + M, = 2p*
2m 42" = 2(p*"+1)
om 4 oon = oktlp

Note that, b = 1 iff m = n = k. Therefore, p® + 1 = 2% iff (m,n,a) = (k, k, a) is the only
solution. But, if p® +1 = 2*, then 2¥ — p® = 1. By Theorem 3, a = 1. Thus the only solution
is (m,n,a) = (k, k, 1), where M), = p is a Mersenne prime.

From here on let us assume b > 3. Since 27 + 2" = 281p b > 3 we get m = k + 1. Since
b is odd n > k + 2. Therefore,

2k+1(1 n 2n—(k+1)) _ 2k+1b

1+2on (D — g
Therefore, we conclude that, b = 1 + 2*~*+D which in turn implies p* + 1 = 2R(1 +
2= (kDY iff (m,m,a) = (k+ 1,n,a). O
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