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Key ideas of Junior high school mathematics emphasized I n  
' t h l s  text  are: structure of arithmetic from an algebraic view- 
:point;  the real number system as a progressing development; 
;metric and non-metric relations in geometry. Throughout the 
'materials theas ideas are associated w l t h  t h e i r  applications, 
.Important at this level  are experience with and appreciation of 
abstract concepts, the role of def in i t i on ,  development of 
precise vocabulary and thought, experimentation, and proof. 
Substantial progress can be made on these concepts in the junior 
high school. 

/ Fourteen experimental unita  far  use In the seventh and 
eighth grades were written in the summer of 1958 and t r i e d  out 

1 by approximately 100 teachers in 12 centers i n  various parts 1 of the country i n  the ~ c h o o l  year 1958-59. On the basis of 
I teacher evaluations theee unita were revised during the summer 
of 1959 and, wlth a number of new units, were made a part of 
sample textbooks f o r  grade 7 and a book of experimental units 
f o r  grade 8 .  In the school year 1959-60, these seventh and 
eighth grade books were used by about 175 teachers in many 
parts of the country,and then further revised in the summer of 
1960. 

Mathematice is fascinating to many persons because of its 
opportunities f o r  creation and discovery as well as f o r  i ts  
u t i l i t y .  It is continuously and rapidly growing under the 
prodding of both Intellectual curiosity and practical applica- 
t i o n s .  Even junior high school students may formulate 
mathematical questions and conjectures which they can test and 
perhaps settle; they can develop systematic attacks on 
mathematical problems whether or n o t  the problems have routine 
OP immediately determinable solutions. Recognition of these 
important factors has played a considerable p a r t  in selection 
of content and method in thls t e x t ,  

1 We firmly believe mathematics can and should be studied i with success and enjoyment. ~t is ou r  hope that this t e x t  may 1 greatly assist all teachers who use it t o  achieve t h l s  highly 
I desirable goal.  
1 
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NOTE TO TFACHERS 

I Based on the teaching experience of nearly 200 jun ior  
thigh school teachere In a l l  parta of the  country and the estimates 
! of' the  authors of the revision ( including jun ior  high school 

teachem), it is recommended that teaching time f o r  Part 1, be 

as follows : 

Chapter Approximate number 
of days 

7 
15 
14 

15 
12 

17 
13 

13 
Total 106 

Teachers are urged to trg not to exceed theae approximate 
time allotments so that pupile will not miss the chapters at the 
end of the courae, Some classes will be able to f i n i s h  certain 
chaptere Ln leas than the estimated time. 

Throughout the text ,  problems, topics  and section8 which 
were designed for  the better students are indicated by an 
aaterisk (*) . Items starred in thla m e r  should be used or 
omitted aa a means of adjusting the approximate time schedule. 



Chapter 1 

WHAT I3 MATHEMATICS? 

General  Remarks 

This chapter i s  i n t e n d e d  to give t h e  pupil an appreciation f o r  
t h e  Importance of rnathematlcs.  I t s  objectives are: 

I. To develop an understanding of what mathematics is as 

opposed to simple computation. 

11. To develop an appreciation of the role of mathematics 
in our culture. 

111. To motivate p u p i l s  by p o i n t i n g  o u t  t h e  need for mathe 
maticlans and f o r  mathematically trained people. 

Since t h i s  chap t e r  is much different from ord inary  textbook 
material it will need a different treatment.  The purpose of the 

chapter  i s  - n o t  t o  teach many fac t s  or sk i l l s ,  but ra ther  to build -- 
an enthusiasm f o r  the study of mathematics. Good at tc tudes  will 
be b u i l t  i f  you use i m a g i n a t i o n  and enthusiasm i n  g e t t i n g  these 

ob jec t ives  across t o  t he  p u p l l s .  Since t h e  material I s  n o t  to be - 
taught f o r  mas t e ry ,  w e  strongly recommend that  no t e s t  be given - 
covering t h e  contents of t h i s  chapter ,  

Experience shows t h a t  t h i s  chapter can be covered within six 

t o  eight l e ssons .  Cer taknly  n o  more t h a n  e i g h t  days should be  

devoted to it. 

Were s e v e n t h  g raders  are i n  a new school situation and have 

so many i n t e r r u p t i o n s  during the first few days, some teachers  may 

wfsh t o  precede this chapter  with review exercises which are  more 
familiar to the pupils. 

Note t h a t  Exercises 1-6, (Page 13) and Exercises  1-7, fa age 14) 
are suggestions for background study t o  be c a r r i e d  on throughout 
the year. These should be begun during  the first week, with 

p e r i o d i c  r e p o r t s  on progress by p u p i l s .  Where guldance personnel  

are ava i l ab le ,  t h e i r  services should be solicited t o  h e l p  t h e  

class o u t l i n e  a p l a n  o f  a c t i on  f o r  the  year. 



It might be worthwhile t o  have the pupils read this chapter 
again at  the end of the year. The problems m i g h t  also be solved 
again. They should be much eaaier t o  aolve after the courae has 
been completed. 

Encourage the more able student8 to solve the brainbuaters 
but be ready to help them if they have difficulties. Most pupils 

will want to puzzle over the brainbusters for  a few days. For 
thie reason, only Individual help I s  suggested u n t i l  the time 
seems appropriate fo r  general class diacusslon. 

1-1. Mathematics - -  as a Method - of Reasoning, 
Page &. It might provide additional challenge to emphasize to the 
pupila that  Exercises 1-1 and Exercises 1-2 are not easy. More- 
over, no slmple formula for solution can be given. Some of the 
pupils (and many parental) will certainly f ind the problems d i f f i -  
cul t  and time-consuming at th is  stage. You may not wish to 
assign all the problems in these two sectlone. 

Answers to Exe~cises 1-1--Page 2: - - -- 
1. THO sons cross; one returns. Father crosses; other son 

returns. Two sons cross. 
2, No. They need a boat carrying 225 pounds. Solution as 

in 1 above, 
3. Man takea goose and returns alone. He takes fox and 

returns with goose. He takea corn across river and 
returns alone to pick up goose. 

4, Yes ,  Thfs depends on the fact tha t  8x + 5y = 2 has 

solutions in integers, such as x = -1, y = 2 and x = 4, 
y = -6. The first means that if you fill the 5-gallon 

jug twice and empty it once Into the 8-gallon jug, you 
will have 2 gallons left. The second solution means 
that if you fill the 8-gallon jug four times and use it 

to fill the 5-gallon jug 6 times, you will have 2 gallons 
left, Point out  that the first solution is best .  

[pages 1-21 



3 

- 5 .  Most pupils will need paper and pencil fo r  this one, As I they attempt the solution in front of the class it is a 
good idea to minimize the help from others in the  class. 
If an error 18 made, another student should be selected t o  

1 present h ia  solution. It should be pointed out that a 

i croaafng neceasltatss a landing. 

I Ml M2 M3.C1 C2 C3 5 CI cross river; returns. 
t 
t C C croaa river;  C1 returns. 

2 3 
M1 Me cross river; M1 C2 return. 

M1 M3 cross river; C returns. 3 
C1 C2 cross river; C1 returns. 

C1 C3 cross river. 

6 Balance the two groups of 3 marbles each. If they balance 
then it is only necessary to balance the remaining two 

marbles t o  f i n d  the heavy one. If the two  groups of 3 
marbles do not  balance, take the heavier group. Of the 3 
marbles in the heavier group balance any 2 marbles. If 
they balance, the remaining marble is the heaviest one. 

If the 2 marbles do not balance, the heaviest w i l l  be 1 
of the 2 on the balmce. 

7, In aolving the problem is it practical to t r y  out all the  
possible waye the dominoes may be placed on the board? 
This would be difficult because there are more than 
65,536 ways t o  cover the whole board, The solution may 
be found in another way: 

H o w  many squares are there altogether on the board? 
(64) 
How many squares muet be covered? (62) 
What is special about the two square8 next to each 
other? (They sre of different colors. ) 
What I s  speclal about the two opposite corners? 
co hey are the same color. ) 



If you place any number of domlnoes on the board can you 
say anythlng about the kinds of squares which will be 
covered? How doea this compare with the kinds of squares 

which you are supposed to cover? Do you have to make 
even one experiment in order t o  get the answer to the 
origlnal problem? Can two squares of the same color be 
covered with one domino? The answer t o  t h l a  question 
ahould help some of the students reason why the solution 
I s  impoaa lble . 

1-2. Deductive Reasonlnq. 
Pam 3 .  After the concept of deductive reasoning has been Intro- 
duced, it i a  s t i l l  necessary t o  give the students an understanding 

of I t s  importance. Examplea of scienti f ic  advances in which de- 
ductive reaaoning was used might be Elnstelnts discovery of the 

2 atomic energg formula E = MC , apace travel, satellites, digital 
computer development, nuclear energg, etc .  

Anawers to Exercises 1-2 - Page 4: - - - 
I. After each person receivea one pencll,  the 5th pencil 

must go to one of the 4 people. 

2. (a) Yes. 

(b) Someone gets a t  least 3 pencils. 

3 .  367.  h he answer m a t  take leap year in to  account .) 

4. 1. Tell the class that the f i r s t  two to enroll might be 

t w i n s .  

7. Only 1. 

8. 6 committees, 

9. 12 committees. 

[pages 3-45 



1 -  From Arithmetic - to Mathematlcs. 

Page 5 .  Before considering Gauss's discovery of summing an ar i th-  -- 
m e t l c  series, you may wish to offer the fol lowing as an example of 
a s c i e n t i f i c  experiment i n  which mathematics i s  used. 

Make a pendulum by fastening a 
weight to a string 40 inches long. p s i l i n g  

At tach  the s t r i n g  t o  an object that eye hook 
w i l l  not move, The pendulum ehould 
swing freely. Set the pendulum 

into motion. Count the number of 
times it swings back and forth in 
30 seconds. Shorten the string by 

5 inches and repeat t h i s  experiment. f 
Shorten again by 5 inches and do it 0 

again. Make a table of your ob- i,-- 

Length of string No. of gwings 
In knchee i n  30 seconds 

Does there aeem to be a relationshfp between the length of 
the pendulum and the time? C a n  you predict the number of swings  
i n  30 seconds If the string is 20 inches long? How does the 
number of swings depend upon the  length of the  atring? 

You have actually repeated an experiment done by Galileo 
about 400 years ago. Galileo w a s  a famous Italian scientist who 
l i v e d  i n  the years 1564-1642. He got  the idea for the experiment 
by watching a hanging light fixture swing back and forth,  He 
timed t h e  swing by means of his pulse beat. He was one of the 
first  a c l e n t i s t s  to show how important it was to Investigate 
problems by the experimental method. 



In mathematics we often use the inductive method t o  discover 
something. Then we use deductive reasoning to prove that it is 
true. 

John Freedrich Karl Gauss was born in Brunawick, Germany, in 

1777. He died i n  1855 at the age of 78. The pupils  may be inter- 
ested in n o t i n g  that his lifetime almost spanned the years from the 

American Revolution to the Civil War. 
Many mathematicians consider Gauss as one of the three great- 

e a t  mathematicians of a l l  times, the other two being Newton and 
Archimedes. 

In this age of space exploration'lt is interesting to note  
that Gauss developed powerful methods of calculating orb i t s  of 
comets and planets. His interests extended also  to such fields 
as magnetism, gravitation, and mapping. In 1833 Gauss invented 
the e l ec t r i c  telegraph, which he and h i s  fellow worker, Wilhelm 
Weber, used as a matter of course in sending messages. 

In 1807 Gauss was appointed Director of the Gdttingen 
Observatory and Lecturer of Mathematics at G8ttingen University. 
In la ter  years the greatest honor that  a G e r m a n  mathematician 
could have was to be appointed t o  the professorahip which Gauss 
had once held. 

Thla sectlon deals with Gauss's discovery of the known method 
of s m i n g  an arithmetic series. It dramatizes how some pupils 
(and mathematicians) apply insight to f ind ing  a ao lu t i on  to a 

problem. Your better students should be told t ha t  there are 
methods other than Gauaals for f inding the sum of a seriee of 
numbers. Some students might be encouraged t o  discover methods 
of their o m  for addfng number series quickly. 

The "middle number" method is one that  may be used. This 

scheme can be used for an even or an odd number of integers. The 

following examples may be used to explain this method a the 

students who have tried to discover other methods. 



In t h i s  s e r i e s  t h e  m i d d l e  number ( 4 )  is the average of t.he 

i n d i v i d u a l  numbers of the se r i e s .  The  sum is the product of t h e  

middle  umber (4) and the nu~nber of i n t ege r s  in the series o r  

4 x 7 = 25. 
Some pupils may p r e f e r  t o  t h i n k  of t h e  series as 

(1 + 7) + (2 + 6) + (3 + 5) + 4 = (4 + 4 )  c ( k  + 4) + ( 4  + 4) 
+ 4 = 7 ~ 4 = 2 8 .  
ExampleE. 1 + >  t 3 + 4 + 5 +  6 + 7  -1-8 = ?  

In this case t h e  "middle number" is halfway between h and 5, 
1 1 o r  . Then t h e  p roduc t  (%) x 8 = 36 is seen to g i v e  t h e  correct 

L 

Sum. 

It may seem more p l a u s i b l e  here to write t h e  sum as 

(1 + 8) + ( 2  + 7) + ( 3  + 6) + (4 + 5) = 

Clear ly ,  Gauss's method is t o  be p r e f e r r ed  in t h i s  c a s e .  

Answers to Exercises 1-3--page 6: - - -- - 
1. Another  method is this: 2 + 4 = 2 + 3 ,  1 + 5 = 3 + 3.  

T h a t  is, the sum is t h e  same as: 

3 + 3 + 3 + 3 + 3 = 5 ~ 3 = 1 5 .  

This c a n  be c a l l c d  t h e  "averaging method." 

2. E i t h e r  method works.  Gauss method: 8 x 5 .  
I?-- ' 

Averaging method: 5 x 4 = 20. 

16 x 8 3. = 6k. Here t he re  is an even number of quantities 
so t h a t  t h e  "averaging method" must be 
modified t o  g ive  8 e i & t f s  o r  8 x 8 = 64. 

11. (a )  1!. 

(b) 9 -  
( )  16. 
( d )  T h e  sum of the f i r s t  'In" consecutive odd numbers 

~ q u a l s  the square o f  "nu. 

( e )  64. 



8. Yes,  provided that  the numbefs are In arithmetic progrea- 
aion; that is, there 18 the same difference between each 
pair  of adjacent numbers, 

9, Yes. If we start with 1 there are 200 Integers in the 

series giving us v. If we s t a r t  with 0 there 

are  201 integers in the series g iv ing  us w. 
The products of like factors are equal. The method also  
may be used in a aerlee if we select a number other than 
1 or 0 as a starting point. Some of the better atudenta 
may investigate whether the method works in other number 
series, 

10. (a) If you add 1 t o  the quantity, the sum up to any 
number is equal t o  the next number. Hence, the 
sum plus 1 is equal to 2 256 s 512. Therefore, 

the sum is 511. 

(b) This is more In the s p i r i t  of Gauss: 
Sum = I + 2 + 4 + ... + 256 
2 x sum = 2 + 4 + ... + 256 + 512 - 

Subtracting: Sum = 511. 

11. Sum = 2 + (6 + 18 + .., + 486) 
3 x sum = 6 + 18 + ... + 486 + 1458 
Subtracting: 2 x ( the sum) = 1458 - 2 = 1456 
Sum, 728. 

1-4. Kind8 of Mathematics. -- 
Page 7. DiBcussion of t h i s  section should emphasize the dynamic 
character of mathematics. It is no t  a "dead" subject as many 
parents believe, 



It is i m p o r t a n t  a lso to p o i n t  out  here ( a n d  throughout  the 

course)  t h a t  c e r t a i n  important ingredients are commoli to a l l  t h e  

many varieties of  mathematics. The method of l o g i c a l  reasoning, 

the  use and manipulation of abstract symbols, t h e  i n s i s t e n c e  on 
p r e c i s i o n  of thought and clarity of  expression, the emphasls on 

genera: results--these are  some characteristics which need to be 

stressed whenever p o s s i b l e .  

Probability--page 9 : - - -  
T h i s  s e c t i o n  gives  only a v e r y  b r i e f  introduction to proba- 

bility. Although students may become interested a t  this p o i n t  and 

attempt more complex problems, it would bo b c t t e r  if they waited. 

A chapte r  on probability is i n c l u d e d  in V o l ~ u n ~  11. Some s u p p l e -  

mentary u n i t s  also are  available. 

Answers to Exercises 1-&--page 9 :  - - -r-- 2.  One ou t  of f o u r  o r  

1 3. One o u t  of  two o r  7. 
I 'I. One o u t  of 52 or q. 
- 4 1 

5. Four o u t  of 52 o r  52 - 3. 
The probability may be thought  of as a ratio of 

the number of pos s ib l e  favorab le  s e l ~ c  t i o n s  - 
5 e  t o t a l  number of a l l  p w e c t l o n s .  

The p u p i l s  should  be reminded t h a t  t o  say his chances  a re  

1 o u t  o f  13 does not mean that he will necessarily draw 
an  ace in t h e  f i r s t  13 draws. 

6. One o u t  of six. A d i e  has 6 s i d e s  and o n l y  o n e  side has 

t w o  dots. 

7 .  There are four possibilities In a l l ,  o n l y  one of whlch 
1 is favorable.  Hence the probability is T. 

8. One out of ?,6. The more advanced s t u d e n t s  should r eason  

t h a t  t h e r e  are 36 p o s s i b l e  combinations. A t a b l e  may b e  

cons t ruc t ed  t o  show t h e  possibilities. A possible diagram 

is t h e  following. 

[pages 8-9 1 



Since there i6 only one possible way of making two  ones 
1 the probability is 56. 

9. The p o s s i b i l i t i e s  are easily enumerated. 

Number of 
Possibi l i t ies  

1st d i e  

2nd d i e  

1 For 3 heads to come up, the probability l a  8. For 
3 exactly 2 heads the probability is 3 out of 8 o r g .  For 

1 at least two heads the chance is 4 out of 8 or -. Note 

2 4 1 

C 

that thla equals the probability of exactly two heads 6) 
1 plus the probability of 3 heads (B). 

3 35 

6 

5 

Class Activities 1-6 and 1-?--paps 13-14: --- 
The exercises suggested in Section 1-6 and Section 1-7 should 

be undertaken as year-long projects  t o  be reported on periodically. 
Much of t h i s  information would be good bulletin-board materisl. 
A general aim is to make the pupils alert t o  the current news 
relating to mathematics and mathematicians. A s  the year progresses 

they should gain an increasing appreciation of the important  r o l e  
mathematical thought is playing in our present civilization. 

The National Science ~oundat ion ,  Washington 25, D.C., pub- 
l i shes  pamphlets which contain fnformatlon on the number of 

mathematicians and where they are employed, 

5 36 

6 

6 

4 
Number of 
P o s s i b i l i t i e s  
1st coln 
2nd coin 

3rd coin 

[pages 13-14 I 

2 1 

6 

1 1 1 1 1 1 2 2 2 . . . 6  

1 2 3 4 5 6 1 2 3 . . . . 4  

5 
H H H H T T T T  
H H T T H H T T  
H T H T H T H T  

3 

7 

6 

8 

7 

9 ... 34 

8 
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11 

A survey of college requirements in the voca t ions  s tuden t s  

may choose should be especially valuable at this stage. We hope 

it may eaee the difficult task of effective guidance in choosing 
their  high school courses. 

One word of cau t ion  is perhaps warranted here. The purpose 

of these sections on mathematics today 1s to call a t ten t ion  to its 
central role in the pupil's daily life. The necessity for a mini- 

mum howledge of mathematics is to be stressed. It is n o t  the 
- - - A  

i n t e n t i o n  - t o  recruit people - for careers - as rnathernatlcians. - 

1-8. Mathematics - for Recreation. 
Page 15, Brlng out the fascination of mathematics as a leisure 

act lv i ty  or hobby. ncourage students in f inding  recreational 
mathematics from the booka available at school m d  from current  
magazines or rotogravure a e c t i o n ~  of newspapers. 

Choose auch problems now and then, throughout the year,  at a 

I time when the class needs a change of pace. These k i n d s  of  
problems can be used profitably with the class period before a 

I lengthy vacation. 
Dlseuasion of Kijnigsberg Bridges Problem. 

j - 
By experimenting you can show that it is impossible t o  pass 

i j u s t  once over every bridge if there are more than two p o i n t s  
i 
I where an odd number of routes  come together. Since there are 
t 
I 
., , - Pour p o i n t s  where an odd number of route8 come together, t h i s  
I make8 it impoesible to walk over each bridge once and only once. 

You may wish to consult the supplementary unit on the KGnigsberg 
Bridges f o r  further ideas. 

Answer - to Exercise 1-8--page 16: - -- 
1 The first figure can be drawn if you s ta r t  at either of 

the vertices where an odd number of segments come to- 
gether. The second figure has no such vertices so it 

can be drawn by starting at any vertex. The t h i r d  f igure  

has four vertices where an odd number of segments come 
together ao it cannot be drawn without l i f t i n g  your 
penci l  or retracing a line. 

[pages 15-16] 



1-9, Highlights of First-Year Junior  High School Mathematics. --- -- 
Page 16, This sec t ion  is intended to give the student a general -- 
overview of the scope of the first-year course in junior high 
school mathematics. It is intended to broaden h i s  ideas of mathe- 
matics by discussing very briefly the t o p i c s  that will be studied. 

This, together with the in t roduc t ion  of logical reasoning and 
probability earlier in t h i s  chapter, w i l l  help d i s p e l  the general 
idea that  mathematics is computation only. 

Reading this chapter again later in t h e  year may s t rengthen  
the student's understanding of what mathematics is, 



Chapter  2 

Introduction 
-- 

For t h i s  unit l i t t l e  background is needed except f a m i l i a r i t y  

w i t h  the nunher  symbols and the basic  operations with  numbers.  

The purpose of the unit is t o  deepen the pupilis understmding of 

the decimal notation f o r  whole numbers, especially with regard t o  

plzce value, and thus to help  him delve a little deeper  into t h e  

reasons for the procedures, which he already knows, for ca r ry ing  

out the a d d i t i o n  and multiplication operations. One of the  best 

ways t o  accomplish this is t o  cons ide r  systems of n m b e r  n o t a t i o n s  

us ing  bases c t h e r  than t en .  S ince ,  in using a new base, t h e  

pup i l  must necessarily look a t  the reasons for "carrying" and the 
other mechanical procedures  in a new light, h e  should  ga in  deeper 

insight i n t o  t h e  decimal system.  A cer ta in  amount of computation 
in o t h e r  systems is necessary to "fix1' these ideas, but such  

computation should n o t  be regarded as an end in itself. Some of 

the p u p i l s ,  however, may e n j o y  developing a c e r t a i n  proficiency 

i n  us ing  new bases I n  computing. 

Perheps the most important  reason for i n t r oduc ing  ancient 

s p b o l i s m s  f o r  numbers is to c o n t r a s t  them with our decimal system, 

in which not only t h e  symbol, but its p o s i t i o n ,  has significance. 

It  should be  shown, as c t h e r  systems are presented, t h a t  positlon 

has some s i g n i f i c a n c e  i n  them a l s o ,  The Roman System has  a s tar t  
in this d i r e c t i o r :  in that XL represents a different r?wriber f rom 

LX, but t h e  s t a r t  was s v e r y  primitive one. The Babylonians also 
made use of  p o s i t i o n ,  b u t  lacked a symbol f o r  zero until about  

200 B.C. The Babylonian  symbol '$2 If denoted the  absence of  a 

f l g u r e  bu t  apparen t ly  was n o t  used i n  computation. The numeral  

zero is necessary in a p o s i t i o n a l  system. In o r d e r  f o r  t h e  pupils 

t o  appreciate the important characteristics o f  ou r  system or 

writing numbers, t he  f o l l o w i n g  t a b l e  may be discussed. 



Pupils should not  be expected t o  memorize ancient symbolism. It 

is recommended that little time be spent on the use of the symbols 

themselves. 

It is espec ia l ly  important to distinguish between a number 

and the symbols by which it is represented. Some of the proper- 
ties usually connected with a number are really properties of I t s  

Egyptian 

hby lon ian  

Roman 

Decimal 

notatlon. The facts that ,  in decimal notat lon,  the numeral for 
a number d i v i s i b l e  by 5 ends in 5 or 0,  and that  has an unending 7 
decimal equivalent (0 .333 .  . . ) , are il1ust:rations. Most of the 
properties with which we deal are properties of the numbers 

themselves, and are entirely independent of the notation in which 
they are represented. Examples of such properties or numbers are: 
2 + 3 = 3 + 2; the  number eleven is a prime number; and six is 
greater than five. The d i s t i n c t i o n  between a nunber and the 

no ta t ion  In which it is expressed should be emphasized whenever 
there I s  opportuni ty .  

A n  attempt has been made to use "number" and "numeral" wlth 
precise meaning in the text .  For example, "numerals" are wrftten, 
but "numbers1' are added. A numeral is a written symbol. A number 
is a concept. Later In the tex t  it may be cumbersome t o  the 
point of annoyance to speak of "adding the numbers represented 
by the numerals written below." In such case the expression may 
be elided to "adding the numbers below." 

At several points, numbers are represented by collections of 
xis. Exercises of this kind are important, because they show the 
r o l e  of the base in grouping the x 's ,  as well aa the significance 

of the d i g i t s  in the numeral for the number. 

Base 

Ten 

Sixty 

Varied 

Ten 

Place Value 

No 

Yes 

No, but it has  
posit ional  value 

Yes 

Zero 

No 

Llrnited 
meaning 
No 

Yes 



Suggested T i m e  Schedule 

It is important that only enough time be spent on the  var ious  

sections to secure the understandings desired. The h i s t o r i c a l  

symbols themselves are  n o t  Important. Nei ther  a re  the numerals in 

o t h e r  bases valuable in themselves, but  t h e  Ideas tha t  they h e l p  

to c l a r i f y  are important. 
Familiarity with the s u b j e c t  matter is an important f a c t o r  In 

a smooth presentation, Teachers report that a second experience 

with this material is much easier than the  f irst .  The lesson 

moves more rapidly, apparently, as the teacher gains confidence 

in the  s u b j e c t  matter presented. 
Homogeneously grouped classes undoubtedly will a l t e r  the 

suggested schedule since the more able  students can complete the 
chapter in less time while l e ss  a b l e  s tudents  may require a consid-  

erably longer  per iod o f  time on various s e c t i o n s .  The following 

schedule may then be adapted to l o c a l  needs, taking into c o n s i -  

deration t h e  length of class per iods and o the r  f a c t o r s .  It 

should be remembered that extra time spent on this chapter will 

necessarily reduce t h e  number o f  days available f o r  l a t e r  important 

chapters .  
Sections Days 

1 1 

2 1 

3 1 - 2 

4 2 

5 
6 

7 
8 

9 
Tes t  

T o t a l  15-16 

Fif teen to s ix teen days should be s u f f i c i e n t  f o r  the  chapter and 

a t e s t  on the chapter. 



2 -1. His tory of Numerals. 
P a ~ e  21. The purpose of the historical material is t o  trace the 
continuing need f o r  convenient symbols and for a useful way of 

writlng expressions for numbers. The idea of "one-to-one" cor re-  
sporrdence is introduced. It I s  developed later and should not  be 
defined here where the emphasis is upon numerals rather than upon 

number. Egyptian symbolism is Introduced to familiarize the 
pupils w i t h  one of the first Important systems of notation. Do 

not consume an excessive amount of time in discussing the Egyptian 
or Babylonian systems. 
Page - 22,  The Babylonians were among the first t o  use place value. 
The base sixty system is mentioned because of later reference to 
ft, particularly In measurement. There is evidence that the 
Babylonians also used symbols like 0 3  but there is no need to 
introduce these to the pupils. No pupil should be required t o  

memorize ancient symbolism except in the case of Roman numerals. 
Paue 3. The Roman system may be stressed because of i t s  c o n t h -  
ued use. Note that the subtracting prfnciple was a late develop- 

ment. It may be pointed out that computation in ancient symbolism 
was complex and somet?mos very d i f f i c u l t .  Because of this, 
various devices were used, such as the sand reckoner, counting 
table, and abacus. After decimal numerals became known, algo- 

rithms were devised and people were able to calculate with symbols 

alone. There was much oppoaltlon In Europe to the introduction 
and use of Hindu-Arabic numerals, especially on the part of the 
abaclsta. As the new system became accepted, the abacus and 
other computing devices slowly disappeared in Europe. 

Answers to Exercises 2-1--Page - 24: 

9 9 9  n n n  
$ 9 9 ~  nnn 

3 8 9  

[pages 21-24] 



3 .  (a) 200,105 (4 1029 

(b) 2052 (d) 1,100,200 

( e )  666 
( f )  500,000 

( g )  1492 

7. (a) XIX ( d )  MDCXC 

(b) Lm.1 (4 fl 
(c  ) DCCCLXXXVIII (f) rv 

9.  (a) No. Since X represents a smaller number than C, 

XC means 100 - 10 or 90 while CX means 100 + 10 o r  
110. 

( b )  Yes, since the position indicated whether t h e  

numbers are to be added or subtracted. 

10. (a) Three. 

(b) One hundred eleven. 
(c) In the Roman system, the symbol shows the number 

of units to be added while  our  system shows the 
number of Froups and each group has a dif ferent  

number of units. The decimal system i n v o l v e s  place 
value while the Roman system does not. 

11. ( a )  1709 
65'r 

(b) 2640 
14 08 - 
4048 or MMMMXLVIII 



2-2. The Decimal System. 
P a ~ e  26, The Illustration of grouplng in tens suggests a method 

useful in mental calculation as 37 + 62 is 3 tens + 6 tens + 7 + 2 

which I s  99. Note that  parenthesea are used t o  ahow that certain 
combinations are to be considered as representing a single numeral 
In a later chapter a different uae of parentheses w i l l  be dls -  

cussed in greater detai l .  lkphasize the value represented by a 
d i g i t  and the  value of position in decimal notat ion.  

Rnphasize the importance of the Invention of a useful system 
which lends itself easily to calculation. The efficiency of the 
decimal system lies in a combination of factors. 

1. Only a few symbols are needed, no matter how large or 
small the number expressed. Some students may observe 
that we use ten symbols while the Babylonians used j u s t  

two and the Egyptians and the Romans each used 7. How- 
ever, in the decimal system no additional symbols are 
ever needed as larger numbers are Introduced; this I s  

not  true of the other systems. 
2. Place value in which each position corresponds to a 

power of the base is of importance In a aystem used f o r  
calculation. 

3. The concept of zero as a place holder Is essential in the 
development of a place value system. 

Page 28. The reading and writing of numerals may be treated a8 a 

review, or if needed, as a thorough study, depending on the needs 
of pupils. Some pupils may know and understand this material 
completely. Others may have a very l imi ted  proficiency in this 
area. 

A class discussion might deal with the Following: 
Suppose we used systematic names f o r  numerals such as " two 

tenst1 for twenty, "two tens, one" for twenty-one, "ten, one1' for 

eleven, and ' ' ten, two1' f o r  twelve. How many different,  basic 
words would be needed to name a l l  counting numbers up t o  a 

t r i l l i o n ?    eme ember tha t  a numeral like "one hundred, three t e n s ,  
sixN is made up of basic words used many times in other numerals. ) 
There are f i f t e e n  essential words: "one, two, three,... ..., ten, 

[ pages 26-28 I 



, thousand, trillion. " 

to memisea 2-2. Page 2% - 
Ten; 0 ,  1, 2, 3,  4, 5, 6, 7, 8, 9 .  
(1) units, (2) tens, ( 3 )  hundreds, (4 )  thousands, 
(5 )  ten thousands, (6) hundred thousands, (7) mllll 
(8) ten millions, (9) hundred m i l l l o m  . 
( a )  three hundred. 
(b) three thousand five. 

( c )  seven thouaand one hundred n h e .  
(d )  fifteen thowand fifteen. 
(e)  two hundred thirty-four thousand. 

(f) s l x  hundred elght thowand fourteen. 
(g) one hundred thousand nine. 

(h) four hundred t h l r t y  thouaand one. 

(I) nFne hundred nlnety-nine thousand nine hundred 
ninety-nine. 
( ~ o t e :  Only the tens numbers are hyphenated, a8 
'twenty-three" , e t c  . ) 

4. (a) seven million thirty-slx thousand two hundred 
ninety-eight. 

(b) nFne trillion three hundred billion seven hundred 
eight million ffve hundred thousand. 

( c )  twenty billlon three hundred million four hundred 
thowand five hundred. 

(d) nine hundred b i l l i on .  

5. (a) 159 
(b) 503 
(4 6857 
(d) 3,070,013 

(e) 4,376,007,000 
(f) 20,010 

(8) 9,015,200 
6 99,999 means ( 9  x 10,000) + (9 x 1000) + ( 9  x 100) + 

(9 x 10) + (9 x 1) 
nlnety -nine thousand nine hundred nlna tv-nhe 



7. 100,000 means (1 x 100,000) + (0 x 10,000) + (0 x 1000) + 
(0 x 100) + (0 x 10) + (0 x 1). One hundred thousand. 

2-3. Expanded Numerals Exponential Notation. 
P a ~ e  30. Exponents are introduced here in a situation which 
shows clearly t h e i r  usefulness for  concise notation. Purfher- 
more, the i r  use serves to emphasize the r o l e  of t h e  base and of 
pos i t i on .  This role w i l l  be more fully ut i l i zed  in the sections 
to follow. 

The Celts and Mayans used twenty as a base probably because 
they used their toes as well as their fingers in counting. The 

I t  special name sometimes used For twenty is "score. Sane Eskimo 
tribes count by five using the fingers of one hand, 

Answers to Exercises 233. Page 21. 

1. Ten to the first  power, t en  to the second power (or ten 
square), ten to the t h i r d  power (or ten cube), t en  to 
the fou r th  power, ten to the f i f t h  power. 

2. (a) 35 (4 56 

( d l  2 d  (h) 16l 

3 .  (a)  three (d) ten 
(b) seven 
( c )  two 

( e )  A n  exponent of one indicates 
the value of the base. In 
a strict sense this 5 is not  
a f a c t o r .  

( s )  five 
4. (a) 4 x 4 x 4 

( b l  3 x 3 x 3 x 3  
( c )  2 X 2 X 2 X 2 X 2 X 2 X 2 X 2  

(d )  10 x 10 x 10 x 10 x 10 x 10 x 10 

( e )  33 x 33 x 33 x 33 x 33 
(f) 175 X 1 7 5 X 1 7 5 X 1 7 5  X 1 7 5 X 1 7 5  

5. The exponent t e l l s  how many times the base i s  taken as 

a f a c t o r .  



(a) 3 x 3 ~ 3 = 2 7  
(b) 5 x 5 = 25 
( c )  4 x 4 ~ 4 ~ 4 - 2 5 6  
(d) 2 ~ 2 X Z X 2 X 2 = 3 2  

( e )  6 x 6 = 36 
(f) 7 x 7 x 7 = 343 
( g )  8 x 8 = 64 

(h) 9 x 9 = 81 

(I) 10 x 10 x 10 = 1000 

( J )  3 X 3 X 3 X 3 = 8 1  
(k) 2 x 2 x 2 x 2 x 2 x 2 = 6 4  

(1) 4 ~ 4 x 4 ~ 4 ~ 4 = 1 0 2 4  
4 (a) 4) means 64. 3 means 81.. 
2 (b) 2' means 512. 9 means 81. 

(a) (4 x lo2) + ( 6  x lo1) + (8  x 1) 

(b) ( 5  x id) + (3  x lo2) + ( 2  x lo1) + ( 4  x 1) 

(a)  ( 5  x lo4) + (g x id) + (1 x lo2) + (2  x lo1) + (6 x 1) 

(e) (1 x 105) + (O x lo4) + ( g  x id) + (1 x lo2) + 

ten  b i l l i o n  

one billion 
one hundred million 
ten million 
one m i l l i o n  
one hundred thousand 

ten thousand 
one thousand 
one hundred 
ten  

11 The exponent of the base 10" tells how many zeros are 
written to the right of the "1" when the numeral is 
written in the usual way. 



11. (a )  ld (b) 105 ( c )  lo6 (d )  lo8 
12. (1t may be pointed out to the pupils tha t  1 100 

is 1.) 

13. 100, 10, 1. Some discussion m i g h t  be devoted to the 
0 meaning given to 10 . This poin t  need not be stressed 

at this t h e ,  but I t  w i l l  be used i n  l a t e r  chapters. 

2-4. Numerals i n  Base Seven. - 
Page z, The purpose of  teaching systems of numeration In bases 
other  than ten  is not to produce facility i n  c a l c u l a t i n g  with 
such systems. A study of an unfamiliar system aids in under- 
standing a f a m i l i a r  one, just as the study of a foreign language 

aids us in understanding our own. The decimal system is so 

f a m i l i a r  that its structure and the i deas  involved I n  its algo- 
rithms are easi ly  overlooked. In this section attentfon is 
focused on numerals, rather than on numbers. 
Page 2. Questions may arise about the notation for a numeral 
to base seven. We do not  wrlte ''157" because the symbol "7" does 
not occur i n  a system of numeration to this base. Replacing the 

numeral by the written word emphasizes this f ac t .  
Iater  in the chapter and in succeeding chapters, some classes 

may agree to indicate the base, as dlfferent systems of nwneratlon 
are introduced, by a numeral In decimal nota t ion .  They may agree 

that they w i l l  regard the subscript in this case as alyays based 
on ten. Thus they may write for 25seven the expression 25?; for 

latwelve the expression g12; and for llOtwo, 1102 
After the pupils have had pract ice  in grouping by sevens, 

introduce counting. Fuplls enjoy counting in turn, and helping 

each o the r  as 30seven, 4oseven9 and l l k e  numerals arise .  Have 
them fill in missing parts of the l i s t  on page 35 orally with 
perhaps a recorder at the board. 

[pages 31-34] 
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Numerals ( i n  base seven) from 21seven 202seven 
30 40 50 60 loo 110 120 130 140 150 160 200 

21 31 41 51 61 101 111 121 131 141 151 161 201 
22 32 42 52 62 102 112 122 132 142 152 162 202 
23 33 43 53 63 103 113 123 133 143 153 163 
24 34 44 54 64 104 114 124 134 144 154 164 
25 35 45 55 65 105 115 125 135 145 155 165 
26 36 46 56 66 106 116 126 136 146 156 166 

I At 66seven you may wlsh to say: "This is the number of 

1 states we had in the United Sta tes  before Alaska became a state. 

I How many states d i d  we have af te r  Alaska and before Hawaii? How 

1 shall we write this number in base seven numerals? We have gone 

I as high as we can in the lonet place and in the 'seven1 place, 
What is one more than 66s,ven What do you do when you reach 99 

I in the declmal system?" When the pupils understand that after 
ft 

66seven comes li3sE,,,, ask them, How many states are there when 
; we Include Hawaii7 Pupils may read 101,,,,, as "one, zero, one, 

base seven. " 
Have the pupils contfnue t o  count orally u n t i l  they reach 

*O2seven. 
It is usually helpful to keep the chart on page 35 on the 

board during the time this section is studied. Some teachers 
emphasize the meaning of exponents by writing the chart  in t w o  

ways : 

seven 4 seven 3 

(seven x seven x seven x seven) (seven x seven x seven) 

seven 2 

( seven x -seven) 
seven 1 

( seven) 

one 

(one) 

It 1s suggested that alternate exercises in this list be 
discussed and answered in class as a group undertaking. The 
pupils should then be ready to attempt the remaining exerclsea 
without fu r the r  help. 



Answers - to Exercises G. Page z. 
1. ( a )  13seven 

N x x J  X X X  

X X X X X X X  
X X X X X X X  
X X X X X X X  
X X X X X X X  
X X X X X X X  
X X X X X X X 
X X X X X X  4 

3 .  ( a )  ( 3  x seven) + ( 3  x one) = 24 

( b )  ( 4  x seven) + (5 x one) = 33 
( c )  (1 x seven x seven) = 49 
( d )  ( 5  x seven x seven) + (2 x seven) + ( 4  x one) = 263 

5.  (a) 560seven The 6 means 6 sevens 

(b) 56,even The 6 means 6 ones 

('1 605seven The 6 means GIseven x seven)'s or 
6(forty-nlne)fs 

( d )  6O5oseven The 6 means 6(seven x seven x sevenj's 
o r  6( three hundred for ty- three  ) 

6 .  seven4 or seven to the f o u r t h  power 

7. The product of 9 sevens  or ( ~ ~ 1 ,  

8m 132seven 



Neither. They are equal . 
(a)  Yes. joten = ( J ~ ~ ~  x ten) + (0 x 1) 

(b) No. When 241ten is div ided  by lot,, there is a 

non-zero ~emainder. 

( c )  If the units d i g i t  i a  zero the number i s  d i v i s i b l e  

by ten; otherwise i t  is not d i v i s i b l e  by ten. 

3Oseven = 21ten is not d i v i s i b l e  by ten. 

6Oseven = 42ten is not  d i v l a l b l e  by ten. 

(a) It has a remainder of zero when divided by seven. 
(b) Yes. ( 3  x seven) + (0 x 1) is d i v i s i b l e  by seven; 

Remainder is 0. 

No. (3  x 7) + (1 x 1) = 22 Is not divisible by seven. 
A number written in base seven is d i v f a i b l e  by seven 
when the units diglt is ze ro .  
2hten and 6aten are d i v i s i b l e  by two. A number not  
d l v l s i b l e  by two is ca l l ed  an - odd number. A number 

d i v i s i b l e  by two is cal led  an even number. 

''seven is even. 
No; you cannot tell merely by glanclng at the numerals. 
You could tell by converting each number to base ten. 
There I s  another method which I s  aharter and has much 
value in teaching d f v i s i b i l i t y  ideas; I t  may be a b i t  

advanced for grade seven. For example, 

12seven 5 ( 1 x 7 )  + ( 2  x l )  = 1 x  ( 6  i-1) i - ( 2  ~ 1 )  

= (1 x 6) + (1 x 1) + (2 x 1) 

= (1 x 6 )  + ((1 + 2) x 1) 
The first; term is d i v i s i b l e  by two but the second term 
is not d i v i s i b l e  by two; hence the sum is not  d i v i s i b l e  
by two. Note that the d i g i t  in the units place of the 
las t  expression in the display L + 2, is the sum of 
the  d i g i t s  of  12seven and this sum is not d f v i s i b l e  by 
two. This I s  a general rule f o r  base seven numerals. 



19. They use seven symbols and seem to have a place value 
system with base seven. They appear to use I, L , A ,  - 
0 ,  19, m, for 1, 2, 3 ,  4, 5 ,  6and f o r z e r o .  

LL  fo l lows  L( . 
20. See discussion problem 18. 

2-5. Computatfon --- in Base Seven. 

Page a. Be sure that pupils understand the construction of the 
addition table fop base ten. 

Addition, Base Ten 

Pupils should be helped t o  observe the symmetry of the table 
with respect to the diagonal. They all notice that 8 + 6 = 

6 + 8 ,  f o r  example,and that t h i s  is true f o r  any pair of numbers. 
Uter they will learn that this l a  the comutat ive  property of 
addition. It is suggested that the word commutative not be used 

at this time. 
If puplls h o w  the facts, no time should be wasted on the 

table after its characterlstlcs have been discussed. 



There is no value in memorlzfng t h i s  table. The process is 
more important than the facts .  The point to be emphasized is that 
numbers and number properties are independent of the numerals or 
symbols used to represent the numbers. Commutativfty holds in 

base seven as well as base ten  because it is a property of numbers, 
not numerals. 
Answers Exercises 2-5a. 

1. ( a )  11 (b) 17 
3. (a )  yes 

(b) By reading each result from the table and noting 
results. 

( c )  Chart is symmetric with respect t o  the diagonal. 
(d )  55 different combinations; j u s t  a bit over half 

the t o t a l  number of combinations. 
5.  (a) 28 different comblnatlons. Fewer than 49 because 

of the commutative law of addition. 
(b) In base seven because there are fewer. 
( c )  They are equal since 9 = 12,,,,,. 

Addition in base seven is undertaken to clarffy addition in 
decimal notation. Some of the newer elementary school textbooks 
prefer to use the word "change1' OP "regrouptt rather than llborrow" 

since the first two words seem to describe the actual process 



better than the last. 

Point  out to the pupils that in adding in base ten It is 
often necessary to regroup ten ones as one t en ,  whereas in base 
seven we regroup seven ones as one seven. 
Page 42. As pupils use the table in subtraction, they may observe 
that subtraction is the inverse of addition. 

Some of the exercises i n  addition and subtraction are  written 

in horizontal fashion in preparation for future work i n  algebra. 

Answers to Exercises 2-5b--Page 43. - 
1. (4 56seven ( P) 1553,,,,, 

(19 + 22 = 41) (327 + 299 = 626) 

[pages 40-43 1 



(319  - 37 - 282) (136 - 97 = 3 9 )  

(4 @ X X (4  

X X X  

Multiplication, Base Ten 

Answers to Exercises 2-5c, Page h 5 .  - 
1. Study of thla table should emphasize the following: 

(a) The product of 0 and any number I s  zero. 
(b) The product of 1 and any number l a  the number 

Itself. 

[pages 43-45] 



2. The order in rnultlplication does not  affect the product. 
This Is indicated by the fact that the p a r t s  of the 
table  on opposite sides of the diagonal line are al ike .  

Multiplication, Base Seven 

Study of th la  table is valuable for the additional ineight It 
affords i n t o  the understanding of multiplication. There is 
no value in memorizing it. The table may be used to emphmize 
that division is the fnverae of multiplication. 

. Since multiplication combinations are needed only up to 
6 x 6 instead of up to 9 x 9, multiplication is easier 
to learn in base seven than in baa@ ten. 

5. (a) Both parts are a l i k e .  

(b) >seven 'seven 
= !$ 

seven this is an lllus- 3seven' 
tration of the f a c t  that m u l t i p l l c a ~ i o n l s  commutattve. 

Page 9. Since division is the most demanding operation, it I s  

suggested that teachers regard the  topic as opt ional  and do only 
as much as they judge appropriate, in c lass  dlscuasion. Pupils 

may need help in learning how to use the multlplfcatlon table to 
f i n d  d i v l s i o n  facts. EScerclses are included for those pupils who 

[pages 44-47] 



- - 
wish to attempt them. 

Working w i t h  base ten and base seven numerals, using the 
tab les ,  and changing from base seven to base ten,  provide many 
opportunities f o r  needed d r i l l  in the fou r  operations. Teachers 

may wish to observe the kinds  of d r i l l  needed and to dev5;e 

additfonal exercises of the appropriate type. 

Answers to mercises 2-5d. 

1. (4 45,,,,, (f) 443?115,,,,, 

(b) ***seven ( g )  106, 533seven 

( c ) 1116s even (h) 5,511,4269even 

( d 1 3325,,,,, (i 1 125 15Oseven 

( e )  3464 seven ( J )  1,660,101seven 

2. ( a )  5seven 

(b) 62seven 

('1 421seven w i t h  a remainder of 2seven. 

123,,,,, with a remainder of 12seven. 

3 .  (a) ( 4  x 7 x 7 )  + (0 x 7 )  + (3  x 1) = 19gten 

(b) (1 x 10 x 10) + (8 x 10) + ( 9  x 1) = 18gt,, 

7. Room 123; book 7; 15 chapters; 394 pages; 32 pupils; 
5 days; 55 minutes; 13 girls; 19 boys; 11 years old; 
66 inches or 5 feet 6 inches tall. 



2 Chan~inq from Base Ten to 383e Seven. 
Page 48. Pupils in general find it easier to change from base 
seven to base ten  numerals than the reverse, This section gives 
much detail in order to provide help to pupils who may have 
trouble. 

Ask fo r  the highest power of seven which is contained in 
the number given in base ten numeration. For example, consider 

4 3 63Sl0. Is 7 or (2401~~) contained in 63410? Is 7 or (34310)? 
After we have taken as many 343101s as possible from 63410, how 
much remains? The next power of 7 is 72. How many 491015 are 
contained in 29lI0? Final ly ,  how many 7 ' s ,  and how many 1's are 
le f t?  

Page 2. A aecond method of changing from base ten to base seven 
numerals is developed In Exercises 3, 4, 5 on Page 51. 

10 p958 
10 remainder 8 
10 remainder 5 
10 remainder 9 The r~umber 1s 1958 

0 remainder 1 

7 
7 remainder 6 
7 PO remainder 4 The number is 1346 base seven 
7 1 ~emainder  3 

0 remainder 1 
Some pupils w i l l  see that the 6 ones are found ffrst when 

74 groups of 7 are taken away. These groups of 7 are then put 
together in groups of 7 sevens with 4 groups lef t  for the numeral 
in the 7 place. The process is repeated to f ind  the d i g i t s  f o r  
successive places in the numeral. 

Answers - t o  Exercises - 2-6. - ??. 1. (a)  50ten = (1 x seven ) + (0 x seven) + (1 x one) 

2 
(b) 145t,, = (2 x seven ) + (6 x seven) + ( 5  x one) 

3 2 ( c )  1024t,, = (2 x seven ) + ( 6  x seven ) + (6 x seven) i- 

(2 x one) = 2662,,,,, 

[ pages 48- 51 3 



Q = 74 ~ = 6  52hten = 134'8even~ the 
Q = 10 R = 4  digits of the base seven 

Q =  1 R = 3  numeral are the remainders ' 

Q = 0 R = l  which have just been obtained. 

Divide by seven and continue to d i v i d e  each quotlent by 

seven. The d i g i t s  in the numeral sought w i l l  be the 

remainders in order with the first remainder in the 
"one" place. 



2-7. Numerals in Other Bases. --- 
P a ~ e  52. Bring out the idea that the base of the system that  we 

II use I s  ten" for historical rather than mathematical reasons. 
Some mathematicians have suggested that a prime number such as 

7 has certain advantages. The Duodecimal S o c l e t y  of America, 
20 Carlton Place, Staten Island 4 ,  New York aupports the adoption 
of twelve as the best number base. Information about the duo- 
decimal system I s  furnished by this society on request. Exercises 
in othep number bases help establish an understanding of what a 

positional, power system of numeration is. 

Answers 5 Exercises 2-7_. Page &. 
/--------- - -- 

(a )  2 groups of three and 1 left over. 
(b) No. Only the d ig i t s  "On, "l", and "2" are used 

in the base three system. "5" l a  not one of these. 
2 

( c )  (& group of three ) + (2 groups of three) + 
(1 - left over). 
16ten = l2lthree' 

4. (a)  two (b) two ( c )  two (d)  two 

'8ase Ten 
Base Five 

Base Ten 
Base Five 

11 
21 

21 
41 

13 
23 

23 
43 

12 
22 

22 
42 

14 
24 

24 
44 

15 
30 

25 
100 

16 
31 

26 
101 

17 
32 

27 
102 

18 
33 

28 
103 

19 
34 

29 
104 

20 
40 

30 
110 



5 .  ( a )  ( 2  x 36) + ( 4  x 6) + ( 5  x 1) = 101 

(b) ( 4  X 25) + (1 X 5 )  + (2 X 1) = 107 

( c )  (1 x 27) + (0 x 9) + (0 x 3 )  + (2 x 1) = 29 

(d) (1 x 64) + ( 0  x 16) + (2 x 4)  + (1 x 1) = 73 
Other answers are acceptable, I. e .  , (2  x 62) + ( 4  x 6l) + 
( 5  x 1). 

6. Base Ten Base Sfx Base Five Base Four Base Three 

(a)  11 15 21 23 lo2 

(b 1 15 23 30 33 120 

( C  ) 28 44 103 130 1001 

(a 36 100 121 2 10 1100 

7 .  Two. The binary base. With only one aymbol it would 
be impossible to express both zero and one. 

9. The new system is in base four. 



2-8. The - B l n a q  and Duodecimal Systems. - 
Page 56. Junior high school pupfls a r e  o f t en  intr igued by a more 
extended discussion of computers than is found in the t e x t .  This 

is something you m i g h t  br lng  o u t  in classroom discussion. For 

example, you might say, "NOW that we have seen how a row of 
lights may be used to represent a number using the  binary system 

of nwneratfon, how m i g h t  we design a simple adding machine?" 

It is unimportant and quite beside the point, at thls stage, 

for the pupil to be concerned with t h e  e l e c t r l c a l  problems of 
design. He can, however, dlscover what such a machine might look 
l i k e  and what it must do, In the process he may galn some under- 

standing of the f a c t  that the binary system of numeration enables 
one t o  reduce computational problems t o  purely mechanical and 

e l e c t r l c a l  ones in a rather slmple way. 
Suppose we wish to des ign  a machine to add any two numbers 

whlch can be written In the binary scale  with no more than 5 
d i g i t s .  We will need three rows of lights. 

c O00G00 

[pages 54-56 1 
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The numbers to be added w i l l  be entered i n t o  the machine by 
turning on approppiate lights in rows A and B. The sum is to 
be shown in Row C. The switches which operate the lights in 
Row C are t o  be wired In such a way that they a r e  activated 
by the lights In rows A and 3. Our task is to deacrlbe just 
when a light in Row C is to be on and when it I s  to be off. 

Consider a few simple addition problems, and observe how 
they appear both in binary numerals and i n  llghts. Suppose we 

wiah t o  add 10IOt, and lootwo 

.LUAU two n VwWw 

l o o t w o  

A A l V  two 

From this problem we can recognize two requirements for  the 

' wlring of our machlne. 
I. In a given column, if the lights in both Rows A and 

3 are off then the light in that column In Row C 

should also be off .  
2. In a given column, if one of the t w o  l ights  in Rows A 

I 
and 3 is on then the llght in that column in Row C 

should turn on. 
Now consider what happens when we add 10lltwo and 10ltwo. 

f l  Here we need to "carry, and our machine is not equipped to do 
this. It doesn't mow what to do if two lights In a given 

!1 column are on. We need one more r o w  of lights; a carrying row." 
The machine must look l i k e  this: 

with Row X used only for carrying. The second addition looks 
l i k e  this: 



When - we turn on lights in Rows A and 3 as shown, the 
indicated lights in Rows C and X must turn on automatlcally. 
' I l~us we see a third requlrement for our wlring. 

3 If, in a given column, any - two lights I n  Rows A, B, 
or X are on then the light in Row C will remain off 
and the light in Row X in the column m e d i a t e l y  to 
the  le f t  will turn on. 

Requirement 3 says that if we have 

then we must have 

Finally, we have 
4. If, in a given c o l m ,  a l l  the lights in Row8 A, B, 

and X are on, then the light in Row C must go on 
and also the l ight  in Elow X of the column immediately 
to the left is t o  go 'on. 

The addition 

lol two 

would appear on the machine aa 
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x 0.e.. 
A o.... 
B 00.0. 
c 0.0.00 

and the sum 101OOtw, would appear in Row C of l i g h t s  almost as 

soon as we had entered the numbers llllt, and 10ltwo in Rows A 

and B. We have designed an adding machine In the sense t h a t  
requirements 1, 2, 3 and 4 - can be b u i l t  into a box with the re-  
quired rows of lfghts by means of switches and relays. The 
Fmportant thing f o r  the pupil  a t  this stage is not  the electrical  
problem, itself, but the knowledge that the binary system of 
nota t ion  makes it poss ib le  to reduce computational problems to 

purely mechanical and electr ical  construction in thls rather 
simple way. 

As an extensfon of the  discussfon, you might ask how we 

might use - two of these addlng machines to build a new machine 
f o r  adding three numbers together. If we use the notation 

to Indicate two lights wired so that they are always 
lfghted or unlighted together, then such a machine could be 
diagrammed as fo l lows  

If each of the smaller boxes within the larger box is an 
adding machine of the type described above then the large box 
is a computer which w i l l  add trlples of numbers. If the binary 
numerals of the numbers are entered in Rows I, I1 and 111, the 
sum appears in the bottom Row C. 

[page 561 



The use of binary notation in high speed computers is, of 
course, w e l l  known. The binary system is used for computers aince 
there are only two digits, and an electric mechanism I s  either 
II on" or "off . " Such an arrangement is called a f l ip- f lop  

mechanism. A number of pamphlets dfstributed by IBM, bmington 
Rand, and similar sources may be obtained by request and used 
for supplementary reading and study. "yes No - One zero" pub- 

l ished by Esso Standard O i l  Co., 15 West S l s t , ,  New York 19, 
Mew York is available f o r  the asking only in states served by 
Esso. 

It ahould be of interest that the s m  11001 + 110 looks the 
same in the binary system, decimal system, and, In fact,  a l l  
positional number systems. The meanlng, however, I s  quite dif- 

f erent . 
The base two has the disadvantage that, while only two 

different digfts are used, many more places are needed to express 
numbers in binary notation than in decimal, e.g., 

2000t,n = l l , l l l , O 1 o , O O O ~ w o  

Pupils may be interested in the reminder method f o r  changing 
a number from one base to another. This method of changing 25ten 
to binary notat ion rests on repeated diviaion by 2, t o  Identify 
the powera of 2 whose sum is 25. To change 25ten to base three, 
repeat divlsion by 3; to base four, divide by 4; am? ao on. 

The division is shown below for changing 25te,to binary 
notation, followed by an interpretation of the results of the 
diviaion a t  each stage.  It w i l l  be noted that the remainder8 
in reverse order lndfcate the dig i t s  in binary numePsls. 
Recall that 2' = 1. 
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Here is a s e t  of cards which can be used in a number trick. 

Uslng the first four cards, tell a person to choose a number 

between 1 and 15, to pick out the cards containing that number and 

to give  them to you. By adding the numbers at the top of the 

cards he gives you, you can tell him the number he chose. Note 
t ha t  the numerals at the top of the cards represent the powers 

By using a l l  flve cards, you can pick out ra~nerals from 1 to 
31. The t r i c k  is based on the application of  the binary numerals. 

Xf you have a peg board and some match sticks, you can 

represent base two nunerals on the board. Leave a hole blank for 
0 and put in a match stick for one. Represent two numbers on the 
board, one below the other, and try adding on the board. 

The twelve system uses t w o  dlgfts more than the decimal 
aystem. From some points of view twelve is a better choice for 
a base than ten. Many products are packaged and sold by the 

dozen and by the gross. Twelve is d i v i s i b l e  by 2, 3, 4, and 6 
as well as by 12 and 1. Ten is d i v i s i b l e  only by 1, 2, 5 ,  and 
10. Because it employs a larger base, large numbers may be 

i 
I represented in base twelve with fewer digits than smaller bases 

; require. For example: 

ToEtwe l v e  = 1451ten 



Answers - t o  Ekepcises 9. Page 58. 
1. 

There are only four 
addition Pacts!' 

3 .  Multiplication, Base Two There are only four multi- 
plication'kacts!' The two 

tables are not alike, ex- 

cept that 0 + O and 0 x 0 
both equal 0. 

; B a s e t e n  
Base two 

The binary system I s  very slmple because there are 
only four addition and r o w  multiplfcation "facts" to 
remember. Computation is simple. Writing large 
numbers, however, is tedious. 

4. (a)  Illt, = (1 x two2) + (1 x two) + (1 x one) = 7 

(b) ~ o o o ~ ~ ~  = (1 x two3) + ( O  x two2) + (O  x two) + 
(0  x one) = (1 x d )  = 8 

10 

1010 

0 

0 
7 
111 

(4 10IOltwo 
4 = (1 x tro + ( O  x t d )  + (1 x two2) + 

4 
( O  x two) + (I xone)  =(l x 2 ) + (I x $1 

1 

8 
1000 

9 
1001 

1 2  

10 
3 
11 

4 
100 

5 
101 

6 
110 



4 2 
( d )  llOOQt, = (1 x two ) + (1 x two3) + (0 X two ) + 

4 
(0 x two) + (0 x one) = (1 x 2 ) + 

: (1 x 2)) = 24 

; 4 2 (4 loloot, = (1 x two + (O two3)  + (1 x two + 
4 

(0  x two)  + (0 x one) = (1 x 2 ) + 
2 

(1 x 2 ) = 20. 

6 .  408 
2 

7. (4 llltwelve = (1 x twelve ) + (1 x twelve) + (t x one) 

= (1 X 144) + (1 X 12) + (I x 1) = 157 

9. (a)  

(b 1 
10. (a) 

(b 1 
11. ( a )  

(b 1 

2 
3T2twelve = (3  x twelve ) + (T x twelve) + (2 x one) 

= ( 3  x 144) + (10 x 12) + (2 x 1) = 554 
2 

'TEtwe lve = ( 4  x twelve ) + ( 7  x twelve) + (E x one) 

= ( 4  X 144) + ( 7 X 12) + (11 x 1) = 671 

t we l v e  - (T x twelve2) + (0 x twelve) + (E x one) 

= (10 x 144) + (11 X 1) = 1451 

llltwo ( c ) 1 1000OtWO 

1011tm (d )  11011Ot, 

l0two (4 llltwo 

lltwo lltwo 

10001lt, (4 llQOtllo 

1000OOOOtwo (d) llOOIOOtwo 

Addition 323tw1ve ( c )  Subtraction 14gtwelve 

"O5twelve 85Etwelve 



12. The binary system 9s  extremely simple in computation. 
Large numbers are  tedious to write. 

The duodecimal system may be used conveniently 

to represent large numbers. Twelve is d i v i s i b ~ e  by 

1, 2, 3, 4, 6 and 12 while ten is dfvisible only by 

1, 2, 5 and 10. The twelve system requires more 
computational "facts" which will Increase difficulties 

in mernorlzing tab le s  of addition and multiplication. 

We do use t w e l v e  In counting dozens, gross, etc. ,  and 
in some of the common measures of length. 

14. Five welghts; 1 oz., 2 oz., 4 o z . ,  8 o z . ,  may be used 

to check any weight up to 15 ounces. By adding a 16 oz. 

weight, any weight up to 31 ounces may be checked. 

15. People who work with computers o f t e n  use the base e i g h t .  

To change from binary to o c t a l  and back Is simple with 

the  help of the  table:  

Binary Octal 

For example, we have 

Note the grouping o f  numerals by threes In the binary 

numeral. The sum of the place values of digits in each 
group results in t he  octal numeral. Hence 

111 = (1 x 4)  + (1 x 2) + (1 x 1) = 7 ,  e t c .  
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- 2-9. Summary. 
: Page 61. The discussion is self -explanatory. Expansf on on any 
' of the topics is lef t  t o  the discretion of the teacher. 

Answers 

1. 

to Exercises 2-9_. P a m  62. - 

2. (a )  twelve 
( b )  seven 

( c )  five 

(a) two 

3 (a) lilt, = (1 x two2) + (1 x two) + (1 x one) 

= (1 x 4)  1- (1 x 2 )  + (1 x 1) = 7 
2 

(b) 321po,, = ( 3  x four ) + ( 2  x four) + (1 x one) 

2 (4 263lSeven = ( 2  x seven3) + (6 x seven + ( 3  x seven) 

+ (1 x one) = ( 2  x 343) + (6 x 49) + 

2 
37Ttwelve = (3  x twelve ) + (7 x twelve) + (T x one) 

= (3  x 144) + (7 x 12) + (10 x 1) = 526 

4. 1000t,, = 175Qeirnt = 1,111~1,QO~,, 

5- looni,, ''Line ''*nine * "3nine. l o 4 n i n e  

6 (a) 2; 61; 3600; 216,001; e t c .  

(b) No. It cannot because the decimal system has a 

symbol f o r  zero. If t h i s  symbol doesn't appear 
between the two l t s  then no zero can be Intended. 

(4 I( (I! <I = ( I 1  X sixty2) + (<!I X sixty) + 

c<r x one) 
= (2 x 3600) + (12 x 60) + (11 x 1) 

= 7931 
[pages 61-62] 



*7.  The base is twenty. Four score and seven = 47tw,,ty 

= 8Tten 

*8. Since there are only f i v e  s k b o l s  the base is five. 
DCBAO = 43 ,210five 

4 2 
= ( 4  x five } + (3 x five3) + (2 x five } + ( I X ~ I R )  

+ ( 0  x one) 

= ( 4  x 625) + ( 3  x 125) + (2 x 25) + (1 X 5) + (0x1) 
= 293Oten. 

9. 4 

10. The base is twenty-six. 

BE = '%wenty -six = ( 2  x twenty-six) + (5  x one) 

= (2 X 26) + (5  x 1) = 5Tten 
2 TWO = (T x twenty-six ) + ( W  x twenty-six) + (0 x one) 
2 

= (19 x twenty-six ) + 122 x twenty-six) t (0 x one) 

= 13,416 
2 FOUR = (F x twenty-six3) + (0 x twenty-six ) + 

(U x twenty-six) + ( R  x one) 

(20 x twenty-six) 4 (17 x one) 
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1 The method works for base twe lve  and base seven.  It 

w i l l  also work for other bases. For bases la rger  than 

ten,  add. For bases less than t en ,  sub t rac t .  
Example in Base Six: 

44six multiplying: ( 4  x 4 )  = 16 

44 - 16 = 2Bt,, 

Example in Base Fifteen: 

46fift een multiplying: ( 4  x 5) = 20 

46 + 20 = 66te, 

Students may suggest other methods which should be 

checked carefully f o r  validity. 

Sample Questions for Chapter ;? 

The sets  of questions presented at the end of each chapter 

In the Teachersg Commentary are  not intended as a chapter t e s t .  

Teachers should construct chapter tests carefully by combining 
selected items from the s e t  of questions included i n  this book 
and questions of their own writing. Great care should be used 
to avoid making the test t o o  long. 

Part I .  True - False  

1. The 3 in 356seven stands for three hundred. 
4 2 .  10 means 10 x 10 x 10 x 10. 

3 .  The numeral 8 means the same number in the ten system 
as in the twelve system. 

4. The smaller the base, the more bas ic  combinations there 
are in the multiplication table. 

5. The fourth place from the right in t he  declmal system 

has the place value lo5. 
6 .  fn base two numerals the  number af ter  100 is 1000. 
7 .  We can make a symbol to mean what we wish.  

8. When we "carry" or "regroup" in addit ion t h e  value of 

what is carried depends upon the base. 
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9 .  A number may be written in numerals with any whole 
number greater than one as a base. 

lo. In the  symbol d ,  the exponent is 3 .  
11. 513,1, means ( 5  x six x six x six) + (1 x six x SIX) + 

( 3  x SIX). 
4 12. The 1 In 10,000 (base two) means 1 x 2 or sixteen. 

1 .  The following numerals represent the same number: 

363e1phti 1O3Jslx 183 twe lve ' 
14. In base eight numerals, the number before 70 is 66. 
1 POUP symbols are sufficient for a numeration system 

with baae f i v e .  
16. In the base - four system 3 + 3 = llfou, 

17. When we "borrowt' in the twelve aystern as in 157 - 6E, 
we actually "borrowtt twelve unit a .  

18. In the Egyptian system a single symbol could be used 

to represent a co l l ec t ion  of several things. 

19. The Babylonians made use of place value In their numere- 
tion system. 

20,  The Roman numeral system had a symbol for zero. 

Papt 11. Completion 

1. In decimal numerals lrrtwelve is 

2. MCXXIV In decimal numerals i a  
3.  The d e c h a l  system uses different symbols. 
4. In my numeratfon system, the smallest place value for 

whole numbers 1s 

5 .  629,468,000,000 written in words is 

6. The number represented by 212seven is (even 
or odd). 

7. In expanded notation 5,678t,n is 

8*  625s,ven 
- 

+ 344seven 
- 

seven ' 
9 .  Multiply 312four by 32four. 

- 10. llOOlltwo - ten' 
11. The numeral 44hpiye represents an (even, odd 

number). 

12. Add: 4Zfive - 
+ 14five - 



13. uteri - - two ' 
4 .  The numeral after 37elght IS , -ight. 

15. Using all of  the digits 5, 6 ,  7 ,  and 0, w r l t e  the 

largest poss ib le  4-place base ten numeral 
16. Using a l l  of the d i g i t s ,  5 ,  6, 7 ,  and 0, write the 

smallest poss ib le  4-place base ten numeral 

17. What is the largest number you can write, using two 
4's and no o the r  symbols? 

18. Write t h i s  numeral without exponents: 53 
19. The numeral immedfately before 1000two is 
20. Sub t r a c  t : 42five - I4five = 

Part 111. Multiple-Choice 

1. In which of the numerals below does 1 stand f o r  four? 

(a )  21four 

( b )  eleight 

(4 loot, 

lMthree 

( e )  None of the above is correct .  
2. In what base are the numerals written if 2 x 2 = lo? 

( a )  Base two 
(b) Base three 

( c )  Base four 
( d )  Base five 

( e )  A l l  of the above are cor rec t .  
3 .  A decimal numeral which represents an odd number is: 

(a) 461,000 

I b )  7629 
(4 5634 
(d)  9,000,000 

( e )  None of the above is correct. 
4. If N represents an even number, t he  next consecutive 

even number can be represented by: 

(a )  



(b) N t 1 

( c )  N + 2 
( d l  2N 

( e )  A l l  of the above are correct. 
5. Which numeral represents the largest number? 

( a )  '(3five 

(b) 212three 

(4 10llOtwo 

*'nine 

lotwenty-five 

6 .  Which is correct? 

( a )  5 4 = 5 + 5 + 5 + 5  

(b) 4 3 = 4 x 4 x 4  

( c )  5 4 = 4 x 4 x 4 x 4 x 4  

(e) None of the above l a  correct.  

7. 61241ne is how many tlmes as large as 612,ine? 

(a)  twelve 
( b )  t e n  

( c )  nine 

(d) five 

(e )  None of the above is correct. 

8. In which base does the numeral 53 represent an even 
number? 

(a) twelve 
(b) ten  

(4 eight 

( d )  seven 

( e )  six 



Answers to Sample Questlone for Chapter 2 

Part 1. True -False 

False 

True 
True 
False 
False 
False 
True 
True 
m e  

True 

Ten 
One 

11. False 

12. True 
13. Balse 
14. Balse 

15. False 
1 False 

17. True 
18. True 
19. True 
20. False 

Part 11. Completion 

11. even 
12. lllfive 

Six hundred twenty-nine 14* 40eipht 
bi l l l o n ,  four hudred 
sixty -eight m l  l l i on  . 
Odd 

15 x $ 1  + 16 x lo2) + 
7 x 1 0  + 8 x 1 )  

Part If I. Multlple Choice 



Chapter 3 

WHOLE NUMBERS 

3-1. Countinp; Numbers. 
Page 67. Understandfngs to be developed in this section: 

(a)  Number is an idea.  

(1) Small numbers can be learned without counting, 

some large ones by patterns. (Cards, ~ominoes) 

( 2 )  The number of members of any s e t  can be found by 
matching the  members of the s e t  with some standard 

s e t .  This  is a clwnsy method If the number of 
members I s  large, as the standard s e t s  must them- 

selves be large. 

(3 )  Matching the members of a s e t  with a memorized s e t  

of sounds representing the countlng numbers is the 
best known way of finding the number of members in 

a set .  

(b) One-to-one correspondence. 

Two se ts  are in a one-to-one correspondence when 

each member of one set is matched with only one 
member of t h e  other  s e t  and vice-versa. 

( c ) "~oun t ing  mmbers" are sometimes c a l f  ed "natura l  numbers1' 

(d )  The name that we give t o  the set of counting numbers 
and zero Is "whole numbers." The counting numbers do 

not include zero. - 

Answers - to Exercises 3-1, Rgea 68-70. 

! 1. (a) 1, 2, 3 ,  4, 5, 6 .  
( b )  1-t.1, 2 + 1 ,  3 + 1 ,  o - t - 5 ,  5 + 1 ,  1 + 6 ,  5 4 - 3 .  

L- 

( c )  IV, v, VI, VII, VIII, IX, X, XI. 

'seven> 'seven9 3sevenb 'seven* 5sevenj 6seven* 

loseven 
2. all; 7 and 8. 
3 .  Putting them in a 5 x 5 square w i l l  probably be as 

slrnple a pattern as any other. 



5. Multiply 4 by 3 ;  (2 x 5 )  + (2 x 1); 2 x 6 on each side 
of diagonal; 2 x 6 on each side of the vertical l ine  
segment; any other way t h a t  doesn't use one-to-one 
correspondence. 

6 .  French - un; Spanish - unos; German - ein; Russian - adeen 
7 .  IV corresponds to two dots .  

8. 8 was l e f t  out.  
9. 17 

10. He aubtracted 27 from 81. No, the answer should be 55. 
11. Two-to-one correspondence Four-to-one correspondence 

( a )  Feet t o  people (a )  Tires to cars,  wagons 

(b) Ears, eyes, arms, hands (b) Legs to dogs, homes 
etc . ,  to people. cows 

1 2  The following illustrates a one-to-one correspondence 

between the count inq numbers and the even numbers. 

3-2. Commutative Properties for Whole Numbers. -- 
Page '70. The p r i n c i p a l  o b j e c t i v e  I n  the study of the commutative, 

associative, and dlstributive properties is to have the puplls 
understand their statements in mathematical language; to dia- 
tingulsh one property from another; and to recognize the property 

or properties, that may be used i n  such problems as i n  Exercises 
3 and 4. These are not  propertiea t h a t  are being proved. The 

pupils have used them f o r  a long t h e ,  but they probably have 
not had names f o r  them and have not recognized when they have 
been uslng them. 

The pupils w i l l  be helped i n  understanding the commutative 
property i f  they have some small objects with which to work. 
Pieces of paper will do b u t  cub i ca l  blocks will be be t te r .  Cubi- 
c a l  blocks w i l l  be more useful i n  i l l u s t r a t i n g  the associat ive  
property f o r  mult ipl icat ion.  lhphasize t ha t  the commutative 
property 1s a property of (belongs to) the operat ion of addition 
and I s  not dependent upon the numeration system that I s  used. 



! Use Roman numerals and numbers in base f i v e  to illustrate. For 

' example in base five add 

This is a good qpportunity to review numbers in numeration systems 

other  than that with base ten. 
Students should be taught to add ''up the column" as well as 

II d o m  the colwnn." Use three whole numbers in t h e  addit ion since 
the use of three numbers will not only illustrate commutativity 
but w i l l  lead very naturally into associativity. 

Commutative Property of Multiplication 
Diagrams of s t a r s  on the blackboard, arrangements of the 

blocks i n  raws and columns will be helpful. 
***+* 
***** Five rows of 4 stars in each row 
+ * + ~ c Y  Four columns of 5 stars in each column 
+**** 

After repeated arrangements of stars (or blocks) in rows and 
columns s t r i ve  f o r  understanding of adb = bea where a and b 

represent any whole numbers. 

Answers to Exercf ses p 2 a .  Page_ B. - 
1. Parts a ,  c ,  d, f, h, i , m  aretrue 

Parts b, e ,  g ,  j, k, 1 are false 
2. (a)  644 (b) 110,596 ( c )  155,752 (d )  ''Len 
3, (a)  7 + 4 = 4 + 7  (f) (3  . 2) + 5 = 5 + (3  . 2) 

( b )  12 5 > 5 . 11 ( g )  8 - 3 < 9 - 3  
( c )  23 12 < 12 32 (h) 86 . 135 = 135 . 86 
( d )  3 < 6 (i) 24 + 3 > 3 + 24 
(4 16 > 9 > 3 ( J )  a > c 

4, (a )  2052 (b) 25,620 (4 289,884 (d )  1132,,n 
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(4 46 
(f) 0, 1, 2, 3, 4, 5 ,  6 
( g )  0, f, 2, 3, 4 
(h) any whole number 

Answers - to mercises 3-2b. Page 2. 
1. Reault is unchanged In parts a, b, c .  

Result I s  changed in parts d, e ,  f, g,  h, i. 

2 No. 
3. The actlvitfes are commutative in parts a, c ,  e .  

4. Yes. 

5. The operation in part d I s  commutative. (The opera- 
tions in parts  a, b, c are commutative only if the 

first number in each is equal to the second.) 
6 mamples of commutative a c t i v i t i e s .  

To wash your face and wash your hair. 
To go nor th  one block and then west one block. 
To count to 100 and write the alphabet. 

Examples of act iv i t i es  which are not comutative.  
To put out the c a t  and go to bed. 
To ea t  dinner and get up from the tab le .  
To rake the leaves and burn them. 

3 3  Asaociatlve Properties for Whole Numbers. 
Page 74. Have the students use blocks or disks to make such 
arrangements aa 

**# ** *+** 
Then have them push the first  two  sets together and count the 
t o t a l  (3  -I- 2) + 4. Then after rearranging have them push the 
second two sets together and count the t o t a l  3 + ( 2  -k 4 ) .  Use 

sufficient variations of this procedure to lead t o  the under- 
standing that (a + b) + c = a + (b + c )  where a ,  b, c are any 
counting numbers. 

Then ask: Is the product (3  x 4)  x 5 equal to the product 

3 x ( 4  x 5 ) ?  
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This may be illustrated by arranging a s e t  of 20 blocks in 

a rectangular array, 4 by 5 .  Then put two more layers of 20 

blocks each on top of these forming a box arrangement. Look at 

it in d i f f e r en t  ways to see (3  x 4) x 5 and 3 x ( 4  x 5 ) .  
Different sets of boxes may be made to Illustrate 2 x ( 3  x 4), 
(2  x 3) x 4 and many others. Again, emphasfs is upon arrival 

a t  understanding that a . (b . c )  = (a  . b) . c where a, b, c 

are any whole numbers. 
Point out some operat ions or act iv i t ies  which are not associ- 

at ive  and have students suggest others. 

Answers & Exercises u. Pages 77-78. 
1. ( a )  ( 4  + 7) + 2 - 4 -1- (7 + 2) Associative property 

( 4  i - 7 )  + 2  = 1 1  + 2  =13 of addition 

4 + ( 7 + 2 )  = 4 + 9 = 1 3  

(b) 8 + (6 -t 3 )  = (8 + 6) + 3 Associative property 
8 + ( 6 + 3 )  = 8 + 9 = 1 7  of addition 

( 8  + 6 )  + 3  = 14 + 3  = 17 

( c )  46 + (73 + 98) = (46 + 73) + 98 Associative prop- 
46 + (73 + 98) = 46 + 171 = 217 erty of addition 

(46 + 73) + 98 = 119 + 98 = 217 

(d) (6 - 5 )  9 = 6 (5  9) Associative property 
( 6  5) 9 = 30 . 9 = 270 of multiplication 

6 - (5  9) = 6 45 = 270 

( e )  (21 + 5 )  + 4 = 21 + (5  + 4)  Associative property 
(21 + 5 )  -t 4 = 26 -t 4 = 30 of addition 

21 + ( 5  + 4) = 21 + g = 30 

(f) (9 7) 8 = 9  ( 7 .  8) Associative property 

(9 7) 8 = 63 8 = 504 
of multiplication 

9 (7 . 8) = 9 56 - 504 
(g) 436 + (476 + I) = (436 + 476) + 1 Associative prop- 

436 + (476 + 1) = 436 + 477 = 913 erty of addition 

(436 + 476) + 1 = 912 + 1 = 913 



(h) (57 80) . 75 = 57 (80 75) Associative prop- 
perty of multi- (57 - 80) 75 = (4560) - 75 plication 

57 (80 75) = 57 6000 = 342,000 

2. (a )  No. (b) No. (c )  There i s  no associatfve 
property of subtraction, or the associative property of 
subtraction does not hold. 

3. (a) No. ( e )  80 + (20 + 2 )  = 8 
(b) No. (f) ( 8 0 t 2 0 )  + 2  = 2  

( c )  (75 + 15) + 5 = 1 ( g )  The associative property 

(d)  75 + (15 + 5 )  - 25 does not hold for division. 

4. (a) Either ( 6  + 1) + g = 7 + g = 16, or 
( 6  + 1) + 9 = 6 + (1 + 9 )  Associat ive prop- 

= 6 + 1 O  erty of addition 

= 16 

(b) 2 (13 10) = 2 130 = 260 Pupils may prefer 
thls way. 

( c )  (12 9) 10 = (108) 10 = 1080 

(d )  4 (25 76) = ( 4  25) . 76 Associat ive  property 

= loo 76 of multiplication 

= 7600 

(e) 340 + (522 + 60) = 340 + (60 + 522) Commutative 
property of 
addition. 

= (340 + 60) + 522 Associat ive  
property of 
addition 

(r) ( 5  . 67) 2 = (67 5) - 2 Commutative property 
of multiplication. 

= 67 . ( 5  a 2) Assoclat ive property 
= 67 . 10 of multiplication 

The Distrlbutlve Property. 3 - 4 .  - 
Page E. hphasize  that the use of two operations in thls prop- 

erty makes it eaay to distinguish the distributive from the  two 



59 
preceding propert ies ,  

The blocks can be used in the following way. Lay out 2 
rows of 3 each and 2 r o w s  of 5 each, 

*** *+*** 
*** +**** 

Ask: If we move these together, we will have 2 times what? When - 
we move them together do we get  2 times 8? This can be repeated 
unt i l  pupils understand that 

a . (b + c )  = ( a  . b) + ( a  . c) 
when a ,  b, q are whole numbers. Repetition of the same i l lus-  
t r a t i o n  with different numbers of blocks may be better than 
different types of illustrations. For bright students, the dis- 
tributive property can be extended t o  3 tema. Thia can be 
illustrated and used with 3 d i g i t  numbers. The general form is: 

a(b + c + d) = ab + ac + ad 
Use the distributive property to help make mental computatbns 

7-32  = 7* (30  + 2) = (7.30) -I- (7.2) = 210 + 14 = 224 
35.8 = (30 + 51.8 - (30.8) + (5.8) = 240 + 40 = 280 
5*152 = 5-(100 + 50 + 2) = (5.100) + (5.50) -t (5-2) 

= 500 + 250 + 10 = 760 

Answers Exercises e. Pauea 82-84. 

1. (a) 6 / 3 0  



2 .  (a)  4.12 = 48 
28 + 20 - 48 

(b) 1 8 + 2 4 = 4 2  
6-7 = 42 

( c )  4 8 i - 4 2 4 9 0  
1546 = 90 

(d)  23.5 = 115 
46 + 69 = 115 

( e )  11.7 = 77 
33 + 44 = 77 

(f) 30 + 18 = 48 
6.8 = 48 

( g )  2-24 = 48 
32 + 16 = 48 

(h) 12.4 = 63 
60 + 3 = 63 

(i) 3216 + 3484 = 6700 

67.100 = 4700 

( J )  36 + 36 = 72 
72.1 = 72 

3 (a) 3 *  ( 4  + 2) = ( 3 - 4 )  +- ( 3 . 3 )  
(b) 2-(2 + 5) = (2-4) + (2.5) 
( c )  13.(6 -1- 4)  (13.5) + (13.5) 
(a) (2.7)  + (3.71 = (g  -t 21.7 
( e )  (g.4) + (1.4) = ( 6  + 71-5 



4. ( a )  9 .  (8 + 2) (d l  (13.6) + (27.6) 
(b) (8.14) + (8.17) (4 (15~6) + (15.13) 
( c )  (12.5) + (12.7) (f) 1 2 4 5  + 4) 

1 6.  he following parts are true: b, c ,  d .  
! The following parts are falae: a ,  e. 

7. (a) (20 +7)*(30 + 4) = 20*(30 + 4) + 7 - ( 3 0  + 4 )  
= (20.30) + (20.4) + (7.30) 
= 600 + 80 + 210 + 28 
= 918 

(b) (10 -t 3 ) .  (20 + 2) = 10. (20  + 2) + 3 * ( 2 0  + 2) 

=(10*20) + (10.2) + ( 3 . 2 0  + 
= 200 + 20 -t 60 + 6 
= 286 

( c )  (30 + 7 ) * ( 3 0  + 3 )  = 30*(30 + 3 )  + ? * ( 3 0  + 3 )  - (30.30) + (30.3) + (7.30) 
= goo + go + 210 + 21 
= 1221 
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( d )  (60 + 4).(60 + 6) = 60+(60 + 6) + 4*(60 + 6 )  
= (60.60) + (6046) + (4.60) + (4.6) 
= 3600 + 360 + 240 + 24 

= 4224 

8. From (a) to (b) C o m t a t f v e  property of multiplication 
From (b) to (c) Associative property of multiplication 

From ( c )  to ( d )  Commutative property of addition 
From ( d )  to (e)  Associative property of addit ion 
From ( e )  to (f) Commutative property of multiplication 

From (f) t o  (g) Associative property of multiplication 
From ( g )  to (h) Distributive property 

3-5 .  Sets and the Closure Property. 

Page - 84. Pnphasis here is placed upon (1) understanding t h e  

meaning of s e t  and (2) the meaning of a set  closed under an opera- 
tion. Pupils will give many examples of sets .  There is just one 
empty s e t ,  The s e t  of marbles which has no marbles in I t  is the 
same a s  the s e t  of coins which a pupil has in his pocket if he 
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has no coins in his pocket. 
Good examples of sets closed under addition: 

The s e t  of whole numbers. 

The s e t  of counting numbers. 

Then ask if they are closed under multiplication. Lr:fier 

subtraction? Under division? 

Rnphasize that  if just one p a i r  of counting numbers can be 
found such t h a t  thefr difference (or quotient) is not  a counting 

number, then the s e t  of counting numbers I s  not closed under sub- 

traction (or dlv l s ion)  . For example, 9-12 is not  a counting 
number for  there is no counting number which can be added to 12 

12 t o  get 9 and is not a counting number s l n c e  there Is no 

counting number which can be multiplied by 9 to get 12. 

Answers to Exercises 3-5a. Pages 87-88. 
I. ( a )  No. The sum of 2 odd numbers is always an even 

number. 
(b) No. 

2. Yea, slnce the sum of 2 even numbers is always an even 
number. 

3 .  Yes. Since each of the numbers in the s e t  is a mult ip le  
of 5 ,  the sum of any two numbers in the s e t  is a multl- 

p l e  of 5 .  
4. Each set is closed under multiplication. 
5. ( a )  Yes, 

(b) No. For example 500 + 501 = 1001 and 1001 is not 
In the s e t .  

( c )  No. For example, 3 + 47 = 50, and 50 is not in 
the set. 

(d )  Yes. If the numerals of 2 numbers end in 0, then 

the sum of the  numbers ends in 0. 

6. (a) Yes. (b) NO. ( c )  NO. (a )  Yes. 

7. Yes. Multiplication is an abbreviated process for 

addition. 

8 .  No. 

9.  No. 
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Answers Exercises 3-5b. Paw 87. 
1. (a )  8578 (b) 3165 

10. Two million, seventy thousand, three hundred fifty-one. 
11. 72 cents 

3-6. averse Operations. 
Page 88. The basic concepts In this section are: 

1. The meaning of inverse. 
2. Addition and multiplication have the closure, 

cormutative, and associative properties, while 
their inverses do not. 

The meaning of inverse may be explained by giving an example, 
"I write on the chalkboard" may be stated as one actually writes 
"inverse" on the board. Then the teacher may say "The inverse 
of writing on the board is erasing the board." The board may be 
actually erased. If the phrase "opposite or inverset' is used it 
may help the pupil underatand the meaning of inverse. It should 
be emphasized that the inverae operation undoes the first 
operation. Some pupils may think that the railure to do an 
operation is the inverse of the operation. For example, to the 
question "What is the inverse of singing?" the pupil may say 
" ~ o t  singing." " ~ o t  singing" is the negation of "singing" and 

I s  not the inverse of "singing." In this connection it is 
Important t o  point out that  some operations have no inverse. 

Some discussion of a . x = b may be helpful to many 
students. The following questions may be suggestive, 

1. What operation I s  indicated by a x? 
2. What operation w i l l  undo multiplication? 
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3 .  What is the i n v e r s e  of multiplication? 
4. To undo a x, do we div ide  a x by a or a x 

by x? (Since a . x means a times x we divide by 
a, the multiplier.) 

5 .  .How do we undo 3 - 2? 8 x 4? Divide 6 by 3 ;  d i v i d e  
32 by 8? 

6 .  In terms of t h e s e  symbols, can you def ine dfvision? 
An understanding of a - x = b w i l l  be helpful to the pupll as 

he studies percenGage, and the equivalence of the two statements 
"b + a = and "a . x = b" will be of great  importance in 

Chapter 6 .  Therefore ,  an emphasis on understanding the re la t ion-  
ship between a, x ,  and b is desirable. 

Answers - to Exercises 3-6. Pages 90-91. 
1. The operat ions in the following parts have inverses: 

a, b, c, d, e, f, h, j, 1, o. 
2. ( a )  Put down the pencil. 

( b )  Take off your hat. 

( c )  Get out of a car. 
( d )  Withdraw your hand. 

( e )  Divide .  

(f) Tear down. 

( h) Step  backward. 
(j) Subtraction. 

(1) Addition. 

( o )  Putting on a t i re .  
3 .  ( a )  46471 (f) $1342.67 (k) 33 

(b) $507.10 (g) 876 (1) 1476 
( c )  506 ft. (h) 987 (m) 68 
( d )  $1412.78 (i) 798 (4 143 

I 

j ( e )  $1101.04 ( 3 )  697 (0) 58140 
j 

4. (a) 5 
(b) 5 
(4 1 
(4 7 
( e )  None 



None 

7 
Any whole number 
4 

5 
5 
9 
9 

3-7. Betweenness and the Number Wne. -- 
Page B. Understandings 

1. The number ltne helps to show how the counting numbers 
are related. The students may ask about the dots to 
the left of zero. These dots w i l l  be discussed next 
year. 

2. A number i a  less than a second number if the first I s  
t o  the left of the second. A number is greater than 
another if I t  is to the right of it. 

3 There is not always a counting number between two count- 
ing numbers. 

4 .  To find the number of whole numbers between two other 
numbers (if it can be done at all): Subtract the 
smaller from the larger and then subtract one (1) f r o m  
the remainder. Or, subtract one (1) from the larger 
and then f i n d  the difference between that and the 
smaller. br, add I t o  the smaller and then subtract 
from the larger. mample: Between 7 and 15. 

Method 1 15 - 7 - 8 8 - 1 = 7 
Method 2 15 - 1 = 14 14 - 7 = 7 
Method 3 7 + 1 = 8 15 - 8 = 7 



Answers to Exercises 3-7. 
1. (a)  17 ( f l  2 

(b) 21 ( g )  None 
(4 4 (h) 88 
( d l  7 (I) 3 is answer. Discuss with 
(e )  None. c l a s s  that the answer is 

either a - (b + 1) or 
(a  - b) - 1 or (a - 1) -b. 

2. ( a )  10 (4 18 
( b )  11 (f) 22 

(4 24 (g) 16 
(4 30 (h) 9 

3 .  ( a ) ?  (b)? (c) ,  k), (il, ( J ) *  

4. (a) Yes. (b) Yes. ( c )  Yes. 
Q b t 

5. c b  O, A a a b. c 

Either  of the t w o  sftuations is possible .  The diagrams 
indicate that b is between c and d regardless of 

whether c(d or d < c .  

The Number One. 3-80 - - 
PaKe &. In tNs lesson emphasla should be placed not only on 
special properties of the operations with 1 but also on the 
closure, associative and commutative properties. The fact that 
there is more than one way t o  represent the number 1 i a  empha- 
sized in the first exercise. Of course th i s  gives the teacher 
an opportunity to review the concept of numeral as a name for a 
number and not the number i t s e l f .  Pupils think of the operat ion 
w i t h  numbers so frequently that they forget that ( 4  - 3)  is 
really another way to represent 1. 

A c l a s s  discussion of the lesson summary In symbols may be 
prof i table  f o r  many pupils. Of course some other letter in place 
of C could be used as practice for pupils in translating symbols 
into words. Be sure that the pupils have the ideas before 
attempting symbolism. Pupilat translations of the mathematical 



sentences could be somewhat as fol lows:  

(a) The counting numbers (c) are obtained by starting 

w l t h  1 and repeatedly adding 1. 

(b) If any counting number Is multiplied by I, the product 

is the same number. 

( c )  If any counting number is divlded by 1, the quotient 

is the same counting number. 

( d )  If any counting number is div ided  by the  same number, 

the quot ien t  is 1. 

( e )  The number one, ra ised  to any power which is a counting 

number, equals 1. 

Answers to E5cercises s. Page 96. - 
1. The symbols in the followtng p a r t s  represent t h e  

number 1: 

2. ( a )  100.1 = 100 2 2 ( d )  1 m 3 . 1  = f 

(b) 10bl.l*l = 10 ) 0.1 = 0 

l4 - 1 4  (4 T - ( f )  1.0 = 0 

We can get any countfng number by the repeated add i t i on  

of  1 to another  counting number if the number we wish 

t o  get is larger than t h e  counting number to which we 

add. 

We can get  any counting number by the repeated subtrac- 

t i o n  of 1 from another counting nwnber If the number we 
wish t o  get  is smaller than the countlng number from 
which we sub t rac t .  

4. Yes. 1 - 1 = 0 ;  3 - 1  - 1 - 1 = O .  Zero i s n o t  a 

counting number. 

5. The successive addition of 1's to any counting number 

w i l l  give a counting number. But, the successive 
subt rac t ion  of 1's from any counting nwnber w i l l  become 
0 if carried tar enough. 

6.  (a) 876429 ( c )  897638 (el 3479 ( g )  1 
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3-9. The Number Zero. 
P a ~ e  x. The purpose of this lesson is to understand why we can 
or cannot perform the fundamental operations with zero. 

It is important for pupils to understand tha t  zero is a 

perfectly good number and t h a t  it does not mean "nothing." The 

pupil should see that ,  In addition and subt rac t ion ,  zero obeys 
the same laws as the counting nmbera. 

In explaining the product of c . 0 and 0 . c ,  I t  may be 

helpful to review briefly the meaning of multipllcatlon. Such 
discussion questions m i g h t  be: 

1. What is another way to f i n d  the answer to 3 x 5? 
2. What does 3 x 5 mean? It means 5 + 5 + 5 and not 

3 + 3  + 3  4-3 + 3 *  
3 .  Make up a real problem using 3 x 5.  he price of 3 

pencils at 5$ each. ) 
4 .  What does 5 x 3 mean? (1t mema 3 + 3 + 3 + 3 + 3 . )  
5. Make up a real problem using 5 x 3 .   h he price of 5 

pencils at 3$ each.) 
After such questlon4, zero may be Introduced In the discussion 

as multiplicand and multiplier, since 5 a O = 0 5 by the 
commutative property for multiplication. 

In case of division, puplls should understand why we div ide  
0 by a and do not divide a by 0. It may be desirable to 
use several examples so that the pupils w i l l  see that should 
be 0 and % is not the name of any whole number. 

Some o r  the pupils may be interested in why we do not define 

% = 1 or some other number. They should understand that it 
would be out of harmony w i t h  the f a c t  that zero times any number 
equals zero. 

The translations Into words of the symbolic statements 

concerning zero can be somewhat as follows: 
(a)  If zero is added to any whole number, t h e  sum i s  the 

same whole nmber. 

(b) If any whole number Is added to zero, the sum is the 

same whole number. 

( c )  If zero is subtracted from any whole number, the differ-  



ence is the same whole number. 

( d )  If any whole number is multiplied by zero, the product 

is zero. 

( e )  If zero is multiplied by any whole number, the product 
is zero. 

(f) If the product of any two whole numbers is zero, then 

one of the whole numbers I s  zero or both are zero. 

( g )  If zero is divided by any counting number, the quotlent 
is zero. 

(h) Zero cannot be used as a divisor .  

Answers 5 Exercises 3-9. Page 101. 
1. The s y m b ~ l s  in the following parts represent zero: 

(blJ ( 4 9  ( f ) Y  (hl, 01,  (j), (k), (I), {m)Y (4, 
(01, (q), (4. 

18424 (1) 

64 1388 (m) 

144, remainder 56 ( n )  
152, remainder 60 (0) 

$36538.26 (PI 
$60477.81 ( sl 
0 (r) 
$846.25 (4  
$70.65 (t) 

679 (4 
319 (4 

897 
4397.16 
Divislon by zero not possible 
1 

$1846 
0 

0 

0 

0 

976 
$97.46 

3 .  The error is in the general izat ion to c in part (I). 
If a . b = c, a or b does not  need to be c. 

Example: 2 . 2 = 4. This exercise shows the e r ro r  
that may be made by making a generalization on a f e w  
cases. 

3-10. Summary. Page 102. (1n student text only) 

[pagea 100-103 1 
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j Answers to ''HOW --- Are You Doing?" Questions, Chapters 1-3. 

l m  (122)three = ( 17) ten = (32Iflve ( ~ t  is easiest t o  get 

t o  base five by going through base ten.) 

2. Y e s .  Start  by f i l l i n g  either the 3-cup o r  the 5-cup 
container. If the three-cup 1s- f i l l e d  first then: 

(a)  Pour 3 I n t o  5; (b) F i l l  3 ;  ( c )  Pour 2 from 3 
Into 5, which leaves 1 in 3 ;  ( d )  h p t y  5 ,  pour 1 left 
in 3 i n t o  5; ( e )  Pill 3 .  Now we have 4. 
If the five-cup is f i l l e d  flrst  then: 

(a)  Pour 3 from 5 i n t o  3 ,  which leaves 2 in 5; ( b )  Bnpty 

3 and pour in 2 from 5 ;  ( c )   ill 5 ;  (h)   ill 3 by 
pouring 1 from 5 ;  ( e )  h p t y  3 .  Now we have 4.  

3 .  f 
4 .  1,111 

5 176 x 176 x 176 x 176 x 176 x 176 x 176 
6 .  Addition 

7 .  Base 2 

8. ( 2 ~ 2 7 ) + ( 0 ~ 9 ) + ( 1 ~ 3 ) + ( 0 ~ 1 )  

9.  31 
10. 4 x 216 is the value of the 4 in ( 4 5 1 ~ ) ~ ~ ~  which equals 

864. < x 27 is the value of the 4 in (41)twenty-seven, 
which equals 108. 864 is 8 times 108. 

11. The set of whole numbers has a zero and t h e  s e t  of 

counting numbers has not. 

1 The statement is false, If one can find one example 
where the operation is not closed, then this operat ion 
is not  closed f o r  the set  of whole numbers, 

13. Commutative property of mult ipl icat ion.  
1 4 .  One ( I )  
15. Any of the properties l i s ted  in the sectfon on zero. 
16. 13.(2 + 5 )  or ( 2  + 5)*13 
17. 136 + (25 + 75) 
18. Multiply 65 times 11 and see if the product is 715. 

19. 40 

20. (7.3) + 6 . ( 5 - 3 )  

[page 1031 



Sample Questions - for  Chapter 

The s e t s  of questions presented a t  the end of each 
chapter in the Teacherst Commentary are not intended as 

a chapter t e s t .  Teachers should construct chapter tests 
ca re fu l ly  by combining selected items from t h e  s e t  of 

questions included in the guide and questions of their 
own writing. Great care  should be used to avoid maklng 

the t e s t  too long. 

1. Inser t  a symbol which makes a true statement: 
8 + 4  4 + 8  

2 .  How many days are  there between March 13, 1951 and 
March 27, 1951? 

3 Show w i t h  one example that  the set of numbers from 10 
t o  15 I s  not closed under addition. 

4. Answer t r ue  or false:  The identity for multiplication 
in the set of whole numbers is zero. 

0 5. If K is a counting number then = ? 

6. Apply the commutative property  of addition to: (4.5) + 6 
7. We are  uslng the property when we say 

that 3a + 5a I s  another way of writing ( 3  + 5)ma. 
8. If the product of 5 and a cer ta in  number f a  zero,  then 

t h a t  number must be: (a)  1 (b) 0 ( c )  5 
( d )  None of the above 

9. When the number one is divided by any counting number n, 
the answer is alwaya: (a)  0 (b) 1 ( c )  n 

( d )  None of the above 
10. Which of the  following numerals are names of counting 

numbers? ( 1 0 ) ~ ~  14 0 (7UI ten  5. * XIV 

11. [ (7 + 3)  + 7. (6*5) 1 = E(7 + 3)  + ( 7 . 6 ) . 5 )  i l lustrates 
the associative property of ? 

12. How many counting numbers are there between and 

13 1 
13. Make a true statement of (3.7) -E ( 4  ) 7. ( 1 
14. To check the statement 7 x 345 = 2415 by the inverse 

operation we would ? 



15. The letters a, b, and x represent counting numbers, 
a and = X. What can we say about the re la t ion  between 

a and b? 

Answers to Sample Questions - 
1. = 

2. 13 
3 .  1 2 + 1 3 = 2 5  

4. False 

5. 0 
6 6 + (4.5) 
7 .  Dis t r ibu t ive  

8. b 

9. a 
10. 14, (713Iten' X I V  
11. Multiplication 

12. 1 

3 .  (3 .7 )  + (4 .7)  = 7 . ( 3  + 4) 
14. Divide 2415 by 7 ( o r  by 345) 
1 a is a multiple of b, and 

a is either greater than 
b or equal to b. 



Chapter 4 

NON-METRIC GEOMETRY 

The principal objectives of this chapter are threefold: 

(1) To introduce pupils t o  geometric ideas  and ways of 
thought, 

(2) To give pupils some familiarity with the terminology 
and notatlon of "sets" and geometry, and 

( 3 )  To encourage precision of language and thought.  

There is an attempt to guide the student to the discovery of 
unifying concepts as a basis f o r  learning some of the more specif-  

ic detai ls .  This chapter forms a background f o r  Chapters 7, 9, 
and 10, which deal with metric or dfstance properties. It attempts 
to focua attention on ideas  whlch are fundamental but whlch (while 
sometimes vaguely taken f o r  granted) are of ten  poorly understood 
by students. 

Traditionally, these ideas have been t aught  when they were 
needed f o r  a particular geometric discussion. But, all too of ten  
the teacher has assumed that these properties are obvious or c lea r  
without mentioning them. Also,  there should be some advantage in 
considering together th i s  group of close ly  related analagous 
properties and observing relations among them. The higher  l e v e l  
study of some aspects of non-metric geometry has become a separate 
mathematical discipline mown as projective geometry. 

Readinq the ~c x t .  This chapter has been written with the 

i n t e n t  that it be carefully read by students. We suggest that not 

only should students be aasigned to read the material, but that 
they also be encouraged to study it. Reading mathematics is not  
like reading a novel. Students may f i n d  it necessary to "get in 

and digt' f o r  ideas. Af t;er Section 4-2, students should be advised 

to read with a paper and pencil at hand so t h a t  they may draw 
diagrams to assist t he i r  understanding. 

Precision - of Langua~e. Pupils should be encouraged to ex- 

press themselves accurately. Some pupils w i l l  be able to do much 
better than others. 



Spatial Perception.  It has been our  effort here to help 

boys and girls develop spatial understanding, We do this In 

part by representations -in space. We hope that  suggestions given 

t o  the students and the notes  here may be he lp fu l  in selecting 

other representations appropriate f o r  your c lass .  Thls course is 

not  a 12th grade course .  It Is intended to provide background - 
which is sometimes assumed in later courses. 

Testinq. In testing, try to test for grasp of ideas, not  
f o r  mere recal l .  Students should be encouraged to express Ideas 
in thelr own words. Because a b i l i t i e s  in geometric perception 
and understanding d i f f e r  from abilities in arithmetic, y o u  may 

observe some redistribution of high and low grades among your 

Time Schedule. The fol lowing time schedule is suggested: 
1st week Sections 1 through 4 
2nd week Sections 5 through 7 or 8 
3rd  week Remainder of chapter including test 

evaluation. 

High ability classes may do the chapter in 11 days including 
the test. 

Each section was conceived as a one-day section. It seems 
possible that Sections 3 and 5 may take 2 days each and that an 
extra day or so might be spread over Sect lons  8, 9,  10. We 

believe a l l  sect ions are Important. We have tried to order the 

sections so that the ideas do not become more difficult. In f a c t ,  
the  second h a l f  of  the chapter which deals less w i t h  spatial 

perception may well be eas ie r  f o r  some students. Some students 
will particularly enjoy Sections 8 and 10. If a c l a s s  is under 
grea t  t i m e  pressure, Section 9 might be omitted. If so, it 
should be assigned to all the better students. 

Materials, 

Inslghts lnto Ideas developed in this chapter  w i l l  be greatly 

enhanced by use of instructional devices .  Encourage students to 

make simple models as a means of help ing  in basic understandings. 

hphas ize  ideas ,  not  evaluation of models. As in usfng any 
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instructional material of this kind, seek understanding of ideas 
without over-dependence upon representations. 

Sqxested Materials: 

String--to represent l i n e s  in space. 
Paper--to represent planes, and folded to represent 

lines and intersections of planes. 
Tape or tacks  for attaching string to walls, f loor ,  

o ther  points in the room. 
Model (as illustrated) 

Suggest making the model as shown above by using a card- 
board carton (or, it can be- made with heavy paper, 
oak tag, screen wire). Cut away two sides so that 
only 2 adjacent sides and bottom of box remain. 
String, WIT, e t c .  may be used to extend through 
and beyond sides,I' "f loor ,"  e tc .  

Oak tag  for making models to be used by both teacher 
and students. 

Coat-hanger wire, knitting needles, pickup sticks. 
Sclsaors, colored chalk. 
Light-weight paper (for tracing In exercises). 
Yardstick or meter stick with several lengths of string 

t i ed  to it at different intervals. fastenfng 
stick to wall, l ines may be represented by holding 
the string taut. gatherfng together the free 
end8 at one point the plane containing the point 
and the yardstick may be shown. 

Optional: 

Long pointer for seeing l ines.  
Tinker -Toys for bul lding models . 
Toothpicks f o r  student models. 
Saran wrap, cellophane, and wire frame for representing 

planes. 



4-1. Points ,  Lines and Space. 
-J - 

Page 105. 
I. Understandings ; 

( a )  A poin t  has no size. 

( b )  A l ine  is a cer ta in  s e t  of poin ts .  

( c )  A line is unlimited in extent. 

( d )  Through two points there is one and only one l lne.  

( e )  Space I s  a s e t  of points. 

2. Teaching Suagestions: 

Just as we use representations t o  develop the concept of t h e  
I1 counting numberst1 ( 2  cars, 2 people, 2 hands, 2 balls, 2 chairs, 

etc., to develop the concept of twoness) s i m i l a r l y  we must select 
representations f o r  developing the concepts of poin t ,  line, plane, 
and space. 

Point.  Identify things which suggest the idea of a point 
keeping in mind that one suggestion by itself is not  adequate for 
developing the Idea of a po in t .  One needs to use many IllustraUms 
in d i f f e r e n t  situations. Suggestions: tip or pencil, needle, 
pointer; collection of boxes, putting one inside another and 

always being able to place one more inside of the last and 
the poin t  indicated as being in all the boxes; pupi l  of the eye 

in Intense brightness; progressive closure of shu t te r  of camera; 
dot or light on some TV screens; particle  of' dust in the air. 

Llne. Identify two points using some of the situations a8 

above, such as tips of two pencils,  e t c .  Bring out the idea that 
given these two point8 there are many other  points on the line 
that contain them. Some of these are between the  two points, some 
are "beyond1' the one, and some are "beyond" the other. Also, 

through two points there can be only one llne. The llne hae no 
thickness and no width. It is considered to extend indefinitely. 
Use string held taut between t w o  points to show representations of 
lines in positions that are horizontal, vertical, and slanting. 

Each student may repre~ent l ines by using a pencil between N s  
fingertips. With each example talk about thinking of a l i ne  as 
unlimited in extent. Rnphaslze frequently tha t  we use the word, 
II !I l lne ,  to mean atralght line. I d e n t i e  other repreeentationa of 



79 
lines such as: edge of tablet  (holding tab le t  in various posi- 
t i o n s ) ;  edge of desk; vapor trails; edges of roof of building; 

e t c .  It 5s important to select illustrations representing lines 

In space as well as the usual representations made by drawing on 

chalkboard and paper. 

$ 8  Space-. Models will be most helpful here. Using string on 

yardstick" and considering some point  on a table, desk, or on 

some object which all students can see, let a l l  the  r e p r e s e n t a t i m s  

of lines from the yardstick pass through the  p o i n t .  A lso ,  use  

string to show representations of other lines from other points 

on di f fe ren t  walls, the floor, e tc . ,  a l l  passing through t h e  

point .  Use the model as described in drawing under "Suggested 
 ater rials . I' Pass lines (string, wire ,  thread) through "walls" 

and "floor" to suggest infinite number of l i n e s  and t h a t  these  

lines extend indefinitely. Br ing  out the idea t h a t  each line 

is a s e t  of points, and that space is made up of a l l  t h e  p o i n t s  

on all such lines. 

STRINGS 

Answers to Class Discussion Problems in !A-1. -- -- 
1. Depends on what objects are in the r o o m .  
2. The body of the porcupine is like the po in t .  The qui l l s  

are l i k e  l lnes  through this point. 

Answers t o  mercises 4-1. Page 108. - 
1. No, the pibbons are usually not straight. 
2 There is exactly one l i ne  containing the two p o i n t s  on 

the monuments. 
3 .  The line of the new string passes through the same two 

p o i n t s  as the line of the o l d .  ( ~ ~ o p e r t y  1.) 

[pages 106-108 3 



4 Planes. 
Page 108. 
1. Understandinqs. 

(a )  A plane i s  a set of points in space. 

(b) If a l i n e  contains twa di f fe ren t  points of a plane, it 

lies in the plane. 

( c )  Many different planes contain a particular pair of 

points. 

( d )  Three points not exactly in a straight l lne  determine 
a unique plane, 

2. teach in^ Suggestions. 
Identim surfaces in the room rrhich suggest a plat&--walls, 

tops of desks, windows, f l o o r ,  sheet of paper, piece of cardboard, 
chalkboard, shadow. Make use of Saran wrap, cellophane, and a 
wire frame to show further a representation of  a plane since t h i s  

more nearly approaches the rnathematicianrs idea of a plane. Wlth 

each example bring out the idea that a plane has no boundaries, 
that it is f l a t ,  and extends Indefinitely. It is an "fdeal" of  
a situation Just as is a l l n e  and a po in t .  We try to give this 
Idea by suggesting things that represent a plane.  It is impor- 
tant to suggest repreaentations of planes in hor izonta l ,  vertical ,  
and slanting posltlons. Note t h a t  if a l l n e  contains 2 points of 
a plane, it lies in the plane and that many planes may be on a 

par t icular  p a i r  of points as pages of a book, revolving door ,  e t c .  

Then using three f ingers  or st icks of  different heights in 
s e t s  of 3 (no t  in a straight line) as 

suggested by t h e  sketch at the r igh t ,  

see what happens when a piece of card- Mails or 
board is placed on them. Add a fou r th  Darning needles 
finger or a four th  stick and observe 
what happens. 

Each student may t r y  this experi- 

ment by using three fingers of one hand 
(and also three fingers using both 

hands) Letting a plane be represented 



by a book, piece  of oak tag, card.  Change p o s i t i o n  of fingers 
and thumb by bending the w r l s t  (changing s t i c k s  in model ) .  Ask 

c l a s s  to make a statement about th ree  points n o t  in a stralght 

l i n e  (P rope r ty  3 ) .  
Demonstrate w i t h  wires or string the ideas in the last para- 

graph before  asking students to read it or suggest t h a t  one or 
two students be responsible f o r  demonstrating t h e  idea to o t h e r  
members of the class .  

The Class Discussion Problems may well be developed as a 

c lass  activity. 

A note .  What is a bas ic  motivation for the study of geometrgr! -- 
In our d a l l y  l i v ing  we are forced to deal  with many flat surfaces 

and with things like flat surfaces. It would be foolish not t o  

note similarities of these o b j e c t s .  So, we try to note  them. In 

so doing we t r y  t o  abst rac t  the no t ion  of f l a t  surface. We t r y  

to f i n d  p r o p e r t i e s  that all flat surfaces have. Thus, we are led 

t o  an abs t rac t ion  of the flat surface--% geometric plane. We 
study two aspects of this--(l) What a plane is like, considered 
by itself (p lane  geometry), and (2 )  how various planes (flat 

surfaces) can be related in space (one aspec t  o f  spatial geometry). 
J u s t  how do we study the geometric plane? We study it by 

t h i n k i n g  of what t he  plane is supposed t o  represent, namely, a 

flat surface, However, in trying to understand a plane (or 
planes), we find it difficult t o  think j u s t  abstractly. Thus, 

we th ink  of representations of the plane--wall, chalkboard, paper, 
e t c . ,  and we think of these as representations of the a b s t r a c t  

idea .  The abst ract  idea enables us to i d e n t i f y  characteristics 

which all flat surfaces have in common. 

Answers to Questions in Text, 4-2. Page 110. -- - 
Yes, this is what Property 1 says.  Yes, the lines must be 

on the plywood. Hold palm f l a t  and move arm and hand in 
plane desired. Yes, new position; and no, only one way. 

Three points are in one plane; the four th  may not be in it. 

Property 2. 



Answers to Class Discussion Problems. Page 112. -- 
1. Depends on the p a ~ t l c u l a r  classroom. 

2 .  There are  many dafferent  s loping positions, illustrating 
Property 2. 

Only 'one, illustrating Property 3 .  

Answers - to Exercises 4-2. - 
1. A l l  in t h e  same l i n e .  

2 .  N o t  a l l  in the same line. 
3 .  A l l  legs must rest  on t h e  same plane o r  the devfce may 

rock. Three poin ts  no t  a l l  on the same line are in 
exactly one plane.  

4 .  ( a )  Many (unlimited quantity) (b) One 

5 .  (a )  Many (b) Many ( c )  E x a c t l y o n e , u n l e s s t h e  
p o i n t s  a re  all on the same l i ne .  

6 .  Wing surface,  flat surface used on water, Consult 
dictionary. 

*7. (a) Six, a s  long as no three are on the same l i n e  
(b) Six 

8. mplana t ion  in Section 4-5. 

4-3.  Names and Symbols. 
Page z. 
1. Understandin~s . 

(a )  Students learn to recognize how planes, lines on planes, 
l i n e s  through planes, e t c .  are represented by drawings. 

(b) Students  learn to name particular points, l ines ,  and 
planes uslng l e t t e r s ,  e t c .  

( c )  Students learn how to i n t e r p r e t  and understand perspec- 
tive drawings. 

( d )  Students l e a r n  to develop an awareness of planes and 
lines suggested by familiar ob jec t s .  

2.  Teaching Su~p;est ions,  
Br ing out the idea that we make agreements as t o  how to 

11 11 represent c e r t a i n  ideas, i . e . ,  , for a point; 
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or f o r  a l ine;  and the use of letters for naming 
lines and points. Note that we usually name points by capital 
letter, lines by lower case letters or pairs  of capi ta l  l e t t e r s  

4+ 
wlth bar and arrows above, as, AB , and that a plane is named 
by three capital l e t t e r s  or a single capital l e t t e r ,  Also, we 

sometimes t a l k  about two or more lines, planes;etc., by using 

subscripts ,  such as, 1 y 2 ,  and R j .  
Students should be encouraged to make such drawings on t h e  

chalkboard as well as on paper. 

a guessing game about abstract flgures such 
as these: man looking over fence" or _d, "boat - = = -  

enjoy a similar game with planar abstrac- 
tions such as: 

"open door" or 

Fr "butcher knife. " 

Answers to lkercises 4-3. P a ~ e  112. - 
1. A Is to the left; B to the r igh t  

C is nearest the top;  D nearest the bottom 
2, A tab le  

3. It has turned upside down 

4. (a) C o t  (g) Line of laundry 
(b) Ping pong table (h) Open door 
( c )  Football field (I) Chair 
(d)  Carpet (j) Shelf 

(4 mgh jump (k) Ladder 
(f) Coffee table 

6. Yes (or nol, We assume point  V i a  on line ifand 

"behind" PQ. 
No 
No 
One, P. 

7 .  1, b 

2, d 
3, c 
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8 .  ( a )  Y e s  
(b) Yes 
( c )  Y e s ,  1 is the only l l n e  through P and Q 

(d) 1 , is the intersection M1 and M2 

(4 No 
(f) No 

(g> No 

4-4. Intersection of Sets. 
Page 122. 

1. Understandin~s. 

(a )  A s e t  contains elements which are col lected according 
some common property or explicit enumeration. 

( b )  The common elements in t w o  or more s e t s  make up t h e  

elements of the intersection of two or more sets .  

2. Teaching Sumestions. 

Review the idea of s e t s  by asking students to descrlbe 

cer ta in  sets ,  as set of names o f  members of the c l a s s ,  the s e t  

of members of t h e  class,  se t  of a11 students in c l a s s  whose last 
name begins with "B", s e t  of even numbers, s e t  of counting numbers 
between 12 and 70 having a f a c t o r  7 (i . e . 14 , 21, 28, . , . ) . 

&plain t ha t  any 2 sets  determine a set which I s  called their 

Intersection, t h a t  is, the s e t  of elements ( i f  any) which are  in 
both sets. Have students g i v e  the intersection f o r  the s e t  of 

odd numbers between 1 and 30 and the s e t  of counting numbers 

having the f ac to r  3 between 1 and 30.  Note the three sets--the 

two given sets and the  intersection of the two sets. Use other 

illustrations such as set of boys in the c l a s s  and the set of 

students w i t h  brown eyes. Also find intersection of three sets-- 

students in class having blonde hair, students in c l a s s  having 

birthdays in November, and students In c l a s s  r id ing  t h e  school 
bus. In se lec t ing  s e t s ,  include some in geometry ( i . e .  the 

intersection of two l i n e s  in the same plane,  e t c .  ) . 
Note t h a t  the  empty s e t  is the i q t e r s e c t i o n  of two sets  w i t h  

no elements in common, Call p u p i l s '  attention to the  meaning of 
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"common" as it is used here. 
After developing the idea of Intersection go back t o  examples 

and describe how the idea can be expressed in symbols. It is a 

. coda we can use and l i k e  many codes it simplifies the expression. 

For example, 
Set  A = (3, 5 ,  7, 9 ,  11, 13, 15, 17, 19, 21, 23 ,  2 5  2% 291 
S e t  B = { 3 ,  6, 9, 12, 15, 18, 21, 24, 273 

A ~ B  = 13, 9, 15, 21, 273 
You may wish to refer to the supplementary unit on "sets."  

It w i l l  provide kulther symbolism for better students and/or 
those who especially enjoy using symbols. 

Answers Exercises E. Page 123. 
1. (a) I18, 19, 20, 21, 223 

(b) As in your s ta te  

( c )  The empty set  

2 .  (a)  1, 3 ,  5 (a possible  anawer) 

(b) 5 ,  10, 15 ( a  poss ib le  answer) 

( c )  P, R, T ( a  possible answer) 

3 .  (a) 9, 10, 11, 12 
(b) As in your class 

( c )  The point P 
(d )  The line 

4, s ~ T  = [lo, 15, 233 
I 
I 5 ( a )  A n  eQ@ 

(b) The empty a e t  

6 ( a )  s = [Maine, N. R., ~ t . ,  Conn., ~ s s . ,  R. I.] 
T = [New Hampshire, New York, New Jersey, N. M. 1 

1 
! V = [Texas, New Mexlco, Arizona, ~ a l i f o r n i a )  

(b) New Hampshlre 
( c )  The empty s e t  

( d )  New Mexico 

7 .  (a) Yes 
(b) Yes. The addition of multiples of 5 gives multiples 

of 5* I 

8 .  Each part is almost obvious from the not ions of set  and 
intersection, 

[page 1231 



(a )  T h i s  is by definition since the empty s e t  is a set. 

( b )  The set  of those elements in X which are a l s o  in Y 
is the set of those elements i n  Y which are a l s o  in 
X. 

( c )  Each "side" o f  the equality means the same set:  namely, 
the set o f  all elements which are in each of the three 
sets X, Y, and 2 .  

4-5. Intersections of Llnes and Planes. 
Page 125. 

1. Understandfnas. 

(a )  Two lines may: 

(1) be in the same plane and intersect; 
(2) be In the same plane and not intersect (intersect 

in the empty set ) ;  

( 3 )  not be in t h e  same plane and not intersect  ( l n t e r -  
sec t  in the empty se t ) ,  

(b) A l lne  and a plane may: 
(1) not  in te r sec t  (intersect in the empty s e t ) ;  

(2) intersect in one point;  
(3)  intersect in a line. 

( c )  Two different planes may 

(1) intersect and t h e i r  intersection w i l l  be a l ine ;  
(2) not in te r sec t  (have an empty intersection). 

2 .  teach in^ Suggestions. 
Use models in order to explore the possible situations f o r  

two l i n e s  intersecting and not intersecting. ( k t  each student 
have materials, too. ) Also, use a pencil or some other  object to 
represent a lfne, and a card to represent a plane. Use two pieces 

of cardboard each cut to center w i t h  the two f i t t ed  together to 
represent the idea of two planes and their intersection, and, 
from these, s t a t e  some generalizations that may be made. A 
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Also,  ident i fy  situations in the room which are representa- 
tions of different  cases of intersections of l ines  and planes. 
Some may wish to express the ideas In symbcls. For example, name 
the l i ne  of one of the front vertical edges 1 , and line along the 
top front of desk, k. Then 1 n k is a point. 

Subscripts also may be used so that we talk about l i n e s ]  
a n d l  2.  The use of a f e w  subscripts should be encouraged. 

Anawers & Questions in Text s. P a ~ e  125. 
Indefinite question - no specific answer needed. Yes it is 

true of edges of classroom, Yes; yes; yes; no. Yes; figure 
from Section 4-3 could be used. 
Page 126. Case 1. If they did, I and k would be the same l ine .  
x. 

A Line and 2 Plane. Yes; Figure (b) line and plane with one --- - 
poin t  intersection; 

Ffgure (a )  line lying In plane. 
Two Planes. No; no, cannot hold sheets to do ei ther .  - 
Page 128. No other  case; either the planes i n t e r s e c t  or they 

do not. 

Answers & lkercises 4-5. Page 129. 
1. ( a )  Intersection of line and plane, empty set .  Line --- 

and plane are parallel. No point, 

(b) Intersection of line and plane, one point  line --- 
pierces plane. 

( c )  Interaection of l i ne  and plane more than one point. --- 
Line lies in plane. 

2. Intersection of f loor  and f ront  wall, Intersection of 
ceiling and side wall, e tc .  

C* w 
AB n AC = Point  A 



4. Yes; yes; no (no poin t  in a l l  planes); the empty set; no. 
5 Yes; yes; one point 

6. Yes; yea; a line (the f o l d )  
7. ( 4 )  The empty set 

5 )  One point 

0 points 

HGD 
HGB 
HGB , 
HGD , 
m, 
FE, 
ED, 
ED, 
FGB , 

1 poln t  2 points 3 points 
Using Only Lettered Points 
and ABC (one other p o s s i ~ t ~ )  
and GBC (many other possibilities) 
BOD, FGD (many other  possibilities) 
FGD, BGD (some other possibilities) 
FE (many other poss ib l l l t i es )  
GD (many other posalbiiities) 
AB (many othep poasibilities) 
GD, CD (many othep poasibilities) 

FGD, HGD, BClD 

4-6. Sements. 
P a ~ e  131. 
1. Understandings. 

(a) If A, B, and C are three points on a l i n e ,  our 
intuition t e l l s  us which point is between the other two. 

( b )  A line segnent is determined by any two points and I s  

on the line containing those points. 

( c )  The two points which determine a segment are cal led  
endpoints of the segment. 

( d )  A line sepent  is a s e t  of points which consists of 

I t s  endpoints and all points between them. 

(e )  The union of two sets consists of a l l  the elmenee of 
the two sets. 



2. teach in^ Suggestions. 
Bring out the idea that when we draw a sketch o r  a picture 

of a l i n e ,  we draw a picture of one part of the llne, and t h a t  
t h i s  is ,  proper ly ,  a line segment. However, we of t en  represent 
a line by a part of a llne (since we cannot do anythlng e l s e ) .  
One should be careful  to say that the sketch represents a l i n e  
or line see~nent as is appropriate. Draw a representation of a 

l lne  on the chalkboard and name two points of the l i ne ,  A and 
B. Note that means po in t s  A and B and all points between 
them. Name o the r  points on the line and various l i n e  segments. 

Review the idea of intersection of  two se ts .  Then develop 

the idea of union of two sets using line segments much as is 

suggested by student  t e x t .  mtend this idea by s e l e c t i n g  other 

illustrations, as, set of girls i n  c l a s s  and s e t  of boys in c l a s s  
and that the union of the two s e t s  is the s e t  obtained by combfn- 

lng the two s e t s .  Each member of the union is then either a boy 

or a girl in the class. Have students suggest other  sets ,  noting 

what can be said about the elements of the union of the two o r  
more s e t s .  Take illustrations f r o m  geometry t o o ,  such as, the  
union of two l i n e s ,  line and plane, e tc .  Again note t ha t  if an 

element is a member of both sets, it appears only once In their 
union. 

Answers - to Exercises 4-6. Page 133. - 
I n  t e x t  E 

1. > 
P Q R S - 

(a) Pa, or PR, &R e t c .  

(b) PQ, &R e t c .  

(4 m? 
(4 m, 

2. 
A B C 

( a )  The point  B 

(b) - (4 AC 
( d l  = 
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6 .  No. 
P A B Q 

8. We would have more than one "straight llne" through two 

pointa. See question 6. 
9, (a) W s  follows from the idea of set. 

(b) The set of elements which are either in X or in 
Y is the same a8 the set of elements which are 
either In Y OP in X. " 

( c )  Each side of the equality means the same set; 
namely, the e e t  of a l l  elements which are in a t  

leaat one or the same three eets  X, Y, or 2. 
10. The set of elements which are either in s e t  X or in 

set X l a  naturally just the set X. 

7. L. Yea; no. 

4-7. Separations. 
Page 134. 
1. Underatandin~s. 

(a) A plane separates apace Into two half -sgacea. 

(b) A llne separates a plane i n t o  two half -planes. 

( c )  A p o l n t  sepa~ates a line into two half-lines. 

C .  

( d )  A ray is the union of a half-line and the point which 

B. 

determines the half-llne. 

Use cardboard models to develop underatanding of these Ideas. 

[pages 133-134 1 



Note how one s ide  of the model pictured in the materials section 
of thls Commentary aeparatea space and that we call the two sides 
half-spaces. Ask how we could separate a plane l n t o  two half- 
planes and a line lnto two half-lines before the students have 
read these paragraphs. 

This aection gives an unusually good opportunity to emphasize 
relations among point, l ine,  plane, and apace. You can expect 
seventh grade students particularly to enjoy thls section. It 
g i v e s  a certain structure to geometry. 

Draw 8 number of lines on the chalkboard. Mark points on 
them and t a l k  about half-lines, r a p ,  and endpoints. Talk about 
the intersection of 2 rays, two half-lines, and ray and half-line. 
If students are worried about whether a half-line has an endpoint, 
see explanation in student t e x t  for saying "an angle of a tri- 

angle. ft 

A lao ,  ldentlf'y representations of half-spaces, produced by 

room dividere, walla In building; of half-planes, by lines on 
paper, l ines  on wall, etc . ;  and of half-line by naming a part lc-  
ular point along the edge of a ruler. 

I Answers Queationa in Text 4-7. P a ~ e  132. 

f Beginning below the first figure of the section: 
Yes; no; not  the empty set .  A half-line is one of the two I 9et8 OP points i n t o  which a line is separated by a point. Yes, 

: a point; yes ( a  set consisting of one point). No; yes; yes for 
/ figure. See statement ( 3 )  immediately below in tex t .  

Answers Brerciaes 9. P a ~ e  131. 
1. Yes; no; yea; no; yes. 

2. AB (or a); a half l lne  to the left of A,* A 0 > 
(8) d? 2 + 3 
(b) BA, CD + + 
(4 W ?  CD + + 
( d l  BA, BC 

4 -+ 
( e )  BA, CD 

4. No, no 
5. Yea, yea 
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6 .  yes 

* 7 .  Not if they are half-planes from the same line, but yes 

if you use parallel lines and overlapping half-planes. 

*8. No; yes 

4 -8. Angles and Triangles, - 
Page 138. 
1. Understandinas. 

(a )  An angle is a s e t  of points consisting of 2 rays no t  

both  on the same s t ra igh t  l ine  and having an endpoint 

in common. 

(b) A n  angle separates the plane containing It. - 
( c )  A triangle is the union of three sets, AB, m, and 

where A, B, and C are any poin ts  not  on the same 

,In,. p, 
A B 

( d )  A triangle determines i t s  angles but does not contain 
its angles. 

2 .  Teaching Suffqestions. 

Illustrate t h e  idea of angle as two rays with the same end- 
point. Use colored chalk to show i n t e r io r  and exter ior .  Also 

note how we name an angle. (This is n o t  the only way to consider 

an angle. This defini t - ion,  however, I s  identical with t h a t  which 
I s  very l i k e l y  to be used in the loth grade, Later, the measure 
of an angle and angle as a r o t a t l o n  will be considered.) 

In developing the idea of triangle, put three pofnts on 
board and note them as endpoints of 3 l i n e  segments, m, E, m. 
Note the s e t  of' points in each segment and t h a t  a triangle is the 

union of these three se ts .  Use colored chalk tb show interior 
and exterior, lhphasize the s e t  of points of the interior, the 
exterior, and that of the t r i ang le .  

Again students may be interested in drawing angles, triangles, 

shading, e t c .   h his is not perspective drawing.) This Is good 

material to develop imagination and to encourage drawing,etc.  
How many t r iangles  can be drawn with j u s t  four lines? How many 
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wlth four lines two of which are paral le l?  Etc. 

In discussing the angles of the triangle bring out the idea 
: that although people o f t e n  talk about angles of a triangle, I t  I s  

a short way of saying that they are the angles determined by the 
triangle. Use such analogies  as the school determines i t s  gradu- 

ates  but graduates are not I n  school; a city "hastt suburbs, but 

the suburbs are n o t  part of the c l t y ,  etc .  

Answers & Questions in Text 4-8. Page 139. --- 
Y e s ,  the s ides  of the triangle are  in the  triangle; that is 

to say, every point  of each side is in the s e t  of points which 1s 

the triangle, 
No, the angles are not  in the t r iangle.  

Answers lkercises 4-8. P a ~ e  - 140. 

1. (a) The i n t e r i o r  of L ABC 

(b) The In te r lo+  of A ABC 
2. (a) Yes, they have d i f f e r e n t  vertlces 

(b) Yes 

I ( c )  The l i ne s  containing the rays determine a plane. 
i 
I 3 .  (a)  The pofnt A 

i 
(b) No 

1 (4 
( d l  la 

4. ( a )  The two points X and W 
(b) A AWX, A ABC, A BWY, A XCY 

( c )  None 

(d )  A, B, C, W, and Y 

(4 B, A 

Y 
R can be on ~ l ~ l '  



(d)  Not p o s s i b l e  

8. ( a )  The points A and C 

Ib) = 
( c )  The points A and B 

( d )  The po in t  B 

(e)  L ACB 
I 

(f) = 
( g )  
(h) The union of and 

+g. No; yes. 
+lo. (a)  Yes 

(b) It may or may not, depending on choice of P and Q. 
( c )  Yes 

( d l  No 
< 

0. 

4-9, One-to -one Correspondence. 

Page 142. 

Understandings. 

( a )  The idea of one-to-one correspondence is fundamental in 

counting. (chapter 3)  
( b )  One-to-one correspondences in geometry can be establi&ed: 

(1) Between a ce r t a i n  set of l ines and a cer ta in  s e t  

of po in t s  

( 2 )  Between the s e t  of points of one s e p e n t  and the 
set  of points of another segment 

( 3 )  Between certain other geometric se ts  in pairs .  
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2. Teaching S w ~ e s t i o n s ,  

Review the idea of one-to-one correspondence and the neces- 

sary condi t ion that for  each element In set A there corresponds 

1 an element in s e t  B. For example, if there are 5 chal rs  and 
5 people, for each chair there is a person and for each p=?son 
there I s  a chair.  

This idea, while elementary, I s  sometimes hard to grasp. 
One-to-one correspondences between finite se ts  ( s e t s  having a 

specific number of elements as in the illustration above) are 

easy to observe If they e x l s t .  If sets A and B are finite, 

then if A and B have the same number of elements, there exlsts 

a one-to-one correspondence between them. Such follows simply by 

I counting. But we are sometimes interested in a particular one 

of the poss ib le  one-to-one correspondences. ' For  the two congruent 
triangles below we are interested In matching A with D, B 

congruence. If we were to match A with F, B with D, and 
C with E we would not be noting the congruence. 

For infinite se ts  H and K we may be interested in two 
aspects : 

(1) Is there any one-to-one correspondence between H and K? 

(2) Is there a "nice1' or llnatural" one-to-one correspondence? 
In the examples In Sect ion 4-9, we not only show that  there 

is some one-to-one correspondence but that there is a "natural" or 
H nice" one. There also would be a great many that are not  "naturd" 
or  "nice. " 

To establish a one-to-one correspondence we need (1) a 

complete matching scheme, and (2) in t h i s  particular device It 
myst be true that f o r  any element of either aet  there corresponds 

a unique element of the other set .  It is implied by what we say 

that if - a corresponds to 2, then - b corresponds to - a. 



In effect,  to e s t a b l i s h  a one-to-one correspondence we must 
I I  have a way of tying" each element of either set  to a particular 

element of the other. And the "atring" we use for  ty ing - a to 

b also ties 2 to a. - - 
In the tex t  we describe a one-to-one correspondence between 

a certain s e t  of l ines  and a certain s e t  of Points. 
Problems 2 and 3 ( I kepc lse  4-9-b) are developmental and 

becauae of t h i s  are suggested for  possible classwork. 

Answers - to Questions in Text 4-9. Page 142. -- - 
Yes (1f a l l  ticket-holders show up).  Same number. 
Yes. No. 
One more person than chairs.  Yes, a t  the end of the game, 

No. a r P S P i  f g 

I I1 111 IV v 

Answers & Exercises 4-9a. Page 143. 
1. Depends on the number of pupils and the number of desks.  
2. No. There are more states than there are cities of 

over 1,000,000 in population. 

3. Yes. For each person there I s  a nose and for each 

nose there corresponds a person; hence, counting noses 
gives the total number of persons involved. 

each odd l a  matched to the next 
0 2 . . . lower even. 

5 .  Yes .  Match elements of R with elements of T by 

means of elements in S .  

6 Each whole number is matched w i t h  the whole number 
which is two times as  large. Thus: 

Answers to C l a s s  lkercises. Page 144. -- - 
4. (a )  No. 

(b) Yes. Property 1. (section 4-1) 
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( a )  Yes. 

( b )  3 .  
( c )  Yes. 

( d )  Yes. 
( e )  Yes. 

Y e s .  

( a )  Y e s .  
(b) One. 
l i n e ;  point; point; l i n e .  

t o  Exercises 4-gb. Page 145. - 
Each vertex to t h e  s i d e  oppos i te .  

Yes, you should observe it. 

Y e s .  

Y e s ;  yes. 

3 .  Yes; yes; yes; yes; yes. 

"4. There are  rays in space similar to the set of rays  

described in Problem 2. 

"5. The s e t  of intersections of' the elements of K with 

a plane form the set H. 

* 6 .  ( a )  Y e s  

( b )  Yes  
( c )  Yes, see Problem 5 (Exercises 4-ga). 

4-10. Simple Closed C w e s .  

Page 147. 
1. Understandings. 

(a )  Broken-line figures such a s  those we see in s t a t i s t i c a l  
graphs,  t r i ang les ,  rectangles, as wel l  as c i r c l e s ,  and 
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figure eights are curvee. 
(b) A slmple closed curve in the plane separates the plane 

into 2 sets--the points 'of the interior of the curve 

and the points of the exterior of the curve. The curve 
itself I s  contained i n  neither set .  

( c )  The curve Is cal led  the boundary of the i n t e r i o r  (or the 
exterior). 

(d )  If a point  A is in the In t e r io r  of a curve and a point 

B I s  i n  the exterior of the curve, then the lntersectlcn 
of and the curve contains at least one element. 

2 .  Teaching Suggestions. 

Draw some curves on the chalkboard, bringing out the idea 

t h a t  we call them "curves" and that a segment is just one kind 
of curve. We use the word "curve" in a special way in mathe- 
matics. 

Note that a slmple closed curve separstes a plane In to  two 
a e t s  and that the curve itself I s  the boundary of the two aets.  

Also, that any quadrilateral, parallelogram or rectangle is a 

simple closed curve. Identify some of the many curves which are 
suggested in the room, such as boundary of chalkboard, total 
boundary of f l o o r  surface, e t c .  

Students enjoy drawing elaborate curvea which may still be 
classified as slmple closed curves.  Encourage t h e i r  drawing a 

few simple c losed curves for a bulletin board exhibit. 

Answers to merciaea 4-10. Page 149. - 

2. The intersection of the exterior of J1 and the i n t e r i o r  

[pages 147-149 1 
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This is r u l e d  
out because of 
the extra p o i n t  

Yes, 3 .  
4. No, I t  conta ins  two. 

5 .  Slmple closed curve, line, angle 

6. (a)  B and D 

+ 3 
( c )  BA and DE 

- 

9.  Because the curve would have to cross an even number of 

times. If the curve crosses three times, the pencil is 
then not on the aame side of the line as where it s t a r t e d .  

Sample Questlona on Chapter 4 

The sets  of questions presented a t  the end of the  chapter In 
the Teachers Commentary are NOT intended as a Chapter test. 
Teachers should construct chapter t e s t  carefully by combining 
selected items from the set of questions included in the guide 

and questions of their own writing. Great care should be used to 



.d making the test too long. 
1. If two different planes each contain the same 

points what can you say about the three points 
points are on a line. ) 

2. Draw L ABC. Label P a point in the Interior - 
the P-side of l i n e  AB. 

three 
?  h he 

. Shade 

3 .  Draw two simple closed curves whose intersection is a 

s e t  of exactly four points. - 
4. Draw a simple closed curve which 1s the union of  five 

sements, no two on the same line. 

0 
5. Draw A PQR. Label a point A between P and Q. 

D r a w  the line m. Llst a l l  trl- 
angles represented In your figure. 

I A p a ,  A PAR, n RAQ.1 
P 

6 .  Each poin t  of a l i n e  separates the l i n e  Into i w o  half- 

l i n e s .  Make two simllar statements, one about a l ine  

and a plane and the other about a plane and space. 
( A  l i ne  separates a plane i n t o  two half-planes. A plane 
separates space into two half -spaces. ) 

7 .  Suppose the intersection of two lines is the empty set .  

If they are in the same plane they are 1 parallel ). 
If they are not  in the same plane they are { skew ). 

8. Consider the f.lgure a t  the r ight .  

(a) List 3 rays represented. 
3 ,  2, 3) 

3 
(b) What IS AC n a ABC? (X) 
(c) mat IS wniiif? 

( point  A) 



13. In the figure, a set of rays 

from P may be used to establ ish  P 
a (one-to-one correspondence) 
between AC' and ED. 
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9. Draw a horizontal l ine .  Label four points on it P, Q, 
R, and S in that order f r o m  left to right. 

P Q  R S  

(a) Name two sepents  whoae intersection is one point. 

and 
(b) Name two rays whose unlon 18 the l ine .  ( and 8) 
( c )  Name two segnents whose intersection is a segment. 

( a d  a) 
( d )  Name two se@nents whoae union l a  a segnent. 

(X and 
10. Using the planes of the walls and ceiling of youp room, 

list three planes whoae intersection is exactly one 
point. (Front wall, s i d e  wall, and ceil ing.  ) 

11. Label A, 8, and C three points not  
a l l  on the aame l ine .  Draw s, %8, 

4-b 
and x .  4Jjfg 

7 A 6 B  

(a) Into how many pieces (regions) does the union of 

the aewents , , and aeparate the plane? 

( 2  

(b) I n t o  how many piecaa (regions) does the union of 
l ines %?, and sepraate the plane? (7) 

12. Draw a vert i ca l  l ine R on your paper. Lsbe l  points 

A, 3, C, and D in that order from top to bottom, 
(a) what IS KE n ED? (E) 
(b) What is Z n 3? (me mpty s e t  

(o) What is the unlon of '11B and z? 
(3 

( d )  What is the union of AXIi and 'BE? 

A 

. B 

-. C 

0 

(m) 4 



To the l e f t  of an item in the left-hand column place 
the l e t t e r  of a corresponding I t e m  from the right-hand 

column: 
+ + 

( 9 )  1. the,unlon of PA and -8 a. AP 

( f )  2. J, n-4 b. AEi 
( c )  3 .  segment c. A & ~ D  
(3) 4. point in interior of L APB d. Q 
(4 5. w e .  4 
( a )  6 .  ray on ya f. P 
(b) 7 .  the union of a and a g. LAPB 

(i) 8. h. empty s e t  

(h) 9.  a n 4  I. B 
(j) 10. the union of 4 and J .  4 

In the corresponding blank to the left of each of t h e  

following statements Indicate if it is true or false. 
 r rue) 1. Point Q is on the C-side of s. 
(False) 2. is the intersection of two half-planes. 

(~alse) 3 .  The union of and 3 LABC. 

(~alae) 4. Point B separates 3 lint two segments 

and m. 
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(True) 5 Point  B separates into two half-lines. 
 r rue) 6 .  Paint Q Is in the i n t e r i o r  of angle ACE. 

(False )  7. Poin t  Q is In the i n t e r i o r  of angle DBA. 

 r rue) 8. The interlor of angle ABC is the intersection 

of a half-plane containing C and a half-plane 

containing A .  

(True) 9.  Triangle ABC is a simple closed curve, 
(True) 10. A one-to-one correspondence may be established 

between ( a )  the set  of l ines  in te r sec t ing  
e 
AC and contafning B and (b) the s e t  of 

C )  

polnts on AC. 

Multiple Choice. 

( a )  intersect in the empty s e t  

(b) are parallel 
( c )  intersect in one point  

(d) are in the same plane 
2. Segment &P: 

(a)  lies in plane M1 
( b )  is in plane % 
( c )  connects an element of MI with an 

element of' M2 

(a) 

( d )  none of these 



3 (a] j2 separates M1 into two half-planes 
(b) / f l ~ ~  is the empty set  

( c )  / 2 n ~ 1  is the empty s e t  

( d )  4 separates space 3 0  

4. (a) ~ , n l ,  = P 

1 ( c )  % does not extend endlessly as does 

(d )  % contains all the points 4& 

5 .  P o i n t  P: 
( a )  is in the intersection of M1 and M;? 
(b) lies in a half-plane whose boundary is Rp 
( c )  is not an element of s. 
( d )  18 not  an element of/ 5 A  



Chapter V 

FACTORING AND P R r n S  

. 5-1. P r Z m e s .  
Page - 151. It is important that  in the beginning the pupils 
experiment with numbers and at t he  same time become accustomed 
t o  the equivalent terms " d i v i s i b l e  by" and "mult ip le  o f . "  To 
emphasize t h i s  and t o  g i v e  the initial development of the Sieve 

of Eratosthenes, the pupi l  is first asked to cross out the 
multiples of 2, except for 2 itself, in the list of numbers 
up to 31; then the multiples of 3. 

Page 152. As a class  exercise, the Sieve f o r  the  numbers up t o  

100 I s  to be constructed. It will save class  time for t he  teacher 

to have prepared on ditto sheeta the numbers from 1 to 100 

arranged in rows of ten. If the teacher wishes, the next hundred 

numbers might also  be included. The pupils should check their 
copies  carefully and keep them f o r  f u t u r e  reference. 

It should be stressed t h a t  1 is a special  number in various 
ways. First, every counting number is d i v i s i b l e  by 1. Second, 
1 i a  divialble only by i t se l f ,  t h a t  is, I t  has only one factor. 
Because of these properties, the unique factorization theorem, 
introduced in Section 2 of th i s  chapter, would n o t  hold if 1 

were c lass i f i ed  aa a prime number. 
In constructing the Sleve the students should realize that 

af ter  crossing out the multiples of 2 (except for 2) only the 
odd numbers remain, that is, only those numbers which are not 
divisible by 2. After the aecond step, only the numbers 
1, 2,  3 and those n o t  divisible by either 2 or 3 remain. 
After the t h i r d  step, only the numbers 1, 2, 3, 5 and those not 
d i v i s i b l e  by 2, 3, or 5 remain. After the f o u r t h  step, only  

the numbers 1, 2, 3,  5 ,  7 and those not d i v i s i b l e  by 2, 3,  5 or 7 
remain. This pattern contfnues. 

The students are encouraged to try to see why i n  the fifth 
step, involving multiples of 11, no further numbers are crossed 
out in the s e t  from 1 to 100. Zf no student dfscovers why 



t h i s  I s  so, t h e  teacher should pass over the p o i n t  s ince it is 
important that  it be discovered in the student's own time; but 

some student may not ice  that any number less than 100 which is 

not a prime number must have a factor which is less than the 
aquare root of 100. Prom this it follows t h a t ,  except f o r  1, a l l  
t h e  numbers remaining In t h i s  Sieve after the four th  s tep  will 
be prime numbers. The fourth s tep  is the crossing out of all 
multiples of 7 other than 7. 

Sieve  of Eratosthenes 
for the numbers from 1 through 100: 

f o r  the numbers from 100 through 200: 

M x W M *  

Remember! 1 is not a prlme number. 
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Answers ta ESEercise 5-1. Page 154: 

1. a.  2,3,5,7,11y13,17,19,23,29,3~,37,41,43,47,53,5936l,67,7l, 
73,79,83,89,97 

b. 101,103,107,10g,113,127 

2. a. 15 b. 25 c. 31 

3 0,5,~0,15,20,25,3~,35,40,45,50,55,60 
4 0,7,14,21,28,35,42,49 
54 0,15,30,45,60,75,90 
6. 1 12 14 17 18 20 25 27 

in reverse order. 
8 .  a. The number 24 is d i v i s i b l e  by 1,2,3,4,6,8,12and24. 

b, 24 is a multiple of 1,2,3,4,6,8,12 and 24. 

6 
7 

c .  24 l a  a multiple of each of the sets of numbers in 

2 no no 3 no no no 
no 2 no no no no no 

a. and b. s ince being a 'hultiple of" l a  the  same 

as being "d iv i s ib l e  by." 
9. 1 2 = 2 ~ 6 = 6 ~ 2 = 3 ~ 4 = 4 ~ 3 = 2 ~ 2 ~ 3 - 2 ~ 3 ~ 2 =  

3 X 2 X 2  

LO. 3 and 5, 5 and 7, 11 and 13, 17 and 19, 29 and 31, 41 and 43 
59 and 61, 71 and 73. There are eight such pairs. 

7. a.  1 2 - 3 x 4  or 2 x 6  b. 3 6 - 2 ~ 1 8 o r  3 x 1 2  

o r 4 x g o r 6 x 6  c. 31 is prime 
d .  7 3s prime e. 8 = 2 x . k  f. 11 is prime 

gm 3 5 - 5 x 7  h, 5 I s  prime i, 3 9 = 3 x 1 3  
J .  4 2 = 2 x 2 1  or 3 x 1 4  or 6 x 7  k. 6 = 2 x 3  
1. 4 1 1 a p r - e  m. 8 2 - 2 x 4 1  n. 9 5 = 5 X 1 9  
Of course in a l l  these cases the two factors may be written 



11. 4 - 2 + 2 ;  6 = 3 + 3 ;  8 = 5 + 3 ;  1 0 = 3 + 7 = 5 + 5 ;  
1 2 = 5 + 7 ;  1 4 = 3 + 1 1 = 7 + 7 ;  1 6 = 3 + 1 3 = 5 + 1 1 ;  
1 8 = 5 + 1 3 = ? + I I ;  2 0 = 3 + 1 7 = 7 + 1 3 ;  2 2 = 3 + 1 9 =  

5 +17 = 11 + I l .  

12. Yes; 3,5,7. This is the only set  becauae at l e a s t  one of any 
set of three consecutive odd numbers I s  d i v i s i b l e  by 3 .  
. . . . . .  I . . . . . .  . . . . . . .  

- 
e t c .  ( d }  yes. The numeral 2 I s  t he  only  numeral circled 
which is not  underlined. 

1 4 .  3,5,7,11,13,17*19,23,29- 

5-2. Factors. 

The purposes of this section are t o  develop understandings of 

the terms "factor,  " "camplete factorization, It "composite number, I' 
and of the Unique Factorization Property. Notice that  the 

d e f i n i t i o n  of factor includes zero; thus zero has factors. 
Problem 4 of Exercises 5-2 serves as  a b a s i a  of a discussfon 
of zero. 
Page 157. We do n o t  cons ider  it mandatory that pupils use 

exponents. They should be encouraged, however, to use them where- 
ever it is reasonable to do so. 

As a matter of interest, the Unlque Factorization Property 
is usually referred to as  the Fundamental Theorem of Arithmetic. 

Notice that in complete f ac to r i za t ion  for a prime number 
l i k e  17 only one factor is written, as: 17 = 17. 

The d e f i n i t i o n  given of a composite number is felt to be 
the e a s l e a t  to understand of various p o s s i b l e  ones. Some teachers 
may prefer to stress the d e f i n i t i o n s  in terms of number of factors 

s i n c e  t h i s  does have some unifying effect. If this is the case, 

the  counting numbers would be class i f ied as follows: 

a. The number 1 which has just  one factor, namely, Itself. 
b. The prlme numbers which have just two factors; namely, 

1 and the number Itself 
c. The composite numbers which have more than t w o  factors. 

[pages 154-1571 



It I s  important to not ice  that every counting number comea under 

one of theae headings. 
Notice that the definition is given of complete 

factorizat ion,  not* complete factorization, since the order 
of the prime factors may vary. 

fn the previous edi t ion  of t h i s  section, diagrams of 

numbers were considered in connection with factoring. Teacher 
reaction was mixed, some finding it very useful and others 
of no assistance at al l .  Teacher ~eactlons seem to indicate 
that aome students acqulre better understanding of factorleation 

by use of theae diagrams, others are confused by them. Since 
also it was felt that the development of t h i s  method might be 
eaeler if the teacher was not bound by a t e x t ,  we are confining 
the description of t h i s  method to the teacher's commentary. 

EBsAcally, we can represent a product by the diagram 
2 3 6 
O h 0  where the 3 aaaociated with the line is the 
multiplier, which "takes 2 into 6. " The arrow indicates the  

d i rec t ion  in which the multiplication goea. 
2 3 6 4 24 

o represents the product Similarly o ,O 

(2 x 3 )  x 4. 
Wen the three different complete lactorlzations of 18 could 

be represented by the following dlagram. Notice t h a t  all the 

factors of 18 also appear in t h e  diagram 

In making a diagram you may suggest to the pupi l s  that  it I s  

b e a t  first to make a list of a l l  the factors of the number and t o  

arrange them from the smallest to the largeat. For 12 this would 

be 1, 2, 3, 4, 6, 12. Then start with 1 and continue to bui ld  a 

chain so that the second number is d i v i s i b l e  by the preceding nun- 



ber, and so on. Thus, one chain would consist  of 1, 2, 4 ,  and 

12; another chain would consist  of 1, 3,  6, and 12; and the last 
chain would be 1, 2 ,  6, and 12. In eech of these chains, taking 
any pair, the second is divisible by the f i r a t  and there I s  no 
factor between them. We could not  go from 1 to 4 alnce there 
is the factor 2 between 1 and 4 .  Remember that  one of the 
rules of the game is that there may be no other factor between 
successive numbers. 

The diagrams f o r  t h e  numbers from 1 through 20 are 
ahown here : 



Some teachers may be interested in pursuing t he  investigation 

of theae diagrams a little further. TAe following examples are 
included for  t h i s  purpose. Also, a few of your very g i f t e d  pupi l s  
may gain better understandings about numbers from these examples. 
However, it is felt that if presented to a l l  students, the extra 
time used nay not just i fy  the results. 

Example 2. L e t  a and b represent two different prfme numbers. 
Complete each of the following sketches: 

Example 11. 

a. WE found that  6 and 10 had patterns l i k e  the one in 
Problem 3. Name 3 other numbers that we have not 
sketched which have the same pattern. 

b. Notice that  4 and 9 have the same pa t t e rn  as Problem 
5b. &me 3 others which we have no t  sketched that 
have the same patterm. 

c .  A number like 12 or 18 has the same pattern as 
Problem 5c. Pind 3 other numbers which have t h i s  

pat tern.  
d. Pind 3 numbera which have patterns l i k e  5d. 
e. FFnd patterns which have not been represented so far in 

the uni t .  
Answers for Example I. - - 

a. ab b. a 2 
c .  ab 3 d .  ab; a b 

Answers f o r  Example 11. 
a .  21, 22, 26, 33, 34, and so on, 
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b .  25, 49, 121 or any other square of a prime number. 
2 c .  28, 44, 45 or any others of the form a b where a 

and b are prime. 
d .  24, 40, 54, 135 or any others of the form a'b. . . .  

2 2 e. Here are some possible forms: a b : 36, 100, 225; 
3 2 a b : 72, 200, 108 

Answers t o  lkerclses Page 1s: - 
1. a. 1 , 2 , 5 , l O  

bm 1, 3,  5, 15 

4. Zero is not a factor of s ix  since there is no t  a number which, 
when multiplied by zero, gives a product of six,  6 is a 

factor of zero s ince  the product of six and zero is zero, 
thus the d e f i n i t i o n  1s satisfied.  
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5 .  a, 1, 4, 10, 20 b. 1 , 4 , 6 , 8 , 9 , 1 8 , 2 4 , 3 6 , 7 2  
6 .  a. 3 - 5 . 7  

b, 2 - 3 . 7  

c .  3 * 5 * 5 o r 3 * 5  2 

d .  3 * 2 . 2 . 5 - 5 0 r 3 4 2 2 * 5 2  

e.  g6 

f .  3 . 5 0 2 3  
g .  311 (This Is a prime number) 

h. 23 53 
i. 7 * 4 3  

J .  17 19 
7. a. Even f. &en 

b .  Even g. Odd 

c .  Even h .  Odd 

d .  Even i. Odd 

e. Odd j. Even 

a *  ''three is four; it is even 

b* 12five is seven; it is odd. 

C *  33five is eighteen;  it is even. 

d .  10ltwo is five; t h i s  is odd. 

9. Divisibility is a property of number. It i s  t h e  number whick 
is d i v i s i b l e  by ano the r  number. The numeral is a way of writ 

ing t h e  number. In base t en ,  a numeral which represents an 

even number ends w i t h  an even niunber; in base five t h i s  I s  

no t  necessarily so. This is i l l u s t r a t ed  in Exercise 8. 
+lo, Some of the items i n  t he  table will be : 

Factors of N Number of Factors Sum of Factors 

18 1,2,3,6,9,18 6 39 
24 1,2,3,4,6,8,12,24 8 60 
28 1,2,4,7,14,28 6 56 
a. 2,3,5,7,11,13,17,19,23,29 ( t h e  prime numbers) 

b. 4,9,25 ( the  squares of prime numbers) 

c. Three: 1 , p a n d p  2 

d .  Four: l,p,g,pg. The sum is 1 + p + g + pg 
2 3 k 

e. The factors are: 1 2 ,  2 , . 2 . There are k + 1 
of them. 



2 3 k f. The factors are: 1, 3, 3 , 3 , ..., 3 . mere are 
k + 1 of them. 

2 3 k 
g. If N = pk, the factors are 1, p,  p , p , ..., p . 

There are k + 1 of them. 
h. In t h i s  l i s t  the only numbera having 2N for the awn 

of their factors are 6 and 28. These are the two 
smallest perfect numbers. There is a general formula 
for all even perfect numbers, It l a  

Pd1(9 - 1) where both p and 2' - are prime 
numbers. The t h i r d  perfect  number is 496. 

5-3. D i v i s i b i l i t y .  

Page 160. The purpose of this section i s  to facilitate the 
discovery of factors of numbers by in spec t ion  of t he  decimal 
system numerals which represent them. Since we need be concerned 

only w i t h  prime factors, we confine ouraelvea chiefly to 2,3 
and 5. A t  t h i s  po in t  i n  the pupil's development I t  was felt t h a t  

the discovery of patterns would be more meaningful than the 

discussion dissecting t he  numeral according t o  the powers of 
ten.  Some teachers may prefer the treatment in the supplementary 
u n i t  on d i v i s i b i l i t y  since it gives a l i t t l e  more in s igh t  into 

t h e  reasons back of these patterns. 
It is hoped that most of t h e  p u p i l s  w i l l  go a l i t t l e  f u r t h e r  

than merely seeing t h a t  as far a8 the table goes, every number 

d i v i s i b l e  by 3 has a sum of d i g i t s  which is a l s ~  d i v i s i b l e  by 3 .  

They should look a t  the transition where the tens d i g i t  increases 
by 1, a s  is suggested In Problem 3 .  Some may be able to go 

further and see t h a t  where t h e  hundreds digit increases by 1, 
the t e n s  d i g i t  decreases by 9 and t h e  u n i t  d i g i t  by 7, leaving 
a n e t  decrease of 9 + 7 - 1 = 15 which is a multiple of 3 .  
Some pupils may even go f u r t h e r  and not ice  t h a t  if one takes t h e  

sum of the d i g i t s ,  the  same proper ly  holds .  

It i a  n o t  intended t h a t  great stress shall be laid here on 
t e s t s  for divisibility in other  bases but It I s  very important 
t h a t  the  p u p i l s  real ize  that the te  sts given here depend on the 

way the number i s  wr i t t en  (that is ,  t h e  aystem of numeration 
[page 1601 
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used). Just a l i t t le  discussion of t e s t s  f o r  other number systems 
seems to be the best way to emphasize t h i s  po in t .  

Answers & Fxerciaea 5-3 Page 163: 

1. a .  5 b. 3 c .  3 d .  2 e .  7 f ,  11 

2. a.  3 9 = 3  x 1 3  6 2 e .  180 = 2* X 3* X 5 i. 576 = 2 x 3 
2 

b. 6 0 = 2  ~ 3 x 5 ~ .  2 x 3 ~ 4 3  J .  729 - 36 
c .  8 1 - 3  4 g. 3 7 8 = 2 x 3  3 x 7  k. 1 0 9 8 ~ 2 ~ 3 ~ x 6 1  

d .  9 8 = 2 ~ 7  2 4 3 h.  432-2 x 3  1. 2324 = 2'x7~83 
3 .  See discussion above. 
4 .  For divisibility by 5 one needs only to see that when 5 is 

added to a number whose unfta d i g i t  is 0, the sum has units 

digit 5; if 5 is added to a number whose units d i g i t  is 5, 
the sum has units d i g i t  0. %is pattern repeats to show 
the test for a l l  numbers. 

5 .  The following table can be made f o r  multiples of 9: 
Multiple of 9 9 18 rl 36 45.. - 90  99 id ... 
Sum of digits 9 9 9 9 9 9 1 8 9  

6. A counting number will be d i v i s i b l e  by 6 if and only if It is 
d i v l a i b l e  by both 2 and 3. Hence the test is that it must 
be even and the sum of its d i g i t s  must be d i v i s i b l e  by 3.  

7. If a number is divisible by 15 it must be d i v i s i b l e  by both 
3 and 5, and conversely. Hence the test 1s that Its l a e t  

; 
d i g i t  must be one of 0 and 5 a n d  the sum of i t s  digits must 

i 
be a multiple of 3. 

8. a. Since the last d i g i t  i a  odd, the number is odd. 
b. 'ihe number 1s 400 in the decimal system and hence Is 

even. The brlght pupi l  might not ice  that the number 
3 2 

is even since it can be written in the form 7 + 7 + 7+1 
which is the sum of an even number of odd numbers. 

c. H e r e  the number in the decimal system 1s 259 which is 
odd. The bright student might notice that it may be 

3 written 6 + 62 + 6 + 1 which is the sum of 1 and 
three even numbera; hence is odd. 



d .  Here the number i n  the decimal system l a  40 which is 
even; or it may be shorn even by the same kind of 

argument as in part b. 
9. If a number is w r i t t e n  in the  system t o  t he  base seven, i t s  

l a s t  digit is zero if and only if it is divisible by seven, 
but it need n o t  be d i v i s i b l e  by ten .  To test d i v i s i b i l i t y  

by 3 write the first few multiples of three in the 
system t o  t he  base seven as follows: 

Number to t h e  base seven 3 6 12 15 21 24 30 33 36 42 

Sum of the dig i t s  3 6  3 6 3 6 3 6 1 2 * 6  
"Notice that  12 is also wri t ten  in the system t o  t he  base 
seven. Here when the f i r s t  d i g i t  increases by 1, the  

second d i g i t  decreases by 4 giv ing  a n e t  decrease of 3. Hence 
the same t e s t  for divisibility by 3 works both in t he  

decimal system and in t h e  system t o  t h e  base seven. 

10, If a number is written in t h e  number system to the base twelve 
and has zero as I t s  last digit it must be d i v i s i b l e  by 12 

but need not be divisible by 10. It w i l l  be d i v i s i b l e  by 3 

if i t s  las t  d i g i t  I s  one of 0,3,6,9. T h i s  may be shown In 

the same way that we tested f o r  divisibility by 5 in the 
decimal system, since the pattern 3,6,9,0 repeats  in the 
sequence of multiples of 3 w r i t t e n  to the base twelve. 

11. A number written t o  the  base seven will be divfsible by 6 if 
the sum of its digits is divislble by 6. This is apparent 

from the table given for exercise 9 if we n o t i c e  t h a t  every 

other sum of d i g i t s  I s  even ,  
12. A number written i n  the decimal system w i l l  be d i v i s i b l e  by 

4 if - one of the following h o l d s  : 

a. the l a s t  d i g i t  is one of 0,4,8 and the tens d i g i t  is even. 
b. t h e  last digit is 2 or 6 and the  tens d i g i t  1s odd. 

This can be seen from t h e  pa t t e rn  in which t h e  muLtlples 
of 4 f a l l .  Also, s ince  any multiple of 100 is d i v i s l b l e  

by 4, w e  could a l s o  say t h a t  a number is d i v i s i b l e  by 4 
if the number represented by the las t  two digits is d i v i s i b l e  

by 4. 
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5-4. Greatest Common Factor. 
The following s k i l l s  and understandings should be developed 

through this aec t l o n  : 
1. To i d e n t i f y  the common factors of several numbers. 
2 .  To f ind  the greatest common factor of several numbers in 

two ways--by listing the f a c t o r s  of each and by using a 
complete factorization of each number. 

It is recommended t h a t  the abbreviation ( G . c . F . )  not be 

used in t h l s  s ec t ion .  Use t h e  complete phrase "greatest common 
factor" in order to f i x  the meaning of the concept in t h e  minds 
of the pupils. 

Explain that if something is "common" t o  several t h i n g s ,  then 

one meaning is t h a t  they are similar in some way. If two numbers 

have a certain number as a factor, we say that  factor Is common 

t o  both. 
Provide d r i l l  on f i n d i n g  the greateat common fac tor  by l i s t i n g  

all factors to ensure that  pupfls have a thorough understanding 

of the meaning of the term. Some students  may discover the method 
of finding the greatest common f a c t o r  by complete factorization 
before it is introduced i n  problem 14, but if they do n o t  dlscover 
it, do n o t  "push" them i n t o  th is  prematurely. Students should 
be encouraged to use "short divisioni' when the divisor is less 

than t en .  

Discussion Exercises 5-4. Page 166. 
14-16. Method - of f in din^ - the Greateat Common Factor & 

Complete Factorization, This is a procedure for computing the  

greatest common factor  but it is not i n t u i t i v e .  The method of 

the definition (listing a l l  the factors, etc .  ) should be used 
in class u n t i l  the concept is fixed in the minds of the pupils, 

Illustration of Method: Find the  greatest common factor of 

24 and 60. 
F i r s t ,  f i n d  a complete factorlzatlon of each number: 

3 2 4 = 2  x 3  
2 6 0 = 2  ~ 3 x 5  



The f a c t o r  2 occurs three times in the complete factorlzation of 
24 and twice for  60; hence, 2 can occur a t  most twice for 60; 

hence, 2 can occur at most twice in any factor common t o  both 24 

and 60. The factor 3 occurs j u s t  once in each, and hence can 
occur at most once in any common factor. The number 5 is not 

a f a c t o r  of 24, and hence cannot occur In any common f a c t o r .  
Hence the greateat common factor is z2 x 3 - 12. Notice that 
the power of each prime f ac to r  of the greatest common f a c to r  is 

t he  smaller of the powers to which it occurs in the two given 
numbers. 

Surmhary - of Nethod: (1) Find a complete factorization of 
each number. (2) Pick out t he  primes which occur i n  - a l l  (every 
one) of these factorizations, ( 3 )  For each prime picked In ( 2 ) ,  

write the - smallest power of it which occurs in any of the fac tor-  
i z a t i o n s .  ( 4 )  Mult iply  all the powers w r i t t e n  in ( 3 ) ;  this 
product i s  the greatest common factor. 

The pupils will find it easier to pick  out the primes and ex- 
ponents in steps (2) and ( 3 )  above if the  original numbers are 
written in a column w i t h  the complete factorization of each 

number to the  right of t he  number. 
16. h. This exercise gives t he  pupils an oppor tun i ty  to 

establish a procedure for searching f o r  factors of numbers 
when they cannot guess them. It is time consuming, and 
may be omi t t ed  if time i s  no t  ava f l ab le  for it. 

In f ac to r ing  1173, remfnd the pupils of the test f o r  

divisibility by 3 and obtain 1173 = 3 x 391. Far the 
number 391, we try the successfve primes 2 ,  3,  5, 7 ,  11, 13, 
17, t o  find 391 = 17 X 23. Review the reasons f o r  t r y i n g  

only the primes--i.e. for skipping 9, 15, and a l l  the  even 
numbers except 2. Point out that, s ince  20 20 = 400 

is larger than 391, it is only necesadry to try the primes 
less than 20 (391 cannot be the product of two f ac to r s  each 
of which Is larger than 20). In general, if the prlrnes 
are tried in order of magnftude, one should stop when the 

quot ien t  is l e s s  than or equal to the divfaor.. 



18, Illustrate the results I n  a , b , c below using the 

values a = 6 ,  b = g ,  c = 1 2 .  

a ,  'Ihe s e t  of counting numbers is closed under the operation 
A s i n c e ,  for any counting nuinbers a and b, a n b  = 

the greateat common factor of a and b is again a 
counting number. 

b. me operation A is commutative since the greatest common 
factor of a and b is the same as t he  greatest common 

factor of b and a. 
c. me o p e r a t i o n n i s  associative s ince  each of aA 
(ba C )  and ( a n  b )  Ac 16 the greatest common 
factor of the  s e t  [a, b, c ) ,  

Answers Exercises 5-4. 
1. a. [l, 2, 3, 6 )  

b* 11, 2, 4, 83 
C .  Iiy 2, 3,  4, 6 ,  121 

d .  11, 3,  59 151 
e .  {I, 2, 4, 8, 163 
f. El, 3,  7, 211 

2. a. [ I j  21 d ,  El, 21 

b. Clj 2, 4) e. (1, 33 

c. I l Y  33 f a  C1, 2, 41 
3 .  a. (1, 191 

b.  (1, 2 ,  4, 7, 14, 283 
c. (1, 2, 3, 4 ,  6, 9,  12, 18, 363 
d .  2, 4, 5 ,  8, 10, 20, 401 
ea 3, 5 ,  91 15, 453 
f. {I., 2, 3, 4, 6,8, 9 s  12, 18, 24, 36, 723 

4, a. (11 dm (1, 3, 9) 
b. 2, 4 1  e *  (1, 2, 4, 81 
c .  El, 2 ,  43 f. 0 1  

5 .  a .  4 d. 9 
b. 4 e. 8 
c .  4 f. 4 



12 

25 
16 

6 
29 
a 
1 

1 

1 

Yes, 1 
Yes,  c = 3 ,  3 ,  b = 6 o r  9 or12, etc .  

No; the greatest common factor cm never be greater 
than the smallest member of the set of numbers used. 
NO. C6, 10, 153 
Y e s ,  O. C. F. of 6 and 10 is 2. 

O. C. F. of 6 and 15 is 3. 
Q.  C. F. of 10 and 15 1s 5. 

A i s  2, 3,  6, 9, 181 
B I S  El, 2, 3,  6, 7, 14, 21, 421 

2, 3,  61 
El, 2, 3, 41 
The interaectlon a e t  of the s e t  of factors of A and the 
set of factors of B is the s e t  of common factors.  
C is (1, 2, 3,  51 6, 10, 15, 301 
D is (1, 3,  17, 513 
C ~ D  I s  [l, 33 
3 is [l, 3, 13, 39) 
Q is (1, 2, 4, 13, 26, 52) 
~ n a  is (1, 131 
3 6 = 2 - 2 = 3 * 3 = 2 2 . 3  2 (see Discussion of 

4 5 E 3 * 3 ° 5 = 3 2 - 5  Exercises 5-4) 
The greatest common factor is 32 or 9. 



2 g o = 2 * 3 m 3 m 5 = 2 - 3  - 5  
GCF = 2 32 = 18 
24 = z 3  3, 6 0 = z 2  3 5 
Q.C.F. = z2 3 = 12 

36 = z2 32, 90 = 2 3* . 5 
2 G . C . F .  = 2 . 3 = 18 

3 72 = 2 32, 108 = 22 33 

G.C.F. = 2 2 .  3 2 = 3 6  

2 5 -  52 75 = 3 s2 125 = 5 3 
O.C.F. - 5* = 25 
2 4 = p 3 = 3 ,  6 0 = z 2 * 3  . 5 ,  8 4 = 2 2 m 3 - 7  

G.C.P. = z2 3 = 12 

4 2 = 2 . 3 * 7 ,  1 0 5 = 3 - 5 . 7 ,  1 4 7 = 3 = 7  2 

1 6 5 = 3  5 11, 234 = 2  32 13 

G . C . F .  = 3 

306 = 2 3* 17, 1173 = 3 17 - 23 
G.C.F. = 3 17 = 51 (see Discussion of Exercises 5-4. ) 
2040 = z3 3 5 17 , 2184 = z3  3 7 13 

G.C.F. = z3 3 = 24 

6 ( 6 x 0 = 0 )  

Yea (See Discussion of mercises 5-4) 
Yes 
Ye a 

5 5  Remainders - in Division. 
: 
I This eectlon serves a dual purpose: to help review basic 

i understandings about d i v i s i o n  and to separate the sec t ion  dealing 
w i t h  greatest common f a c t o r  and least common multiple. 

Also, t h i s  sectfon should help s t rengthen  the  pupils1 ideas 
concerning divisibility. We use t he  idea of the k c l i d e a n  
division algorithm, but we do no t  introduce t h e  term "algorithm." 
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It I 8  not necessary t o  confuse pupils with terms not needed in 

understanding the basic ideas hi8cussed. 
Page 170. The divfaion relation should be discussed following 
the introductory work and review. It is Important that the 
pupi l  understand t h e  relationships among a,  b, q, and R 

l n t h e e x p r e e s i o n  a =  ( b  q )  + R .  If careisused to 
relate t h e ~ e  symbols with  the terms dividend, diviaor, quotient, 
and remafnder, the pupil should no t  find it d i f f i c u l t  to use 

the symbol f o m  w i t h  understanding. 

The pupil  should understand that d i v i s i o n  always involves  
a remainder. We may not always write a zero remainder, but the 
importance of recognizing zero as a remainder should n o t  be 
minimized. It should be po in ted  out t o  students that when the 
remainder 16 zero we can use the div i s ion  relation t o  express 
d i v i s i b i l i t y .  

Discussion of Exercises 5-5. 
Page 171. - 
1. 3 .  It should be noted that  there are several poss ib le  answers. 

This example may be used to help  explain the answers in 
question 2. 

7. This method is based on the dlvision algorithm. Most students 
will not understand a l l  t h a t  is involved here. It I s  recom- 

mended that teachers not try to achieve mastery of thia 
technique. This is a atarred exercise and may be omitted 
without aerious loss. It is introduced to review g ~ e a t e s t  

common factor and to justify the dlscusaion of the division 
re la t ion in thia chapter. 

Answers to Exercises 5-5. Page 172. - 
1. Dividend Divisor Quotient 

a .  2 
b. 4 
C .  9 
d. 7 
e. 4 

Remainder 
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Dividend Divisor Quotient Remainder 
3 2 

10 

66 
20 

There are several possible answers for j, 

9 9 
3 27 
1 81 
a' 3 
81 1 

No ; see a and j. 

The dividend I s  greater than the quotient in th i s  case, 
The diviaor must always be greater than the remainder. 
Yes. O + 3 = O  or 0 = 3  O + 0 ,  
No. 3 i O  is impossfble because there is no number 
which when multiplied by 0 gives 3, w i t h  a remainder 

less than the divisor. 
Yes, 0 . i  3 = 0  

or 3 + 5 may be considered ae giv ing  a quotient of 0 

with remainder 3 .  This might be the anawer to the 
question : "How many $5 ahtrts can you buy with 

$31" 

Yes. 6 6  = 1 with 0 remainder 
6 4- 2 = 3 with 0 remainder 

: 3 .  a. Yes 

I .  

b .  No. It I s  impossible to div ide  by 0. 

C.  yes. 

d. Yes. A remainder of 0 is a whole number. 
4. a - b 

d 9 - R 
a. 2 1 

b. 98 
C 4 2 
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Yes,  (200;75 = 2 and Remainder 50 
q = 2 ,  R=50). 

There are many 

possible answers as 
indicated here. By 

t h e  commutative 

property the reverse 
order for each of 

these is a l s o  an 
acceptable answer. 

11 

No. me divlsor, b ,  may be any whole number except 

zero. Divla ion  by zero is impossible. ) 

Yes (counting numbers do n o t  include 0). 

Yes. (a may be 0, then q = 0. Or, a ,  may be 
any other number. However, q is n o t  a 

countfng number if a ( b. ) 
CO? 1, 2, 33 
The members of the set of all remainders are the whole 
numbers less than eleven.  

25 
K 
(1) 92 + 32 = 2 and Remainder 28 
( 2 )  32 + 28 = 1 and Remainder 4 

( 3 )  28 + 4 = 7 and Remainder 0 

4 is the divisor t h a t  r e s u l t s  In a zero remainder. 
The G.C.F .  Is 4. 

(1) 192 f 81 = 2 and Remainder 30 

(2)  81  + 30 = 2 and Remainder 21 
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125 

(3)  30 3 21 - 1 and Remainder 9 
( 4 )  21 + 9 = 2 and Remainder 3 

(5) 9 + 3 = 3 and R-inder 0 

3 is the div i sor  that results in a zero remainder. 

meperore the G.C.F. I s  3 .  
c .  (1) 150 + 72 = 2 and Remainder 6 

72 i 6 - 12 and Remainder 0 
I h e  Q,C,B,  is 6, 

d .  (1) 836 C 124 = 6 and Remainder 92 

( 2 )  124 i 92 - 1 and Remainder 32 
(3)  92 + 32 (see answer 7 (a) ,  'Ihe 0.  C ,F, l a  4. 

e. G.C.F. is 28 
f. Q.C.F. l a  71 

5-6, Review, 
This aec tion provides a review of the work of grades 1-6 and 

t of chapters 1-4 of t h i s  book. It is placed here t o  allow the 
! pupils extra time t o  f i x  in thelr minds the concept of greatest 
! 
1 common factor before being introduced to least common multiple. r 

Discussion - of Exerciees s. 
i 9. a. Consider first two of the lines. Since they are d i f f erent  

l i n e s  and are no t  parallel, they 
intersect in exactly one point as 
sketched, !he t h i r d  line either goes through th i s  point  

of intersection or it doesn't. The two cases are i l lu s -  
trated belaw, 

1 intersection 



b .  c .  In p a r t  a , we discussed the cases where no two of 

the l i n e s  are parallel; these two cases are also possible 
in parts b and c .  We have left to consider the caae 
where a t  least two l i n e s  - are parallel. The t h i r d  line 

is either parallel to both of them or to nelther of them. 

me two cases are illustrated below. 

b, 2 intersections c. 0 lnteraectlons 
19, Since a ,  b, f, g a re  four d i f f e r e n t  numbers and g l a  a 

factor of both a and b, we must have g ( a,  g ( b, 

Also, f is a factor of both a and b (different from 
g) and g I s  the largest common factor of a and b. 
Thus f < a, f < b and f ( g .  Illustrate wi th  a - 12 
b = 18, f = 3,  g = 6. 

20. If the numbers are allowed to be equal, a l l  four of them 
may be the same so that  there may be no Ineguallties among 
them. Illustrate w i t h  a = b = f = g = 4 ,  

22. a. If we conaider the experiment of drawing one piece of 

paper from the h a t ,  there are 50 possible  outcomes: the  
numeral drawn could represent any one of 1, 2, 3, ..,, 50. 

Of  these 50 outcomes there are f i v e  favorable (10, 20, 30, 
40, 50). Thus the probability of a favorable outcome is 
2=J- 
50 10' 
b, O f  the 50 outcomea, there are 10 which are favorable 
( the  numeral drawn represent a number d i v i s i b l e  by 5 ) ,  
namely: 5, 10 1 ,  . 5 .  Thus the probabil i ty  of a 
favorable outcome is l O / 5 O  = l/5. 

The explanation f o r  c and d follows from above. 
23. a. Of the 50 possible outcomes, there are 50 in which 

the numeral drawn represents a number which l a  d i v i s i b l e  
by 1, namely: 1, 2, 3, ..., 50. Since every numeral 
represents a number d i v i s i b l e  by 1, only one draw is 
needed, 



b. For 2, we would have t o  draw enough times to draw a l l  
numerals representing numbers not d i v i s i b l e  by 2; 

1, 3,  5, . . . , 49. There are twenty-five such numerals. 
One more, the twenty-sixth, - must be a number divisible 
by 2. 

c .  Of the 50 poaslble outcomes, there are 16 in which the 
numeral drawn mpreaents a number which is divisible by 

3, namely: 3 ,  6, 9, . . . , 48. To be - sure of drawing at 
leaat one of these numerals, we would have to draw enough 
times t o  draw a l l  the o the r  numerals and then one more; 
i . e .  (50 - 16) + 1 = 35 draws. 

24. a. Each of the s e t s  haa eleven elements (or members). One 

suggested correspondence l a  given here: 

b. Each of the a e t s  E51, 53, 55, .. ., 793 and 118, 20, 22, 
..., 461 has 15 elements. There are many different ways 
in which a 1-1 correspondence can be set  up between the 
two sets .  Three of the correspondences are given below. 

79 -46 79 - 18 77 -46 
79 - 18 

c .  Each of the sets {3, 6, 9,  . . . , 423 and [105, 112, 119, 
..., 1961 has 14 elements. There are many ways in which 
a 1-1 correspondence can  be s e t  up between the two sets. 

Answers to Exercises 5-6. Page 174. - 
1. a. 996 d. 1,423 g. 903 j. 1660 RI 

b. 101 e. 561 h. 1,408,744 
c. 5,073 f. 14,476 . 79 



2 3 ''seven .even, seven, 
6seven I d .  

5. a. 3932 
b. 20,394 

c .  5,077 
d *  95,985 

6. a. 6 
b. 28 

Page D. 

Cl aeven , 2aeven, 3 
4 6 

sevenj 
seven, seven, %even 

seven 3 
364 
607 Remainder 12 

6 hmalnder 5 

10, a, 8 (each corner of the room) 
b. 12 (each "edge" of the room). 

11. Divisible by 2: b. 10lfiy, and d .  10lseven 

12. Multiplies of 3 : c .  14pive, d m  15,even and e. ITeight 

Page 176. 
13. Canpoalte Numbers Prime Numbers 

'* Z4five b. lntm 

a. 91 = *  =55,even 

e ,  63 * l o t w o  

h. 35 
nine g. 103 
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- one example: < - 
seven hundred thousand three 
elght hundred three thousand f o r t y  
six hundred t en  thousand f i v e  hundred two 
one hundred twenty-nine thousand forty-seven 

lo,  1, 2, 3, 43 
1 4  
(1, 311 31 is a prime number. Hence the  only p o s s i b l e  

f a c to r s  are 31 and 1. 
801 

307,000 

21,024 

4,500,000 

No; 2 + 7 = 9 .  Only one example t o  the con t r a ry  is 

needed t o  show t h a t  this s e t  I s  not closed with respect  

t o  an operation. 
No ; 7 x 3 = 21. Tne product  of two numbers such t h a t  

both are  greater than 1 will always produce a composi 

number . 

= > o r <  

Commutative Property of Multiplication 

Associative Property and CommutatLve proper t ies  o f  

multiplication. 

Only one. ( s e e  Unique Fac to r i za t ion  property) 
1 - 1 b.  5 1 
10 

C .  - 
2 

d .  1 

(see discussion of exercises 5-6) 
[page 1761 



( see discussion of exerciaea 5-6) 
Page 178. 
24. a.  Y e s  (see discussion of exercises 5-6) 

b, Yes 
c. Yes 

Least Common W l t i p l e  (L.c.M.) 5-7 
Skills and understandings to be developed: 
1. To find common multiples of several numbers, 
2 ,  To f ind the least common multiple of several numbers i n  

two ways--by l i s t i n g  the multiples of each and by using 
a complete factorization of each number. 

It is recommended that the abbreviation (L.c.M. ) nof be 

used in t h i s  section. U s e  the complete phrase "least common 
multiple" In  order to f i x  the meaning of the concept in the 

minds of the pupils. 
'Ihe treatment of zero as a multiple must be done carefully. 

mat zero is a multiple of any whole number i s  introduced here 
so that we may be consistent i n  the definition of an even 
number, i.e., "a number d iv i s ib le  by 2, " or "a number ending 
in 0,  2 ,  4, 6, or 8." A careful treatment of zero should help 
clarify some of the special  properties of zero. 

That the "least common multiple" is the smallest counting 
number l a  an Important distinction. Otherwise, for any members 
of a set  of numbers, the least common multiple w i l l  be zero. 
Since zero as a least c m o n  multiple is no t  particularly 
useful  to us in mathematics we choose to use the least counting 
number in a set of common multiples. Provide drill on finding 
the least common multiple by listing multiples, This provides 
some basic drill in  multiplication and d iv i s ion .  Problem 13 
Is designed to help students 'tdiscover'' a shorter way to f ind  
the least common multlple. Do not insist on the use of this 
method at t h i s  tlme, but encourage the students to use it if they 

understand why it works. 



Method of f l ~ d i n g  the Least Common Multiple b~ Complete Factorization. ---. 
&ample: Find the least common multiple of 12 and 18. F i r s t  

find a complete factorization of each number: 
12 - 22 X 3 

2 1 8 = 2 x 3 .  
2 Any number which I s  a multiple of 12 must have 2 as a factor 

and also 3 as  a factor. Any number which I s  a multiple of 18 
2 must have 2 as a factor and a leo  3 as a factor. Thus a 

number which is a common multiple of 12 and 18 must have among 
its factors a l l  of the following: 

2 22, 3,  2, 3 .  
2 A number which haa 2 as a factor certatnly has 2 as a factor, 

Slmllarlg, a number which has 32 as a factor certainly has - 3 
* 

a a  a factor. 'Ihue any k b e r  which has the two factors 2' and 
3* will have a l l  four of the factma 22 3, 2, 3*. The 5 smal leat  number which has the factor. 2 , and 32 is 
22 x 32 = 36. 

2 2 
the other hand, 2 x 3 18 a multiple of 12 (which l a  

2 2* x 3 )  and it is also a multiple of 18(rhich is 2 x 3 ). It 
i a  their 'least common multiple. Notice that the power of each 
grime factor in the least common multiple 1s the lar~er  of the 
powers to which it occurs in the two given numbers. 

Summary Method: 1. Find a complete factorleation of 
each number. 2. Notice which primes occur in a t  least one of --- 
the factor&zatlons. 3 .  For each prime noticed In 2 , write 
the lar~est power of it which occur8 i n  any of the factorizations. 
4 ,  Multiply all the powers written in 3; th i s  product ie the 
least common multiple. 

me pupl la  w i l l  find it eaafer to pick out the primea and ex- 
ponents in steps 2 and 3 above if the original numbers are 
written In a column with the complete factorization of each 
number to the right of the number. 

[page 1823 



Answers to Exercises Page 180: - - 
1. a. The set of multiples of 6 less than 100 is {o, 6, 12, 18, 

24, 30, 36, 42, 48, 54, 60, 66, 72, 79, 84, go, 963. 
b. The set of multiples of 8 less than 100 is (0, 8, 16, 24, 

32, 40, 48, 56, 64, 72,  80, 88, 961 
c. The aet  of multiples of 9 lessthan 100 is 10, 9, 18, 27, 

36, 45, 54, 63, 72, 81, 90, 991 
d. The s e t  of m u l t i p l e s  of 12 less than 100 is {O, 12, 24, 

36, 48, 60, 72, 84, 96) 
2 .  a. The set of common mult iples  of 6 and 8 less then 100 

LS [o, 24,  48, 7 2 ,  96).  
b. The set of common mult iples  of 6 and 9 less than 100 

1 s  (0, 189 36, 54, 72, 90) 
c. The s e t  of common m u l t i p l e s  of 6 and 12 less than  100 

is 10, 12, 24, 36, 48, 60, 72, 84, 961 
d .  The set of common multiples of 8 and 9 less than 100 

[o, 721 
e .  The set of common multiples of 8 and 12 less than 100 

is 10, 24, 48, 72, 963 
f. The set of common multiples of 9 and 12 l e s  than 100 

1s Co, 36, 723 
3,  a. The least common rnul t ip le  of 6 and 8 is 24 . - 

b. The least common multiple of 6 and 9 is 18 . 
c ,  me least common multiple of 6 and 12 is 12 . - 
d ,  The least  common multiple of 8 and 9 is 72 . 
e .  The least common multlple of 8 and 12 is 24 . 
f . The least common multiple of 9 and 12 is 36 . 

4 .  a.  10 e .  30 

b .  12 f. 60 

c. 30 g .  42 
d .  12 h .  72 



6. a. prime numbers 
b, The L.C .M. of two different prime numbers is equal to 

the product of the two numbers, 
7. a .  12 f. 60 

b. 8 g. 60 
c. 20 h, 60 
d. 18 i. 30  

e. 40  j. 24 
8. Composite Numbers 

i 9. a. Yes 8 I s  the L.C.M. of 4 and 8. 

i 
b, No The L,C,M. of 8 and 9 is 72. 

I lo .  a, 6 
1 b. 29 t 
i c .  a 

Page 182. 
11. a. 6 

b. 29 

C .  8 

12. a. No; w h a t  is the L,C.M. of 2 and 3? 
b. For two different prime numbers a and b, 

the L.C.M. i a  the  p r d u c t  of the two numbers a b. 

c, For three d i f f e r e n t  prime numbers, a, b, and c, the 

L.C.M. I s  the product of the three numbers, a b c. 

13. (see the Discussion of Exercises 5-7). 
a, 48 h. 360 
b. 112 I .  660 
c .  45 j -  720 

d. 70 k. 1000 

e. 144 1. 6480 



f. 60 

g *  72 
Page 183. 

14. a ,  No. 
b .  No* 

c. No. 
15. a. Yes. 

b. Yes. 

c .  Yes. 
d .  0 .  

e. No. Zero Is not a counting number. 

Exercises 5-8. 
The purpose of t h i s  sect ion is to swnmarize i n  general the 

new material Introduced in this chapter. Rather than produce 
a glossary, which might confuse pupi l s  w i t h  d e f i n i t i o n s  "out 
of context ,"  we chose briefly to discuss  the new terms. 
Atten t ion  1s drawn to the terms which we wish to stress by 

writing them out  in capital letters, 
TPle diagram used i n  the introductory paragraph of th i s  

sec t ion  might be discussed in class a t  some length to assure 
pupils' understanding of the r e l a t i o n s  among the sets of numbers 
included here, Pupils should understand, for example, that the 

set of prime numbers is a subset of the set of whole numbers 
and a subset of the coun t ing  numbers;similarly, for the set of 

composite numbers and the number ''one." They should also under- 

stand t h a t  the number "zero" i s  a subset of the whole numbers 
but i a  not a subset of the counting numbers, Care should be 

used to  explain these ideas. ft is n o t  intended that the word 
I f  subsets" be introduced, because the ideas Involved in t he  

diagram can be discussed wf thout using set terminology. 
Another purpose of t h i s  section I s  to fix i n  the p u p i l s *  

minds the differences between the greatest common factor and the 

least common multiple. Note that we have avoided using the 

abbreviations L.C.F. and L.C.M. in the pupilst materials, 
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i It is recommended t h a t  these abbreviations not be used at t h i s  

t i m e .  

I The discussion should emphasize again t ha t  the greatest 

/ conunon factor  of two different numbers I s  Brnaller than one or both 
i of the numbers. Also, the least common multiple of two different 

1 numbers is greater than one or both of the numbers. 
i 

Answers - to Exercise 5-8. Page 185. 
1. a .  1 gg 1 

b. 2 h. 6 
c .  7 i. 3 

d .  5 J .  2 
e .  12 kg 9 
f .  3 1. 4 

2.  a. 6 g .  989 
b. 24 h. 858 
c, 14 i. 663 

d=  75 j. 5402 
e. 36 k. 2520 

f .  105 1. 31,372 

3 ,  Product of the numbers Product of the  L,C.F. and 
in problem 1 L. C. M. of the numbers in 

problem 1 

a. 2 x 3 = 6  a.  l x 6 = 6  
b.  6 x 8 ~ 4 8  b. 2 x 24 = 48 
c, ? x 1 4 = 9  c .  7 ~ 1 4 = 9 8  
d ,  1 5 X 2 5 = 3 7 5  dm 5 x 7 5 = 3 7 5  
e .  12 x 36 = 432 e. 1 2 x 3 6 = 4 3 2  

f. 15 x 21 = 315 f. 3 X 1 0 5 - 3 1 5  

g. 23 x 43 = 989 g o  1 ~ @ 9 = 9 8 9  
h. 66 x 78 = 5148 h ,  6 x 8% = 5148 
1. 39 x 51 = 1989 I. 3 x 663 = 1989 
j . 74 x 146 - 10,804 j. 2 x 5402 = 10,804 

k. 4 5 x 7 2 ; 2 5 2 = 2 2 , 6 8 0  k. g x 2 5 2 0 = 2 2 , 6 8 0  
1. 44 x 92 x 124 = 501,952 1. 4 X 31,372 - 155,488 
Note to teachera: It is always true that the product of 
two numbers l a  equal to the product of their Q.C.F. and - 
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their L.C.M. This can be seen from the following example: 
3 2 L e t r - 2  x 5 x 7  and a = 2 x 5  x 1 3  

To get  the  G.C,F. we take the product of the primes occurlng 
i n  both raised to the smaller power: 2 x 5 ,  To get the 
L. C .M. we take the product of the primes raised t o  the 

larger power: 

3 2 Then rs = 2 x 5 X 7 x 2x5 x 13 
3 2 and G.C.F. times L.C.M. = 2 x 5 x 2 x 5 x 7 x 13. 

One product 1s the same as the other except that the members 
are rearranged, 

This Is not true for three or more numbers. See 

part I. 
4 .  a. (4, 6, 8, 9,  lo, 12, 14, 15, 16, 18, 20, 21, 22, 24, 25, 

26, 27, 28, 301 
b- 12, 3, 5, 7 9  11, 13, 17, 19, 23, 29, 31, 37, 41, 439 47) 

Page 186. 
5. a. The product a b 

example (1) The Q.C.F. of 3 and 5 is 1. 

The L,C.M.  of 3 and 5 is 15, 

example ( 2 )  The Q.C.F. of 4 and 9 is 1. 
The L.C.M. of 4 and 9 is 36.  

b. No. Not necessarily, 

me Q.C.F. of 2, 3 and 4 is 1. 
The L.C.M. of 2, 3, and 4 i a  z2 3, or12. It is 
n o t  2 3 4 .  

6. a. 2 is a prlrne number. It is the only even prlme number. 
b. All primes .except 2 are odd, k, 3, 5, . , . , . 
c.  One. Only the prime number 5 has an ending in 5. 

All other numbers ending in 5 are multiples of 5,  
1. e . ,  15, 25, 35, ..,,. 

d .  2 and 5, 
e .  1, 3, 7, and 9, 

7. The two numbers are the erne.  For example: Ple L.C,#. of 7 
and 7 is 7. The L.C.M. of 7 and 7 I s  7. 
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8. a, 1. One is the leaat common factor of any two whole 
numbers. 

b. No answer Is posaible f o r  the greatest common multiple 
of any two whole numbers. 

9. a.  Rows mlbs per row ( ~ u l b a  and rows may 

be interchanged. ) 
1 112 

2 56 
4 28 
8 14 

16 7 
10. a.  3, 6, 9, 12, 15--fipst bell, 

5 ,  10, 15--second bell. 
They atr ike  together again In 15 minutes. 

b. 6 ,  12, 18, 24, 30--first bell, 
15, 30--second bell, 
Rtey atrike together again in 30 minutes, 

c .  15 is the leaat common multlple of 3 and 5. 
30 1s the least comraon multiple of 6 and 15. 

Page 187. 
11. a. Yes. The G.C.F. of 6 and 6 is 6 .  

Tne L.C.M, of 6 and 6 i s  6 .  
b ,  No. The a.C.3'. of the members of a s e t  of numbers can 

never be greater than the largest number of the set  of 

numbers because a factor of a number is always less than 

a multiple of the number unless the multiple is zero. 
c. No. The L.C.M. of the members of a s e t  of numbers can 

never be less than the largest member of the set of 

numbers. 
me least common multiple of two numbers is at least as big 
as the larger of the two numbers (since the L.C,M, is a 

multiple of the  larger number). The greatest common f a c t o r  
of two numbers is no larger than the  smaller of the two 
numbers (since the Q.C.F. is a factor of the smaller number). 
If the least common multiple and greatest common factor are 
equal, the larger and smaller number must also be equal. 
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Illustrate w i t h  4 and 6, l o c a t i n g  the  L.C.M. and 

G . C . F .  on the number line; then use 4 and 4 .  
12. a. No. It is not  possible to have exactly four numbera 

between two odd numbers. Between any two odd primes 

there is alwaye an odd number of numbers. If they 

are consecutive odd primes all the numbers between 
would have t o  be composite. 

b, Yes .  For example, between 23 and 29 there are 
exactly 5 composite numbers; 24, 25, 26, 27, 28. 

13. a. 135, 222, 783, and 1065 ape a l l  d i v i s i b l e  by three. 
b. 222 is the only number d i v i s i b l e  by s i x  
c .  135 and 783 are d i v i s i b l e  by nine. 
d .  135 and 1065 are d i v i s i b l e  by five. 
e .  135 and 1065 are divisible by fifteen. 
f, None of the numbers are divisible by four. 

14. Many di f f erent  answers should be expected from the atudents; 
in a way his reasons for h i 8  answer are more important than 
the answer itself. The most obvious answer is t h a t  as far 
as multiplication is concerned, the prime numbers are the 

building blocks of a l l  counting numbers, since any counting 
number can be expressed a8 a product of prime numbers. If 

we h o w  a complete factor izatLon of a number, then we can 
find a l l  its factors. Also from complete factorization8, the 
Q.C.F. and L.C.M. of set8 of numbers may also be found. 

15. BRAINBUSTER, The pattern is a five-pointed star. 

16. There i s  no greatest prime number. 

students would profit by it in the 7th  grade* 

* 
The following proof i a  for the information of the teacher. 
It is not expected that any except the most brilliant 

To show there is no largest prlme number, we will show 
that  If p is any prlme, there is another prlme larger than 
p .  Denote by M the product of a l l  the primes less than or 
equal t o p :  M =  2 X 3 X 5  X 7  X 1 1  X ... X p ,  



men M + 1 I s  certainly larger than p and M + 1 has at 
leaat one prime f a c t o r  (it may be a prime). k t  M + 1 
does not have any of the primes 2, 3, 5, 7, ..., p as a 
factor s ince  d lv i s fon  by any of these primes leaves a 
remainder of 1. Thus a l l  the prlme factora of M + 1 
are larger than p,  and hence p ie no t  the largest prime. 
Since p was an arbitrary prime, there l a  no largest 
prime. 

Sample Questions f o r  - Chapter 

mla s e t  of questions La - n o t  Intended as a chapter test. Teachers 
should constrmct a chapter test carefully by combining selected 

items from this set of questions and questions of t h e i r  own 

writing, Care should be exercised t o  avoid making the test too 

long. 
I. True-False Questions -- 
(T) 1. Every cornposlte number can be factored into prime numbers 

in exactly one way, except for order ,  

(F) 2. The sum of an odd and an even number I s  always an even 

number. 
(T) 3 .  Some odd numbera are - not primes. 
(F) 4. Every composite number has onlx two prime factors. 
(I?) 5. The number 51 is a prime. 
(T) 6. All even numbers have the factor 2. 

(F) 7. Any multiple of a prime number is a prime. 
(T) 8. 8 can be expressed as the sum of twin primes. 
(T) 9. Even though 1 has as factors only i t se l f  and 1, it is 

not considered a grime number, - 
(F) 10. All odd numbers have the factor 3 .  

(F) 11. No even number is a prime. 
IT) 12. The least common multiple oi 3,  4, and 12 is 12. 

(F) 13. The number one is a prime l a c  t o r  of all counting numbers. 
(F) 14, Ttle greatest common multiple of 2,  5 ,  and 10 is 100. 
(T) 15, The difference between any two prlme numbers greater than 

100 is always an even number, 



(P) 16. The number 41 is a composite number. 

(F) 17. A multiple of 6 must be a multiple of 18. 
(F)  18. The leaat common multiple of 2 and 6 is 12. 

(T) 19. The greatest common factor of any two even numbers is 

at least 2. 
(T) 20. The difference between any two prlme numbers greater 

than 8 is always an even number. 
(T) 21. A f rac t ion  can be reduced if the greatest common factor 

of i t s  numerator and denominator f a  greater than one. 
(F) 22. If z is d i f f e r e n t  from 0 then & = 2z 

2 

(F) 23, A composite number is one whose only factors are i tself  
and one. 

(T) 24, The multiplier and multiplicand are both  ca l l ed  factors  
of the product , 

(T) 25. There i a  only one even prlme number. 
(F) 26. The least common multiple of 3, 4 ,  6, and 12 is 24. 

1 Multiple Choice 

Which one of t he  following is an odd number? 

a* (24501) 

e .  None of the above 27. a o 

28. The greatest common f a c t o r  of 48 and 60 is: 
a. 2 x 3  

b. 2 ~ 2 x 3  
c. 2 X 2 X 2 X 2 X 3 X 5  

d .  2 X 2 X 2 X 2 X 2 X 2 ~ 3 ~ 3 X 5  
e .  None of the above 28. .b . 



29. Every counting number has a t  least the  following factors: 
a, Zero and one 

b. Zero and itself 
c .  One and itself 

d .  Itself and two 

e.  None of the above 29 9 c ,  

30, Tn a complete factorization of a number 
a. A 1 1  the factors are primes, 
b. A l l  the factors are composites. 
c .  A 1 1  the factors are composite except for the factor 1. 
d .  A l l  the factors are prime except for the factor 1.  
e. None of the above 3 0 ,  .a. 

31. How many di f f erent  prime factore  does the number 72 have? 

a. 0 

b. 1 

c *  2 

d.  3 
e . None of the above 31. c .  

32. me least comon mult ip le  of 8, 12, and 20 is: 
a. 2 x 2  

b. 2 x 3 ~ 5  
c. 2 X 2 X 2 X 3 X 5  

d. 2 x 2 ~ 2 ~ 2 ~ 2 ~ 2 ~ 3 ~ 5  
e .  None of the above 32. c 

33.  Which of the following is an even number? 

a (100) three 

( l O O ) f i v e  

c ('00) seven 

d o  ("O)eleven 
e. None of the above 33. e ,  

34, Which of the  following numbers is odd? 
a. 17 x 18 
b. 18 x 11 
c *  11 x 20 
d. 99 x 77 



e. None of the above 34. d .  -- 
35. Which of the following is not  a prime number? There I s  - 

only one. 
a. a1 

b. 277 
C .  281 

d .  282 

e. 283 35+ d .  

36. Let a represent an odd number, and b represent an even 
number; then a + b must represent 
a. an even number. 
b. a prime number. 
c. an odd number. 
d .  a composite number. 
e. none of these .  36. c 

37. If n represents an odd number, the next odd number c m  be 
repre sen ted by 
a. n + l  
b. n + 2  

c. n + 3  
d, 2 x n  

e, None of theae 37. b. 
38. A counting number is an even number if it has the factor: 

a*  5 
b. 3 
c *  2 

d .  1 

e .  None of these 38. c .  
39.  Which of the following sets contains only even numbera? 

a. E2, 3, 4 ,  5,  9, 101 
b *  I21 5 ,  101 
c. (3 ,  5, 91 
d.  C2, 4, 103 
e. C3, 91 



40. Which of the following i a  a prime number? 
a. 4 
b* 7 
c. 9 
d ,  93 
e ,  None of these 40. b 

1 .  Which of the following is - not a factor of 247 
a. 2 
b. 3 
c .  4 
d *  9 
e. 12 41. d, 

42. Which of t h e  following is t h e  complete f ac to r i za t ion  of 36? 
a. 4 x 9  
b .  2 x 3 ~ 6  
c *  3 x 1 2  
d .  2 x 18 
e. 2 ~ 2 ~ 3 x 3  42. e a 

43.  The numbers 8, 9, 16, 20, 27, and 72 are a l l  
a. prlJne numbers. 

b. even numbers. 
c. odd numbers. 
d m  composite numbers 
e. none of these. 43 d ,  

44, How many multiplee of 4 are there between 25 and 5O? 

a *  5 
b* 7 
c *  9 
d.  11 

e. None of these 44. e .  
45. a whole number has 6 &a a factor, then it also has the  

following factors: 
a. 2 and 3 
b. 2 + 3  
c. 12 

d. all multiplee of 6 
e. none of these 



46. Suppose p and q are counting numbers and q l a  a 

factor of p; then: 
a. q is a multiple of p 

b. p I s  a multiple of q 

c .  q must be a grlme number 
d. the greatest common f a c t o r  of p and q must be 

less than q 

e. none of these 46. b. 

47, I h e  greatest common fac tor  of 60 and 42 i a  
a. 2 x 3  

b. 2 x 2 ~ 3  
c. 2 X 3 X 5  

d .  2 X 3 X 7  

e .  none of these 47 a 
48. The greatest common factor of two different numbers must be : 

a. a composite number 
b, a prime number 
c . smaller than one of the numbers 
d .  smaller t h a n  both of the numbers 

e .  none of these 48. c .  

49. The least common multiple of two numbers is always: 
a. t he i r  product 
b. the product of their factors 
c. the sum of t h e l r  factors 
d .  the sum of the numbers 

e .  none or these 49. e ,  

50. Which of the following statements descr ibes  a prime number? 
a .  a number which i s  a f a c t o r  of a counting number 
b. a number which has no factors 
c. a number which does not have 2 a a  a factor 

d .  a number which has exactly 2 different factors 
e .  none of these 50 d .  

51. How many prime numbers are there between 20 and 40? 

a .  4 
b. 5 
c. 8 



e ,  none of these 51. a ,  
When two prime numbers are added the sum is 
a. always an odd number 
b. always an even number 
c .  always a composite number 
d .  always a prime number 
e .  none of these 52 e .  

The set  of factors of the number 12 is 

a. 11, 2, 3,  4, 8, 121 

b. [I, 2, 3,  4, 6, 121 
c. [I, 2, 3, 4, 61 
d .  C2, 3,  4, 6 ,  123 
e .  none of these 53. , b  

How many d i f f e r e n t  f s c t o r i z a t l o n a  of two f a c t o r s  each 
does 175 have ? 

a. 2 

b. 3 
c. 4 

d .  5 
e . none of these 54. b. 

The number of factors In a complete factorization of 182 
a. 2 

b. 3 
c. 4 
d. 5 
e .  none of these 55. b. 

Which one of the following is not a prime number? 

a. 17 
b.  23 
c .  47 
d 49 
e .  none o r  these 

Which one of the following numbers has an odd number as a 

prime f a c t o r ?  

a. 8 



e ,  All of theae 57 b. 
The greatest common factor for 51, 68, and 17 is . . . 

e .  None of these 58 9 d .  
The greatest common factor for 72 and 36 is . . , 
a. 6 

e .  none of these. 59 9 d 
What is the greatest common factor of 48 and a? 
a. s3 

e. none of these. 60. e .  
The numbers 9, 25, and 36 are a l l  , , . 
a. prime numbers 

b. even numbers 
c . odd numbers 

d . composite numbers 
e. none of these. w 61. d. 

Problems Answere 
Find a complete factorization of each number 
a .  16 62. a. z4 
b e  100 4. 22 x 58 

Find the greatest common factor of each set of numbera. 

a. 5 and 25 63. a. 5 



b. 18 and 27 b e  9 
c .  60, 36, and 24 c ,  12 

64. Flnd the least common multiple of each set of numbers, 
a. 6 a n d 8  64. a. 24 

b. 7 and 9 b. 63 
c. 16, 12 and 20 c .  240 

65. Name the  numbers in t h e  ae t  of counting numbers between 16 

and 25 which have a factor of 3 ,  65. (18, 21, 24) 
66. What is the sum of a l l  of the factors of 28 less than 28? 

66. 28. 
67. Pind the smallest number which has a factorization composed 

of 3 composite numbers. 67. 64 = 4 3 

68. Show t ha t  a product I s  even if one (or m o r e )  of Its factors 
is even 68. Every number which 

has 2 as one of i t s  
factors must be 
d i v i s i b l e  by 2, 

69. Is the set of even numbers closed under addit ion? Show that 

your answer is correct. 69. Yea 

70. If the complete f ac to r i za t ion  of a number is 2 x 3 x 5 x 7, 
what factors less than 20 does the number have? 

70. 1, 2, 3,  5 ,  6, 7 ,  
10, 14, 15. 

71. Pind all the common mul.t iples less than 100 of these three 

numbers: 3,  6 ,  9. ?lo 18, 36, 54, 72, 90 
72. Write all the factorlzatfons of two factors for the number 

21 0. 72. 1 x 210, 2 x 105, 
3 x 70, 5 x 42, 6 x 35 
7 X 30, 10 X 21, 

14 X 15. 



Chapter 6 

THE RATIONAL NUMBER SYSTEM 

I Overview 

I t 

The most important objective of this chapter is to present 

the reasons behind the rules for the arithmetic operations of 
i multiplication, division, addition, and subtraction on the set  

i of rational numbera. The student will be able to use these 
rulea correctly and with fac i l i ty  If he fu l ly  understands the 
reasons behind them. We reiterate the principle that mathematics 
stresses reason over rote learning and concept over technique. 
At the same time, an equally important goal at thia level is to 
reinforce techniques which the pupil has already learned. These 
two goala should not be incompatible. We are assuming that the 
pupils have already been Introduced to these operations and have 
had some practice I n  them In an earlier grade. This means tha t  

they already know what a fraction is--at least in easy situations. 
The seventh grader is probably not  ready for a postulation&l 

approach t o  the study of number systems. The whole numbers and 
the rational numbers are part of nature for him. To speak of 
constructlnq the rational number system from the whole numbers 

would be meaningless at his l e v e l ,  as It would be to speak of 
the problem o definlnkthe operations in this s e t  of numbers. i 
For thia reason we have not stated postulates or definitions-. 
Instead of posing the problem of how to define multiglication 
of rational numbers, fo r  instance, and then building toward 
this definition, we have proposed t o  the pupil  that we examine 
the reasons why multiplication behaves as I t  does. We t r y  to 
motivate the usual rmle for multlplicatlon, and then s t a t e  this -- 
rule clearly and concisely. Instead of treating the commutative, 
associative, and distributive properties as postulates we sfrnply 

point them out and state  them clearly early in the discuaaion of 
the operatlone and then use them in subsequent discussion. It 
is hoped that as he follows this treatment the pupil will begin 
t o  see the skeleton of a mature mathematical approach to number 

eystems without being smothered by the more aubtle ideas which 



are necessary f o r  complete understanding. Do tell your 

pupils, however, tha t  they are real ly j u s t  talking in a very 

naive way about something that  is really aomewhat sophisticated. 
The student will probably bring a wealth of terminology and 

calcula t ing  procedures with him from the sixth grade. He is 
probably familiar with t h e  terms mixed number, proper fraction, 
improper f ract ion,  declrnal fraction, and lowest terms. We 
suggest tha t  you use the terms that are familtar to you and to 

your students. We have made no attempt to build such a 
vocabulary i n  t h i s  chapter because these terms are not  used 
extensively in subsequent mathematics. 

We wish to discourage the indiscriminate use of the 

operations of ''cancell ingtt and I' reduc ing -frat t ions"  . Instead we 
stress the operations of "factoring" and "finding the simplest 
form for a f r ac t ion" .  Thus instead of 

4 

we prefer 

The term "factor" has been used in an earlier chapter. 
Moremover in ninth grade algebra a student 1s askedbo factor 
2 x - 1. 

We use freely the terminology and concepts developed in 

e a r l i e r  chapters. Thus the terms factor,  prime, greatest common 
fac to r ,  least common multiple, ray, and segment are used. 

In order  t o  discuss the arithmetic operations intelligently, 
indeed to t e l l  what the elements of our system of  rational 
numbers are, we must first discuss the meaning of a "fractfon" 

and t h e  "equality of  fract ions".  We must p o i n t  o u t  that a 
f r a c t i o n  is a name for a number and t h a t  a number has many names. 
We shal l  n o t  belabor the dlfference between a number and i t s  
name. 



Various means are used to describe a rational number-- 

measures of  quantitlea, points  on the number l i n e ,  and quotients 
of whole numbers. We hope that you wlll f ind that we have 
introduced the number sentence b - x = a in an easy way. We 

realize that students will vary greatly in the amount of abstract 
mathematics they w i l l  comprehend. These different approaches 
can be vlewed as three d i s t inc t  explanations, or each can be 
viewed as an Interpretation of the other. This chapter can 
serve as a bridge from arithmetic to algebra. Our concurrent 

use of the number line and of equations or number sentences is 
Intermediate between a concrete inte~pretation of number and the 
abstract manipulation of number as represented by a symbol i n  an 
equation. You may want to point out t ha t  while piles of sand or 
points on the l ine are not  rat ional numbers, problems Involving 
them provide motivation for the abstract mathematical definitions 
which create the system of ratlonal numbers. You may also  want 
to give more "social-type" exercises and examples. 

All pupi l s  should be able to see t h a t  represents the 

number x such t h a t  b x - a and to know that a r a t i o n a l  
number I s  one which can be written as a quotient of a whole 
number and a counting number. 

In connection with our use of the number sentence, you wlll 
note that  the most elaborate equation dlscuaaed is of the form 

ax = b or a + x = b. It I s  always the case that x is to 

s t a n d  for a number. We are usually seeking a replacement fo r  it, 
either from the set  of whole numbers, or from the set  of rational 

numbers. The symbol "x" l a  not to be regarded as a variable. 
In any number sentence or equation, the point i s  made that  we 
have a representation of the same number in two different ways. 
When an operation is performed on thia number, we get the same 
result, no matter which representation is uaed. Thus when an 
operation is performed on both sides of an equality, the equality 
pemains true, although the numbers Involved may be changed. 

You may have other highly auccesaful teaching methods f o r  
presenting the arithmetic operations with rational numbers, You 

may even have found that equations cannot be introduced in the 



seventh grade. We hope you will try to understand the approach we 

are making here. By simply regarding as the replacement for 
x which makea bx = a true, we think we are able t o  present 

sound mathematical reasons behind the arithmatfc operations. 
This I s  actually the point of view from which fractions are 
introduced traditionally. The number 9 I s  what you get when you 
divide 5 into 7 equal parts; this l a  another way of saying that if 

you take seven of these parts you get 5 .  It is somewhat analogous 
t o  answering the question: What was the color of Washlngtonrs 
white home? This way of looking at fractions may be a little 
d i f f i c u l t  for the students at the time, especially ff the teacher 
has not tried It before. But It should pay dividends in the long 
run. One such place I s  in the introduction of negative numbera 
from an analogous point of view. 

6-1. History - of Fractions 

The hfstorical remarka show that arithmetic concepta were 
Introduced with some d i f f i c u l t y  into ancient civilizations. 
Eggptlan and Babylonian fractions provide an opportunity for a 
brief review of the operations you think the students should 
already be able to perform. 

6-2. Rational Numbera 
Two ideas, on which the rest  of the chapter depends, ape 

introduced in this section. 
1. Equivalent fractions are merely different names for  the 

same number. 
2 .  x . = t  beoause bx = a, b # 0. 

It l a  felt that the students are well grounded at this atage 
in considering fractions by means of specific examplea, and in 

1 realizing that 3 is either of 3 or 3 times k, but that  they have I 

had l i t t l e  experience in considering a fraction as the result of 
division, or in divislon aa an inverse operation to multiplication. 



The chapter has been planned t o  give more practice in these 
concepts, s ince they are basic as one continues with mathematics. 
Other approaches are easier, bu t  they do not achieve thls result. 

It must be emphasized that t h e  rational number Is t h e  number 
whose product with b I s  a, and t h a t  a concise way of saying 

this is: 5 a is the number x f o r  which bx = a. 

In this section the  switch from the a r i t h e m t i c  symbols for 

multiplication and division to those generally used in science 

and mathematics, is made. The symbol 5 x 6 I s  now written as 
5 - 6 or 5(6), a x b as either a . b or ab, and 5 + 6 

5 as 6 .  
Some specia l  comment on the use of the words "f rac t ion"  and 

" ra t iona l  number'' seems in order here. In the text we have t r i e d  

t o  be very ca re fu l  to use the word " f r ac t ion"  only when we r e f e r  
j to a symbol of a certain kind. It is a came f o r  a number. There 
I are several reasons for t h l s .  I n  the f i r s t  place, w e  want to re fer  
: t o  the numerator and denominator whlch are parts of a symbol for a 
t 

i number. Thus we can speak of t h e  numerator of a f r a c t i o n  bu t  no t  

! the numerator of a number. This reinforces the important idea 
t 
r that a number has many names -some of these names are f rac t ions ,  
/ Secondly, we are looking ahead t o  the time when w e  shall want to 
I 

I call such things as: 

f r a c t i o n s .  
Thus we write of equal numbers bu t  not  of equal f r a c t i o n s .  

2 4 When we write = 6 we do no t  mean t h a t  the  fractions are equal  

but merely that t h e  numbers which they represent are equal.  
F'ractions which represent t h e  same numbers we call "equivalent1'  

but w e  usually can avoid thls word. Also, we add and subtract 

numbers but w e  do not add and subtract fractions. 

Making these distinctions requires great care a t  times since 

traditionally t h e  word " f r ac t ion"  is used in both senses, but it 

is felt t h a t  such care will avoid confusion now and l a t e r ,  Though 

it is very Important that the text be precise f n  this respect, it 
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is probably t o o  much to expect pupils at this stage t o  exercise 

equal cape in t he i r  expression. The teacher w i l l  know where 
careful usage will avofd confusion (and there are many such 
places) and where use of "fraction" in both senses will resu l t  in 
no d l f f  iculty . 

Answers Exercises 6-2. 
1 (a) 1, 2 , 3 ,  e t c .  

(b) 0, 1, 2, 4, e t c  . 
(4 0 
(d) Numbers such as 9, & 

2. All are ratlonal number's. 

3 ( a )  6 (4 1 
(b) 3 (f) 6x = 18 

(4 5 (g) 3x = 4 

( d l  '3 There are other correct answers 
f o r  f and g. 

4. (a)  2 (b) 3 (4 7 (f) 3 

5. (a) 5 x = 1 ( e )  5 x = O  

(b) 4x = 4 (f) llx = 123 

( c )  gx - 11 
(4 9x = 63 

T h e ~ e  are other correct forms 
for the answers. 

6. (b) 1 (a)  7 ( e l  0 

7. (a) true 

(b) false 

( c )  true 

( d )  true 

(e )  true 



8. (a)  If x l a  the number of cookies each boy should 
receive, then 3x = 12. 

(b) If x is the number of miles Mr. Carter drove on 
each gallon of gasoline, then 10x = 160. 

( c )  If x is the number of bags of cement needed f o r  
each foot of walk, then gOx = 20. 

( d )  If x is the number of pupils in each group, then 

4x = 32. 

( e )  If x I s  the number of sheets of paper each pupi l  

receives, then 24x = 12. 

6 Properties - of Rational Numbers 
Here it is pointed out  by examples t h a t  the closure, 

commutative, associative, and identity properties of addition and 
multlplication, and the distributive property of  multiplication 

over addition, hold for the rational numbers as well as f o r  the 
whole numbers. Many teachers may f ind t h l a  an opportune review. 

On the basis of these properties, it is shown that 4 and 
repreaent t he  same number by considering a corresponding problem 
in terns of multlplication. It is not appropriate at this tlme to 

show 3 = by saylng $ = 5 2 because no method f o r  multiplying 5 2 
fractions has been discussed.  

By generalizing from this example, Property 1 is obtained. 
For selected students you may wish t o  give an argument for 

Property 1 as fol lows:  
Let ua now look at the general situation. If a, b, and k 

are whole numbers, b and k not zero, and bx = a, then 

a x = F. Since bx and a are names for  the same number, k(bx), 

(kb)x, and ka are different names f o r  one number. 

(kb)x = ka 
ka If (kb)x = ka, then x = m. 



The simplest fraction for a rational number is a fraction 

in which t h e  numerator and denominator have no common f a c t o r  
except 1. We have continued t o  call t h i s  "the simplest form of 

t h e  fraction" although t h i s  presents logical d i f f i c u l t i e s .  By 

10 2 t h i s  definition t h e  simplest form f o r  -1s i. When this occurs, 5 
pupi l s  should be encouraged to a l s o  write the number as  2. 

Until now pupi l s  may have been urged to always change 

improper fractions to mixed numbers. T h i s  i s  u n r e a l i s t i c .  Both 

forms are correc t  and both forms have their uses. In many 

exercises there are var ious correc t  forms for the answer. If a 

student gives an alternative correct form, he should receive f u l l  
c red1 t . 

Answers to Exercises 6-3 
1. A l l  except k. 

2, cbrrect ways are nwneroua . Some possibilities are:  

( e )  0, 2.0, 3.0 ( J )  i~ 6 ;TJ 12 7 18 

1 
3 .  (a) 5. (f) f. or 3 



Commutative fo r  multiplication 

Associative for multiplication 

Distributive 

Distributive 

Identity f o r  multiplication 

Identity f o r  multlpllcation 

Identity  f o r  addition 

Commutative f o r  addition 

Associative for addition 

Associative for multiplication 

7 (4 10 
8 (a) 3 

75 cents, or $0.75, or $ of a dollar 

7. Numerically there is no difference. 

10. No d l f  f erence in area. 
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11. 

e t c  . 
12. If 2x and 3 are names for the same number then 

But if 2x = 3 then x - 8. We have three names for the 
1 same number x, 3, and ' 3 .  Since 8 and a ' 3 are name. for 

1 
the same number, 8 5 3 ,  

6 4  Recfprocals 

If the product of two rational numbers 18 1, theas numbers 
are called reciprocals o f  each other. The topic of reciprocals 
is Lntroduced relatively early in the chapter t o  provide for an 
application of the deflnltfon of rational numbers, additional 
review of s k i l l s  learned I n  earlier grades, and in preparation 
for later topics, particularly dlvielon. 

1 It is assumed that students already know that n = 1, 

for n + 0 .  Many of them probably would also know that the number 
b 

by which would be multiplied t o  obtain 1 is z. Nevertheless 

it should be profitable for them to review multiplication in these 
special cases In  a s e t t i n g  which emphasizes the definit ion of a 
rational number. Such review ahould make some of the later 
developments much more meaningfil . 



A t  this point it seema undesirable to think of the product 

as 3 2 since such a s t ep  involves exchanging the 

numerator of the numerals f o r  the ra t ional  numbera rather than 
using the rational number as a number on which operations can 

be perfomed without regard t o  the part icular  numeral used to 
express it . 

/ Answers Exercisee 6-4 
1. (a )  1 



(b) 20n = 15, n = t  
100 ( c )  17n = 100, n = 

( d )  I l n  = 2, 2 
n=, 

14 2 ( e )  ljns1492, n = +  

(f) 300n = 6 ,  n = $  

( h )  36n = 64, 16 
n = T  

4 6 7 8) 6. Set of recipracala l a  [I, 8, y 3, 5, p 7 

7 .  (a)  If the number is between 0 and 1, the  reciprocal 
I s  greater. 

(b) If the number is greater then 1, the reciprocal 
is less. 

( c )  The rec iprocal  of 1 is 1. 

( d )  One of these sentences, and only one, is true 
f o r  every counting number. 

( c )  They are reciprocals of each other. 

10. (a)  8 
(b) 

' ( c )  They are reciprocals of each other. 

*11. (a)  If 14n and 5 are names of the same number, 

then $1411) am $5) are names af the same number. 
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b x = -  a 
a and y = - b 

b . a  b * a  1 6 = b  - =  - - = -  
a b a  ' l  1 

b 

Or in a more sophisticated way, 

The students many wish to think of xy = w, to have 

(ab)(xy) = ab 

(ab)w = ab 

6-5. Using the Number Line - 
Here the purpose of the introduction of t he  number l i n e  i s  

partly f o r  review and part ly  to discuss  some of the previous parts 
of thls chapter  from a somewhat geometrical po in t  of view. It was 
felt t h a t  the use of the figure should contribute to the under- 

standing of some of the relationships involved.  Most of the 

concepts dealt with here are already somewhat familiar to the 
p u p i l s  and the stress which the teacher lays on this section 
should depend p a r t l y  on how familiar pupils are with these ideas. 
The chief new idea  In t h i s  aection concerns two methods of 
detemlning whether or not  two given fractions represent the same 
number. This a l s o  looks forward to the discussion of the ordering 

' of r a t i o n a l  numbers i n  the  last section of t h l s  chapter. 

Many teachers will no t i ce  the absence of t h e  terms "mixed 

i number1' and "improper fraction". The former was omitted in order 
t 

: t o  avoid some semantic d i f f i c u l t i e s  since the term ''mixed number" 

2 rea l ly  refers to a property of the numeral rather than the number; 
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21 is not a mlxed n u m b a ~  in the usual sense even though ' T 
.s. !The adjective "mixed" refera merely to the way the numeral 

I s  written. The term *Improper fraction" does not have this 

d i f f f c u l t y  since it can be described as a rational f rac t ion  whose 
numerator l a  greater than i t s  denominator. But there s t i l l  d i d  
not  seem to be any point in Introducing it In this aection. It 
is referred to In the laat section of the chapter but not 
especially emphasized. 

Example 4 comes very close to another method of determining 
whether or not t w o  fractions represent the aame number. Here, to 

compare and we write = cb ad and % ;lb. 

This shows immediately that 6 and represent the same 

number If and onLy If ad = cb: This wa8 not mentioned in the 
students' material because it waa felt that unless the student 
discovered thin f o r  himself, the t e s t  would be a purely mechanical 

one. This also  appl ies  in the section on ordering. 

Answers - t o  Exercises 6-5. 



3 .  ( a )  A; = $ = (b) The rational number located 

1 at point B is less than the 
B: u = $ = &  rational number located at 

point A .  Because point B 
Is to the left of point  A 
on the  number line. 

2 ( c )  Point A is to the  lef t  of 

woint C. Therefore the 
ra t ional  number located at 
C I s  greater than the one 
located a t  A .  

4. H e r e  there are a t  least  two interpretations for each. 
Perhaps the teacher would prefer to require two answers 
for each. For example In (a) one could exhibit a number 

l i n e  with 20 dlviaiona and note that if 'it is divided 
into 5 equal parts, each w i l l  be 4 unite long. Also,  the 

same divisions could be labelled as fifths and then the 
l i n e  would be four unita long. It is important that the  

studente see both. 



6 24 
7 .  (a) 7 = 3  8 24 and = 5. 

Hence the fractions are  equal .  

Hence the f r ac t ions  are not  equal .  

8. (a) Here one measures th ree  units to t h e  r i g h t  from 

the  0 po in t ,  then moves two units t o  t h e  l e f t  from 

the po in t  3,  a r r i v i n g  a t  the  point 1 which Is 
equal to 3 - 2. 

(b) Similar 

Notice t ha t  here  negative numbers are no t  involved.  It 

is merely the  idea that if we move to the r i gh t  to add, 

we move in the opposite d i r e c t i o n  to s u b t r a c t .  The 

teacher should  no t  belabor this p o i n t .  

*9. One can c e r t a i n l y  find whether two fractions are  equal 

by changing them to fractions with equal numerators and 
examining their denominators. There a re  times when this 
method is easler than the other method, f o r  instance,  

6 In examples like: Is & = f6? Is & = T? 

6-6. Mult ip l ica t ion  - of Rational Numbers 

Using familiar products such as 2 as a bas is ,  a 3 
development through products  such as 2 . * leads  to the general 7 

a c a - c  - As before, the basic properties are situation 6 ;i- = 

used to develop the usual  r u l e  f o r  the operation. Pupils should 
not  be expected to reproduce such a development, bu t  only to see 
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165 
how it leads t o  the procedure they already know. 

You may prefer to place more emphasis on the properties of 
: 1 and use these In place of Property 1, now tha t  multiplication 

I for ra t ional  numbers in fractional form is def ined .  

! 
Further exercise8 may be obtained by asking that  t h e  answers 

in some of Exercises 6-6 be In a different form. 

; Answers - t o  Exercises - 6-6 

1. (a) ; (0 ; 

3 .  See answers for 2. 



6. $ 
cup orange Juice 7 -  (a) 7 

cup lemon juice 

cup grapefruit juice 7 
cup pineapple juice 7 

1 cup water 

cup syrup 7 

cup orange juice (b) 3 

cup lemon juice 7 
2 7 CUP grapefruit juice 

cup pineapple juice 3 
2 cups water 

6-7. Division of Rational Numbers - 
Care should be taken t h a t  the pupils understand that  

f is just another way of writing 5 + 4. YOU may wish to 



point  out that if the bar lengths are not carefully done, one 
2 

may not be able to t e l l  what l a  meant. Example 7. Is thls 

The procedure in this section is to show that ou r  previous 
3 

properties and deflnirion~ lead us imn-$to 5 which 
6 generalizes to the usual rule: - = ' 2 Again pupils 

i c '  

should not be expected to reproduce thls procedure but merely 

to see that we are led to the rule. 

Answers & Exercises 6-7 
1. ( a )  1 





Encourage p u p i l s  to compute mental ly  as much as p o s s i b l e .  

This may be the pupils f irst  introduction to a horizontal rather 

than v e r t i c a l  pattern I n  writing down work as a problem is 

solved. Encourage use of t h e  h o r i z o n t a l  form. The habit of 

using the v e r t i c a l  form may be s t rong .  Thls habi t  may be  

d i f f i c u l t  f o r  some to overcome. Use of the horizontal form may 

encourage pupil to do more mental work. 

Answers to Exercises 6-8a - 
6 

1 -  (a) j or 2 

0. 2 (b) g 

1 

( d l  4 or g 
2. Yes. 

1 1 0. 27 3 .  (a) 3 

1 '7 or z7 (b) J 

(4 or 18 

( d )  p or 1& 

4.  Y e s .  

*5. (a)  Yes. 

+6. (a) Yes. 

7. (a) 13 p r d s  

1 8. Ig pounds 

(b) The commutative property.  

(b ) The aesoclat lve property. 

(b) 39! 
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Answers 2 Exercises - 6-8b 

1. ( a )  4 (b) 100 4 (4 5% (4 375 

2. (a) 72 (b) 1% 0' 1+ (4 17& 

1 
3 ( a )  $ or ( 9 )  

(b) 1% (h) & 
(4 + + o r l &  (1) & 
( d )  9 or 1% ( J )  & 
) 0. a; 04 16 

(f) & u, 7& 

4.  (a)  They are equal . (b) They are equal.  

5 .  (a1 (b) 15 ad + bc (4 7 

7.  No. 
1 8. Sms of columns, rows, and diagonals are 2%. 

Answe~a to Class Exercises 

1. (a) $ or h (9) 7 ad - bc 
(b) + I1 

(h) 35 

(4 f 0 )  

(d l  & 4 
(J )  0. g 

(4 & (k, g 0. 2 
1 mw 
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18 2. (a)  1 ,  1.125, ,, e t c .  

22 (b) F, 2.75, 8. 4, 
16 ( c )  1 ,  1.6, ,, e t c .  

( d )  y, 5.666 ..., g, 4, etc. 

Answers to mercises 6-8c - 
8 1. (a) or 6 (h) ~ ' l ; o r  3 

(b) % (I) or 0.791 

(4 Q (3) ; 
(4 or g (*I ; 

% o r %  (4 They are equal. 

(f) ~ $ o r Y  (m) Yea. 

2. Jane l i v e s  farther because 3 16 > 5 . 7. 
*3, A Melts home 

B Vic's home 
C Bobm 8 home 
B l a  p 1 or of a mlle farther than A .  

C I s  of a mile farther than A .  



6 .  & yard 
7 .  $ hour or 45 minutes 
8. (a) raised 

( b )  @ per pound 

9 .  ( a )  Less 

( b )  If the difference were exact ly  11, the larger 

number would be 4 + 11 or 17$. Slnoe 17; C 17$, 

the difference Is less than 11. 

10. In general, yes, unless the number subtracted is zero, 
or the o r i g i n a l  f r a c t i o n  has a value of 1. 

5 The sum in each row, each column and each diagonal Is T .  

6-9 and 6-10. Ratio and Decimals -- 
These two sections should be considered as an Introduction 

to two important uses of rational numbers, Both of these the 
students have met before. Here they are shown that  a ratio 1s 

another way of t h ink ing  of a ratlonal number and that ? decimal 
is a way of wrlting a fraction having a power or 10 In i t s  
denominator. Decimals and fractions are  not separate topics bu t  

should be treated together .  (1n fact, the old  term was "decimal 

fractions" .) 
The purpose of the applications IB t o  give the student a 

little idea of why these notions are  u s e f u l .  T h i s  is as far as 

this chapter i a  intended to g o .  Any mastery over either r a t io  
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or decimals will come later.  If the teacher feels,  f o r  Instance, 
that any problem having to do w i t h  rates would be too d i f f i c u l t  
for his class. he mav well omit this touic here. 

It is in Chapter 9 that r a t io  and decimals are taken up 
more thoroughly after the Ideas of t h i s  chapter have been given 

an opportunf ty to "set" for awhile. They are also t r e a t e d  I n  t h e  

eighth grade in various appropriate places. These topics are much 
too important t o  be relegated to a single chapter and then 
forgotten. The full appreciation of their relationship with each 
other and later with  percent will come in good time i f  t h e  teacher 
continually works toward this end. A t  t h i s  stage many applica- 
t l o n s  would only obscure the fundamental mathematical relation- 
ships. As the pupil acquires more experience in hie science 
courses in school and his informal education outs ide the  class- 
room, he bui lds  a body of knowledge from which more applications 
can be drawn. 

On the other hand, it Is appropriate to int roduce these 
topics here as preparation f o r  what comes l a te r  and from the  same 

point of view. 

Ratio and decimals will be treated much more extensively in 
Chaptep 9. It is not expected that  students will acquire much 
a k i l l  with these t o p i c s  in this brief introduction. It would be 
quite satisfactory not  to include these topics in the chapter 
test. Rate as one of the applications of ratio is included t o  
emphasize t h a t  ratio I s  a number and is not associated with a 
wit of measure. As r a t i o  i s  used i n  a problem situation, it 
may be necessary to in terpret  an answer obtained In terms of a 
unit such as miles pep hour or cents per article. The latter, 

for example, would arise in a problem about the coat  of 15 pencils 

if six pencils sold for a quarter .  One can th ink  of the r a t io  
2 of the number of cents to the number of pencils which is $. 

Rate, as an application, was chosen f o r  this section, also 
because t he  formula, d = rt, i a  mathematically exact ly  the 

same sentence as bx = a, which 1s a basic consideration of the 
chapter. Similarly, cn = t, a formula for the cost  of n 
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articles which sell for c cents per article, illustrates a 

use of the sentence bx = a .  

Anawera Exercises 6-e 

2. (a)  520 miles per hour 

2600 ( b )  ~ = ? = 5 2 0  

3 .  There is a small advantage in using the same unit in 
numerator and denominator (which I s  not always posalble ) . 
By so doing errors may be avoided. However, in a scale 
like 1 inch to 100 milea it would be quite inconvenient 
to change 100 miles to inches. 

1 4. (a)  Ib)  85 

5 .  24" long, 16" wide 

(b) 120 feet 

(4 f 
8. 3 
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10. ("1 3 ( b )  $& 
1 27, 

12. (a)  (b) $60 

*13. 7 
'14. (a) 8 

(b) 8 
(4 % 

Answers - to Exercises 6-10 

1. (a)  0 .5  (g) 2-75 

(b) 0.25 (h) 1.6 

(4 0.375 (I) 0.625 

(a) 0.7 ( d l  0,0625 

(4 0.34 (k) 0.9375 

0) 1.25 1 3.7500 

2 .  (4 4 ( 9 )  ;b 
(b) $ (h) &J 
(4 $ (1) $& 

28 (4 y ( J )  & 
(4 if (k) gg 
(f) 8 Le, 
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(a) Seventy-flve hundredths 

(b) One and seventy-five hundredths 

( c )  Six-tenths 

(d) Five and six-tenths 

( e )  Thirty-six hundredths 

(f ) Two and thirty-s ix  hundredths 

(g) One hundred forty thousandths 

(h) Twelve thousandths 

(i) Eight hundred twenty-five thousandths 

( j ) Eight hundred seventy-f ive thousandths 

(k) One and five hundred six thousandths 

Two and eight thousandths 

(e) 0.111 *(j) 101.620 
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6-11. Ordering 
The chief objec t  of t h i s  section is t o  give a means of 

comparing two fractions. The method of finding the decimal 

equivalents of the two fractions is probably a little longer to 
write out than the other method but it also may be easier to 

understand. The pupils should understand both and then be 

allowed to choose that which they prefer.  
It is not thought necessary to give detailed explanation of 

why it is true tha t  when two fractions have equal denominators, 
that with the greater numerator represents the greater number. 
If some students have trouble with this it might be explained, 

f o r  example, t h a t  

I 

because 

Probably the simplest method of comparing fractions Is not 

mentioned. If in Sec t ion  5 of this chapter  the pupils found that 
= If and only if ad - bc, then it should not be hard 

for them to deduce and use 

) if and only if ad > bc. 
This is probably the simplest test of a l l ,  but it is not mentioned 
because if not understood It o f t e n  becomes purely mechanical. 

Answers - t o  Exercises 6-11 

4 64 and = Hence > 5. (b) 9 = m  
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( c )  = and = 3. Hence ?> y. 
The bright student might f i n d  the answer more 
quickly by noticing that the numerators are equal 
and hence the larger fraction is the one with the 
smaller denominator, since the denominator denotes 
the number of equal parts into which the numerator 

is divided. See Problem 5 .  
4 44 2. One must compare & with :. Now if = 8 and g gg 

4 and hence & > g.  

3 .  For brand A ,  one gets of an ounce f o r  one cent; for 

8 
3 

2 brand B, of an ounce, that is, J of an ounce. Now 

2 46 7 = and = Hence > 3 and brand B is 

cheaper; The same resul t  may be found by comparing the 

the costa per ounce, that I s ,  12 23 and a . r5 
4. The pupi l  m i g h t  answer t h i s  question by giving several 

examples ahowing the following which, for the benefit 
of the teacher we show in l e t t e r a :  a > 2b irnpliea that 

+ 5 .  If two f ract ions  have equal numeratore, the fraction 
with the smaller denominator represents the larger 
number. A satisfactory reason from the pupilfs point of 
view a t  this stage should be that the denominator denotes 
the number of equal parts I n t o  which the numerator is 
divided; if the number of parts l a  srn~ller, each part 
must be larger. St I s  too early to discuss manipulations 
with inequalities. 



Sample Questlons f o r  Chapter 6 

I. True-False Questions -- 
(T) 1. The product f f f a  equal to $. 
(F) 2 .  thole numbers are not rational numbers . 

(T) 4.  In adding rational numbers, If the denominators of the 

fractions are equal we add the numerators. 

(T) 5 .  The following numbers are all examples of rational 
numbera : 

(T) 6 .  Zero 18 the ident i ty  element for add i t ion  of ra t ional  
numbers. 

0 0 (T) 7. The-fractions and represent the same rational 

number if neither a nor b is zero. 
J 

(F) 8. If a and b are ra t ional  numbers, is always a 

rational number. ( ~ o t e  : 0 is a rational number; 
except f o r  0 the statement is true.). 

(T) 9 .  A rational number multiplied by its reciprocal equals 1. 

( ~ o t e :  If it is zero, I t  has no r e c l p ~ o c a l . )  
24 (T) 10. The symbol stands for a number which is both a whole 

number and a rational number. 

(F) 11. The sum of two rational numbere whose fractions have 
equal' numerators may be found by adding the i r  
denominators . 

(T) 12. The product of zero and any ra t iona l  number is zero. 



( F )  13 .  If one f rac t ion  has a larger numerator than a second 
fraction, the number represented by the f i r a t  fractlon 
is always larger than the number represented by the 
second fraction. 

(T) 1 4 .  Even if a = 0, 1s a rational number. 

( F )  15. If two f r ac t ions  have t h e  same denominator, t h e  numbers 
they represent are always equal.  

(F) 1 6 .  The rec iproca l  of 3 i a  Bm 
1 

(F) 17 - The l eas t  common multlple of she denominators of H 

and 2 I s  12. 

1 1 (T) 18. In t h e  d i v i s i o n  problem divlded by -, we are looking 3 
1 for a number which when multiplied by gives g. 7 

1 1 
(F) 19. In t h e  division problem 2 d i v l d e d  by --, we a r e  seeklng 3 

1 1 a number which when multipiied by gives 7. 
I 

( F )  20. The reciprocal of the reciprocal of 3 is 1 7' 
a (F) 21, Even if b equals 0, 6 I s  a r a t i o n a l  number. 

a b  a + b  (F) 22.  The sum: + is equal t o  -. 

1 .  Multiple Choice. 
r t 23. The sum: + is equal to which of the following f o r  

a l l  counting numbers r, s, t and u: 

b. r + t  
S U 

e .  None of these 



24. Which of the following pairs of numbers are both - 
divisible by the same number greater than one? 

d .  5 1  23. 
e .  None of these. 

24. C - 
x . t  25. The product: ; Is equal to which of the followlng 

if x, t , .z and k are counting numbers: 

a. x plus z plus t plus k. 

e .  None or these 
C 25. - 

26. If f = 9 and a = 6 and b = 12, then 

a .  x = 2y d. 12x = l2y 

b. y - 2x e .  None of these 

c .  6 x U  y 26, - B 

27. We can change the denominator of the fraction i 3 

to the number "1" without changing the number represented 
by the fraction by: 

a. Adding 3 to the numerator and denominator. 

b . Subtracting 3 from the numerator and denominator. 

c .  Multiplying both the numerator and denomlnator 

by q* 
d . Dividing both the numerator and denominator by 3. 
e .  None of these. 7 



1 1  2 28. Given the f ivenumbera:  0.12, p 8, 0.099, n. 
The smallest is: 

29 .  Given the same five numbers as in Question 28. The 
largest is which of those indicated? 29. - B 

111. General Questions. In moat cases the student should give 
reasons. In each case below insert one of < =, > so 

as to make the statemenk true: 

30 .  8 5 
Answers 

> 

37.  Expresa as a single decimal: Answers 
1 a. & + & + m  o .111 



38.  Write each of the following in decimal form: 
Answers 

o .13 

39. Write each of the following as a fraction with 
counting numbers in numerator and denominator. 

Answers 

40. Show by changlng decimals i n t o  fractions: 

41.  There are 40 questions on a test. If a l l  questions are 
given the same value and if a perfect paper gets a grade 
of 100, how much should each question count? How many 
questions would a student have to answer correctly to 
get a grade of 90 or better? ~ n s :  2$, 36 

42, When a merchant buys candy bars, he pays 40 cents  f o r  
boxes holding 25 bars. If he sells them at 2 bars f o r  
5 cents, what is h i a  profit on each bar? 

1 Ans: Each bar coats  1.6 cents, he sel ls  them for 2F 

cen t s  each. Hence his p r o f i t  Is 0.9 cents each. This 

can a l s o  be found using f rac t ions  exclusfvely. 



A craf t s  class needs a type of decoration that se l l s  
f o r  7$ cents a foot In one shop and at 3 feet  f o r  25 

cents in another shop. How much can be saved on each 
foot at the cheaper price? 
Ans: A t  the second shop the pr ice  is &$ centa far a 

foot and hence 8 of a cent per foot can be saved by 
buying a t  the first shop. 

A group of seventh graders have promised t o  co l lec t  50 
pounds of scrap metal . They have 36;: pounds; how much 
more must they col lec t  to keep their promise? 
An,: l3k. 

Tom needs four pieces of woad 2$ feet  long f o r  the legs 
of a t ab le .  Boards from which this wood can be cut come 

in the fo l lowing  lengths: 8 fee t ,  10 f ee t ,  12 feet ;  
What length board should he get  and how much will be 

left over? 
Ans: He needs 11 fee t ;  hence he should get  the 12 foot  
board and w i l l  have one foot l e f t  over. 

A boy's car used 15 gallons of gasoline for  a 225 mile 

trlp. How many miles dfd he drive for each gallon of 
gasoline used? Ans: 15 

If 6 inches on a map represents 90 miles, how many miles 
does each inch represent? Ans: 15 miles 

Find the value of x in simplest form which makes the 

following true : 
1 x - 0  ($+g+&) 

10 x = product of & and m 

Answers 



Answers 

x = g  



CHAPTER 7 

MEAS- 

Introduction 
The idea of meaaurement is of f'undamental importance In 

1 modem l i f e ,  Thia l a  trme in the day by day activitfee of 
! 

ordinary citlzena and equally true in the activities associated 

with most vocations. Newspapers and other klnda of reading 
matter are full of refemncea t o  measurement8 of one kind or 
another. Consequently, there is a great deal of information 
about the topic whlch could conceivably be taught in the seventh 
grade, and which some, If not a l l ,  aeventh grade pupils would 
find both uaeful and interesting. The ab i l i t y  to  understand 
what other people are doing depend8 t o  a conalderable extent on 
c era tan ding the kinds of things they measure and the techniques 
of meaaurement whlch are wed. This i n  turn depend8 upon an 
understanding of the nature of the thing measured. Adequate 
treatment o f  marry techniques of measurement l a  therefore more 
Buttable content for couraee i n  other fields, such as science, 
than in mathematlcer . 

The fundamental notion of meaawment, however, l a  common to 
measurement in a l l  fields, and the development of basic concepts 
is therefore an impoptant topic in the mathematfca curriculum, 
The measurement of one-, two-, and three-dimensional figures is 
alao aasential both for development of certain geometric concepts 
and for applying these concepts. Furthermore, many thing0 which 
are not geometric in chamter ape measured by relating their 
properties to  linear or circular ecales. In thia chapter, there- 
fore, attention l a  focused chiefly upon development of basic 
concepts whlch underlie measurements of a l l  klnda, and upon 
measurements of l ine  negpnta,  aurfacea, solida, and anglea. 

While pupils entering the neventh grade have had a substantial 

amount of experience with meaaurement, some of them may have no 
clear underatanding of the baaic concepts and assumptions which 
underlie the procesa. Among the concegta developed in this 
chapter are the followlng: 



1. The size of a collection of discrete objects is found by 

counting and described by numbers; the s i z e  of a continuous 
quanti ty is found by measuring and described by a measurement 

which contains both a number and a unit of measurement. 
2, The process of counting separate objects yields a whole 

number which represents exactly the aize of the co l l ec t ion ;  the 

process of measuring yields a number of units which is never 
exact, but is an approximate representation of the size of the 
quantity measured. 

3 .  Since a l l  measurements are approximate; a measurement 
should be reported so as to Indicate its precision, or i t s  
p e a t e s t  pdsaible er ror .  The prec is ion  is shown by naming the 

smallest unit or subdivision used. This implies the size of the 

greatest poss ib le  er ror ,  or the Interval within which the true 
measurement liea. Pupils should be encouraged to report measure- 
ments which they have made i n  a way consistent w i t h  this idea, but 
cannot be expected at this stage to understand fully i t s  impli- 
cations for computed measurements. 

4, As suggested above, development of a method f o r  measur- 

ing anything rests upon understanding the aspect of it whlch is t o  

be measured. This is true of the measurement of geometric con- 
tinuous quantities to which a large part of this chapter refers, 
Therefore, four asaumptlona regarding the nature of geometric 
continuous quantl t l e a  are a tated . 

5 .  A unit of measurement for geometric quantities m u s t  be of 
the same kind as the thing to be measured--a u n i t  line sewent t o  

measure a line segment, a unft surface to measure a surface. 
6 .  The s l ze  of a unit of measurement is arbitrary. 
7. The measure of a geometric quantity is obtained by sub- 

dividing it into parts the slze of the unit, and counting the 

number of unft parts. 
8. Standard unita of measurement are necessary in highly 

organized societies, and are established by social agreement. 
9 .  It is convenient to have related units f o r  length, 

surface, and volume, such as the inch, square inch, and cubic 
inch. 



10. The area of a region enclosed by a simple cloaed curve, 
such as the rectangle, may be found by computation from lengths 
rather than direct measurement of surface; the same ia true fo r  
the volume of a rectangular solid. 

11. Just as there are many namea f o r  the same number, there 
are many name~l for the same measurement. 

12. Many quantities of d i f fe ren t  nature from those stressed 
in this chapter can be measured when suitable units are used. 

7-1. Counting - and Measurin~ 
Section One develops the difference between discrete objects 

and continuous quantities. Four properties of geometric figurea 
are developed at this time: 

1. The motion p~operty  states that figurea can be moved 
without changing aize or shape. 

2. The comparison property atates that the aizes of two 
geometric quantitiea can be compared provided these 
quantitiea have the same nature. 

3 .  The matching property states that two geometric quantl- 

ties have the same aize if every part of one can be 
matched to a part of the second so that no part of 
ei ther  figure is omitted. 

4. Fimal ly ,  it i a  s ta ted  that a geometric figure may be 
subdivided. 

These four properties are the basis of measurement, The 

teacher should be alert in later sections to point out that the 
measuring process utilizes these properties. Measuring i a  done 
in thls section but many students will not recognize it as such 
since s h d a p d  unita are not used. 

Problem 1 and 2 develop the concept of continuous quantities 

in contrast to discrete objects.  Problems 3 to 5 develop the 
concept of measuring as a comparison t o  a unit  having the same 
nature as the object measured. Problems 6 and 7 direct attention 
to the possibility that different sized closed regions may be 
bounded by closed curves of the same length, and that a closed 
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region of a given size mag be encloeed by curves of different 
lengths. 

Amwe178 Exerciees 7-1 
1.' (a) counting (d) ~easuring 

(b) Measuring (e) Measuring 

( c )  Counting (f) Measuring 

2, (a) Continuous (d) Continuoua 

(b) Continuous (e)  Discrete 

( c )  Disc~ete  ( f ) Cont inuoua - 
3 .  (a) Congruent (4 RT 

- 
(b) RT (4 - 
( c )  Congruent 

4. Closed region C < Cloaed region A 

Closed region C < Cloeed region B 

Cloaed region C < Closed mgion D 

5. (a) A l l  are appmximakely equal. 

(b) To compare A with B, cut along ehorter dlagonal 
of A. 

To compare A with C, turn A over. 

To compare A w i t h  D, c u t  

aa follom: 

and reaeeemble as follows: , 

( c )  All should have the same area. 
6. (a) Curves have the same length, 

(b) Closed region E is larger than closed regfon F. 
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7. ( a )  Pupils will probably assemble the parts like this: 

Equally correct: 

arrangement. Areas 

or any other re- 

of new figure and 

area of the square are the same. 

(b) Lengths of the curvea will vary but all will be 
longer than t h e  original square. The diagonal is 
longer than a s ide .  Figures like the last one 
increases the length of the curve by an additional 
length. 

- 2 .  Subclivieion an8 Measurement 
Measuring geometric continuous quantities is accompllahed by 

the process of subdividing the quantities into unit parta. We 

think of geometric figures aa keeping both s ize  and shape when 
they are moved. This is Important f o r  comparison of two geometric 
quantities, and also  f o r  subdividing a quantity in to  parts. 

There is the hidden aaaumption in the Comparieron Property 
Wt, For two geomet~ic guantitiea a and b, a = b, a i a  
greater than b, or a is leas than b, and that exactly one 
of these relatlana ie true. By using the Motion Property it l a  

possible to determine which of these relations is true fo r  any 
two quantities of the same kind. 

The Matching Pmperty l a  basic t o  the notion that differently 
shaped polygons, or other simple cloaed curves,  may have equal 
perimeter8 or Porn closed regions having the same area. It lea& 
t o  the Subdivision Property which states the aseuraption that a 
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quantity may be subdivided wlmout producing a change in the size 
of the whole. A l l  of these properties are wed in the process of 

measuring. 
Note that we do - not define such concepta a8 length, area, 

volume, etc  . We attempt to lead the students toward an intuitive 
g m p  of these concepts, 

The paragraphs on Subdividing Continuou8 Quantities illwtrate 
with line segments the essentfal notion that a unit aegnent "n" 

may be laid off repeatedly on a given segment to locate a point 
such that the segment remaining I s  lese than one unit, The 
concepts developed in Sections 1 and 2 provide the basia fo r  the 
definition of the t e r n  'measure" and "unl t of measurement. Note 
that, according to the definition, the measure is a nmber, while 
the lewth ia defined aa a phrase which includes both the measure 
and the unl t . 

Actually we take a measurement of a length. The more precfse 
our measurement is the cloaer we come t o  the length. However, 
the measurement is not the exact length since we cannot possibly 
hope t o  achieve absolute precision. Hence, when we aay the length 

is 4x1 we mean the meaeurement is 4n. The length is b 4n. 
H e r e  wa have a clear-cut example of the distinction between the 
abstract mathematical notion of length and the fitting of this 
notion t o  the physical world through measurement . Thia I s  why we 
BBY all meaeurements are approximate. 

2. (a) Size of closed region A % 3 times size of closed 
region B. 

(b) 3 

3 .  (a)  Mngth of curve D % 2 times the length of curve C .  
(b) Closed region D S 3 timea closed region C .  

4. 3 Note: The definition of rectangular solid appeara 
in Section m f  Chapter 8 where a more formal dlacussion 
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of volume is developed. 

5. (a) Segment of length c .  

(b) 4 

6. A (a) Cloaed region B. 

(b) 3 

7. (a) 6t: 
(b) 12t 

( c )  Length of curve D is 2 times the length of curve C .  

(d )  Cloaed region C is the uni t ;  closed region D ia 3 
times closed region C. 

8. Unit of measure waa rectangular so l id  B; rectangular 
so l id  A is 3 times rectangular solid B .  

9 .  ( a )  DE, AF, FC are approximately the same length. 
AD, DB, EF are approximately the same length. 
BE, EC, DF ape approxhmtely the same length. 

(b) ADF, F X C ,  DBE, DEF, ADEF, FDEC, DBEF, ADEC, DFCB, 

AFEB, ABC. 

( c )  AADF, Am,, ADBE all have the same area as 

AEFC. The closed triangular region A X  is 4 times 
the c losed triangular region EFC . 

(d) Closed triangular regions ADF, EFC, DEF, DBE have 
the same area. 
Closed quadrilateral regiom ADEF, PDEC, DFEB have 
the same area. 
Closed quadrilateral regions ADEC, FDBC, and EFAB 

have the same area. 

7 - 3 .  Subdividinp, -- Uni ta of Measurement 
I This s e c t i o n  strengthens the basic concept8 of measuring and 

i provides f o r  utilizing rational numbers to express measures that 
[ do not  appear to be multiples of the uni t .  The measured object 

has been subdivided previously. Now the measuring u n i t  is sub- 
divided in order to cover the whole surface. 
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The arbitrary natum of the measuring unit is emphasieed as 

is a l so  the Idea that the measuring unit muet have the aame nature 
as the object measured. 

me use of plane figures of many shapes a8 a unit ahould help 
~e student appreciate the advantages of a aquare unlt, and later 
of a cubical unlt a8 the unit of measurement for three-dlmenaional 
figures. These figures are alno used t o  point out that the measure 
is independent of the way the unit8 are matched to the object, 

Answera t o  Clasa Exerciaea 7-3 
1. Answers will vary but should be reaaonable. 

2. Answers will varg but ahauld be rcesaomble. 

3 .  Differences arise f r o m  differences in unit of measure- 
ment, i.s., length of foot. 

4 .  Book, chalk box, ream of paper, etc . 
5. The meaaure ie the number of eheets used but the size 

is the number and the name, "note-book sheets." 

6. Meaaurea varied. 

h w e m  Exercises 7-3 
1. 

(a) The anawer depends upon the aize of aheet used. For 

M 8; x 11 sheet of paper, the computed numbers of 

units required are as f o l l m :  
Rectangular unit -- about 47 
Isosceles right triangular unit -- about 47 
Equilateral triangular u n i t  -- about 54 
Circular unit -- about 30 

(b) The circular unit I s  probably hardeert t o  uae 

because of the space between the unita. 

( c )  Same for  rectangular units (2" x 1") and ieoacelea 
rlght triangular unita w i t h  2" legs. 
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2. The meaeurementa will d i f i e ~ ,  since the pupils' feet 
will differ in length. 

3 .  Marbles are a poor mitbecause of space between them. 
Rectangular blooks would be much better. 

 he sol id line show the 

arrangement of the parts 
of triangle ABC, and the 
dotted linaa the arrange- 
ment of the parts of 
triangle DEF, 

Note that the measure of is one-half the measure 
of the altitutle of 8aUh triangle, 



The rsolid line shows the 
parts of trfangle ABC, and 
the dashed line the parta 
of triangle MKL. 

7-4. Standard Unite 
The pupils kave had many exercises to demonatrate the meaning 

of meaaumment and the arbitrary nature of the unit. This sectlon 
should establlah the social need for unite that are the same for 

the entire group. Masa production and the convenience of inter- 
changeable parts provide a wealth of material f o r  pointing out 

this need. The h i s to r i ca l  material ehould be of interest and show 
Eiocietyl s increasing need f o r  a tandalld units. 

Archimedee used density in detemlnlng the purity of gold. 
By experiment, he found t h a t  the same weights of s i l ver  and of 
gold displaced different volumes of water. By immersing gold that 

had the same weight as the crown and comparing the water displace- 
ment w i t h  that displaced by the crown, Archimedes showed that the 

crown was not a l l  gold. 
The metric system l a  briefly Introduced in this  chapter only 

beoause of the chapter's length; it wlll be discussed more fully 
in Chaptep 3 of Volume 11. It should be stressed that our linear 
u n i t s  are defined, by law, in terms of the metric units. The 

metric system l a  legal In  the U.S. If class time permita, a d i s -  
cussion of %he n e w  definition of a meter as 1,650,763.73 times the 
wave length of orange light from krgpton 86 rnight be interesting. 
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This standard for the meter i e  d i f f i c u l t  to visualize, but has the 
advantage that I t  can be reproduced in  any good scientific labom- 
tory and is more precise than the platinum and iridium bar in 
France that is the pPenent standard for the meter, T h l a  definition 
has been adopted by the Advisory Connnittee on the Definition of the 
Meter. Curmnt Science for the week of September 29 - October 3,  
1958 ha8 an artic le  on this a t  the student's level. 

The approximate nature of measurement has been pointed ou t  
throughout the chapter. Continuing emphasia on the fact that 
measurements are not exact ahould be made, although thia topic will 
be treated more formally in Section 5, Comparing measummenta oP 
the aame object made by different atudenta and also measurements 
detemined by Instruments marked w i t h  varying degrees of precision 
help develop the concept of the approximate nature of measurement. 

Some 7th grade rrtudenta have difficulty measuring w i t h  a 
ruler. Through making cardboard rmlere and studying the Increas- 
ingly fine divisions In Figure 7-4, It I s  hoped that the poor 

studente P d l l  overcome their dlfficultiee while the better student 
is aeeing the relationship w i t h  base 2. The " ~ l a s a  P~oblems, 7-4" 
ahould be done orally in elms. Sorne of the actual meaauring 

, rshould also  be done in olaas 80 that the teacher can Identify and 

; work with student8 who have not maetemd the use of the mler. 
1 
I 
I In the hodge-podge that 18 the English syetem of measures, 

' k there I 8  a variety of standalcd unit8 . Converelom from one unit 
t o  another came a great deal of trouble both in mathemtic8 and 
in science. Conversions are treated as number sentence8 w i t h  a 
etrere  on the relation between the u n i t a  involved in the conver- 
sion. Thia should be developed in claas and clams practice should 
be provided t o  make s u m  the atudents undsretand what they are 
doing, The use of estimates and comon sense are both Important 
aida In converting units. Measurements =coded in different 
uni ts  but treated aa the same unit are the baeie for many student 

errors. Pupile ahould be taught t o  read the naapee of unite 88 

well as the number of theee unlta. Common sense ie called on again 

, t o  decide which would be the beat unit t o  use For a particular 
' problem. 



Exeeiaes 7-ha 
These exercises are designed to ahow the value of standard 

units to social l i v i n g .  Some of the queetiom are anawemd best 
by personal interview w i t h  local merchants, All valuee t o  the 

etudents could be realized by having each student do one or two of 
the exercises . 

1. Most bread is bought by the  loaf. haves am baked in 
various s izes  and many bakeries indicate the weight on 
the wrapper. 

2. The size of Food c a m  I s  related t o  volume. Since a 
packer could leave apace at the top of a can, the  law 
requires that each can have the weight of the contents 
printed on it. Students might check diffemnt brands 
of the same i t e m  t o  aee If the contents of the aame size 
can always has the aame weight. 

3 .  A few item t o  suggest, If the students fa i l  to f ind 
others, are: bicyclea - diameter of the wheel; hats - 
diameter of head foir men and permeter for women; pana - 
capacity; screws - length and threads per inch; fishing 
rods - length; drill bits - diameter. 

Exerciaea 7-4b 
These exercises g i v e  the student practice in measuring and 

they develop the need f o r  f ine  subdivlnion. It is 8 good pre- 

paratory exercise for those who have difficulty with reading a 
ruler. 

1. and 2. CaMboard mlem can  be checked wlth comnercial 
rulers. 

[pages 263 -2641 
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6. Anewers will vary but should approximate those above. 

7. 8ths of an lnch since the divisions come cloaer to match- 
ing the line segments. 

Class Exercises 7-4 - - 
1. The need to rneaeure aegnents smaller than an inch. 

2. Into 2 parts. 

3 .  Each section of the inch on-the left of any given inch 
(except the 6th inch) is divided in to  two parts. 

4. Each sectlon is divlded i n t o  two parts. 

5 .  4; 8; 16.  he third lnch lies between 2 a n d 3 . )  

6.  The l ine  segments are longer. 

7, Longer line segments help group the shorter line aegnents 
so that the number and size of the spaces are easier to 
see. 

8. Theoretically, there is no l i m i t  to the number of 
divisions. 

[pages 265-267 1 



3 .  (a) &'I (dl I+ 0p 13 

lb)  8 

( c )  The d i v i s i o m  on the line picture one meaning of 

5 i 2; there are 8 piece.. a 

6. (a) dU (4 +" 
(b) I& (f) 4'' 
(4 1 ( 8 )  g' 
(dl  4'' (h) gf 

7.  (a) m*&" FQ 1'' 

%gn QH 2 1 " 

3 CD * 1 % $ 
DE % &" IJ 4 3 

3 " E F Z  q 

) There is a p o s a l b l l i t y  of a slight (&'I) dlscrepan- 
cy due to the approximate nature of measures. 

[pages 267-268 3 



8. Base 10 Baae 2 

9. Slnce a l l  d i v i s i o n s  are obtained by dividing existing 
dfvislons by 2, the number of sections increases by 
powers of 2, or, In base 2 notation, by annexing a zero 

t o  show tho number of divisions. 

Answers - to Exercises 7-4d 

1. Answers will vary.  
1 2. (a) $" 

(b) (4 4 
(4 * 

3 .  ( a )  7 2  (dl  7 9  

(b) 7" 

4. (a) NO. 

(b) Make the strlng fit the figure and then measure 
the string. 

( c )  (1) &" (computed) ( 3 )  2 8" 

[pages 260-2721 



5. (a) Length 2 5400 in. (Amwem in feet are accept- 

Width % 900 -. able. See part b .) 

Height 2 540 in. 

(b) kngth 450 ft. 150yd. 

width 775ft. 2 25yd. 

Height 2 45 it. a 15 yd. 

*6. The S.  S.  United States 18 990 ft. long. The dimensions 
given for the A r k  make I t  eurprisingly large f o r  the 
engineering of that tlme. The length is greater than 
the length of a football field. 

Answer8 t o  Class gxerciaes 7-4e 

2 (a) 2 6cm. (a) 2 locm. 

(b) 9cm. 

( e )  b 6cm. 

3 .  (1) 2(6crn. + 3cm.) &18cm. 

(2) 3cm, + 3cm. + 5cm. + 3cm. + 4cm. I18cm. 

(3 )  2(4cm.) + h(3crn.) & 20 cm. 

( 4 )  8cm. + 5cm. + 4cm. + 3cm. @ tr cm. 

Am#etra t o  Class Exercises 7-4s -- 
1. ( a )  b 64rma. (a) 2 97m. 

(b) 2: 86man. (e) P: 8&m, 

( c )  56mm. 



2. (a)  2(58mm+32mn)%180mm. 

(b) 33mm + 26mm + %nun + 26- + 38m % 173mm. 

( c )  2(6- + p u n )  2 230mm. 

(a) 50m + 6- + 83m 1 9 b .  

8 )  2(39mm) + 4(2~rrrm) 178m. 

( f) 80mm + + 4- + 26mm S 198mm. 

3 .  (b) 1 in. 2 &pin. 

( c )  1 in. 2 25mro 

7-5. Precision - of Measurement -- and the Greateat Possible Error 
This section I s  the first attempt in this book to formalize 

the approximate nature of measurement. Precision of measurement 
is Introduced through work w i t h  the ruler. Precision, a8 such, 
is - not defined. We do epeak of one measurement as being more 
preclee than another. A t  firat,  incremlng precision of measure- 
ment is Indicated by increasing denominatom (of the fractions 
repmsenting the aubdiviaion being w e d ) .  This was done so that 
the two "things" under discussion would both be "moving" in the 

same direction, 1.e. increasing. Iater the Idea l a  introduced 
that increasing preciaion of measuremnt I s  associated wlth 
decreasing unit aize (this counter motion can cause difficulty 
fo r  the students) . 

Suppoee we are given units A and B with B smaller than A .  

A measumment made w l t h  unit B is more preci~e than one made 
with A because the measurement obtained with unit B 1s closer 
to the true measurement than that obtained w i t h  unit A. 

If an attempt l a  made to define precision as a noun we get 

into a situation where Increasing precieion is aesoclated with 
decrea~ing accuracy. This should be avolded as it contradicts 
normel associations of these words. 



Two notations are w e d  for indicating preclalon of measure- 
ment. 

Indicated by the form of the numeral and the name of the 

un i t ,  e .g.  in. indicates measurement to the nearest 
1 1 8 i n .  This fraction must - not  be simplified to %. This 

idea can be used la ter  w i t h  decimals, e . g .  4.13 in. in- 
1 dicates measurement to the nearest in, 

Indicated by using the greatest possible error and the 

name of the unlt. This idea is used later in the d i s -  
cussion of precision of area measurement. The first 
notation cannot be used f o r  area; thia is pointed out in 
Section 7 .  

Answers to Class Discussion Exercises 7 - 9  -- 
1. * 3 .  $ 
2, + o r +  4.  3g 
5 .  There is at least one point at which the measure 

stay the same. A higher degree of precision mag produce 
further change, If such rulers are available. 

6 .  Line ( o )  2"; e; 4" o r  *; 2&"; same as Prob. 5. 
4 1 7. Closer to + than t o  elther o r  38". Nearest f .  

Answe~s to Class Discussion Exercises 7-5b -- 

( c )  No, this  would indlcate measurement to the nearest 

1 (d )  Precise to the nearest in. 

1 2. Precise to the nearest 16 in. 
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L (b) No, since precision to the nearest in. is desired; 

1 ( c )  TO the nearestm in. 

4. Marked in 16th in. 

Answers to Class Diacwsfon Exercises 7-5c 
1 1. 8 In. 1 2. I". 

R i g h t  end-point of segment could lie between A and B. 
1 areateat possible error is in. 

1 4. g in. 1 5. 1". 

6. (b) , , 1 

1 r .  (4 2 > ( 1  8 I n  p 2. 
1. I1 . (dl  g. 

7. (b) Between (1% - &) in. - 1% in. 

31 and {lg+&) In* = l@n. 

(c )  Between ($ - &) in. = 4 in. 
1 and (%+=) in. = G i n .  

6 1 11 (d) Between (% - =) In. = 2= in. 

' 6  1 13 and (%+rn) in. =%in. 

3 .  I e f - - - g  
I 1 1 1  t I l l  I l l  I l l  1 . 1  



(e) Between {g - &) In. ,= % In. 

and (++&)I". 

4 1 
(i) Between - =) In. = 745 In. 

4 a d  (78 + & I  in. = 7 # i n .  

Anewera to Exercises 7-5a - 
1. * 

(~ivided into 8 t h ~  of an 
inch) 

(~ivided into 4ths of an 
inch) 



4 $" 

- - -  
1 

I 

3 f  

Note : These rectangles 
could be drawn so that 
there is a border on a l l  
four sides also. 

;1d' 

-------I--------- I --- - -4  

3 r  

3)' 

Note: Thene squares 
could be drawn 80 t h a t  
there is a border on a l l  
4 sides aleo.  

I 

I I 
I 
I 
I 
I 
1 
I 
1 
I 
I 
I 
I 

I 

1 
I 

I 
I 
I 
I 
I 

1 
I 
1 

I 
I , 
I 
I 
I 
I 
I 
I 
I 
I 
1 



3. C D - l p  

4 .  Between 1% and $; 2 
5. (a) eth 6. (a) ath 

(b) 1 and I& (b) & and 4 

(d) 1+ + &in. (a) g 
7. Amwe= w i l l  vary. Be 0- the f matest possible 

e m r  notatlon I s  used. 

8. Anawers P r l l l  v m .  Be sure precision 18 shown by not 
ohanging fraationa to lower terms. 

9. Note: The anewers in Pmblema 9 and 10 are given for 
rulers divided into 16- of an inch. 

= *dl& * & 
11 -t 1 BiJ o ~ ~ a n d ~ - ~ '  

A C 6 & " a n d  6 + &  
1 10. AB = *and 3 f zu 

BC 1~ 13nand + 13 I n  

cD P 4 t &  

A D * 8 n d +  + &  
[pages 284-286 I 



7-6. Measurement of Arwlea 
In Chapter 4 the pupils have been introduced to the concept 

of angle as the s e t  of points on two rays with a common endpoint, 
and have learned to describe the posit ion of a point as being on 
the angle, in the i n t e r i o r  of the angle, or in the exterior of the 
angle. The measurement of angle follows essentially the same Ideas 
as measurement of a line ae-nt; that is, (1) t h e  unit f o r  measur- 
ing an angle must be itself an angle; (2) the interior of the w l e  
l a  aubdivided by drawing raya which form angles like the wit 
angle; ( 3 )  the measure of the angle l a  the number of unit angles 
into which It I s  subdivided. After these ideaa are developed in 
Exercises 7-6a, the standard unit, the degree, and the acale for 
measuring angles in degreerr, are introduced. The unft angle l a  
determined by a set of 181 rays drawn from the same point. These 
ray8 determine 180 congruent anglea which, together with t he i r  

interiors make a half-plane and the line which determines the half- 
plane. The rays are numbered in order from 0 to 180, forming a 

scale. ~igure 7-6a shows such a scale. me of the 180 congruent 
angles is selected aa the standard unft angle. Its rneasmernent 
is called a degree. 

The most common type of pro t rac to r  shows the scale only from 
0 t o  180, and uaually contains two such scales, one with 0 a t  the 
r igh t  end and the other w i t h  0 at the left end of the semicircular 

scale.  Each pupil should have a protractor and should become pro- 
ficient in using It, both to measure a given angle and to draw an 
angle of a s p e c i f i e d  number of degrees, 

The angle l a  defined as having a measure greater than 0 de- 
grees and leas than 180 degrees. 

Angles are classified as acute, right, OP obtuse, according 
to their measures. The pupils should practice estimating the 
number of degrees in an angle by comparing it with a right angle. 

Perpendicular rays are defined ae raya which form a right 

angle and the term "perpendicular" f a  also applied t o  lines, seg- 
ments, and to combinations of these. 

[page 2873 



Answers t o  merciaes 7-6a - 
1. The size of L RST # 3 u 

2. The size of L ABC 5 u 

3 .  The rrize of L E9F 4 u 

4 .  The s i z e o f  L K M f r w  6 u 

Answers  Exerciae~ 7-6c 

1. (a) 15 (s) 60 

(b) 35 (h) 145 

(4  60 (1) 40 

(4 90 ( J )  85 

( e )  100 (k) 140 

(f) 25 UI 65 

2. m e  size of L A a 5 0 O  me size of L c 123' 

3 .  The measure of BAC 8 35, 

4. 

5. (a) 180 

(b) No. The definition of angle (Ch, 4) rules out an 
angle of 180' because the rays not be collinear. 

[pagers 288-2931 



Amwerer & Exercises 7 - a  

1. (a) p, L E  
(b) L A,  L C 

Ic) L D, L F 
4, (a) Obtuse angles: 

2. 

3 .  ( a )  0 ,  90 

(b) 90, 180 

L B U ,  Lma, LBAH 

L BAC, LBAD 
L RAE 

L L U C ,  L WF, L mu, L Em 
L EAB, L 

None 

L= 
L KADI L KAC 
L w ,  L K A G ,  LmF 

JML l a  obtuse 

t 

L EDF i~ a righk 
angle 

Acute anglen : 

R i g h t  angles: 

(b) Acute angles: 

Rimt angles: 

Obtke angles: 

(c )  EZight angles: 

Obtuse anglea : 

L PRN l a  a right angle 

! 
Acute angles: 

5. (a) L ABC is acute 

L HKQ is acute L QTS ia obtuse 

(b) See (4 
( c )  The alze  of L ABC pa 10' 

The size of L EDFa 90' 

The size of L HKQ= 65' 

The size of L JML -120' 
The size o r  L P I ( N ~  90' 

The s i z e  of L QTS ~ 1 3 0 ~  



Answer8 & Exercises 7-6e 

1. (a) 3 

( b )  5 ( 3  and 1 - could be so interpreted also) 

(4 2 

(dl  1 

(el  6 

(f) 4 

2. Edges of book, edgea of lntemectlng sidewalks, lnter- 
secting edgea on a rectangular prism, e t c .  

3 .  Edges of gable roof, diagonal parking line and curb, 
hands of clock in many positions, e t c .  

Sample Questions - for Chapter 1 

Se lec t  f r o m  this list. There are too many quest-lona for one t e s t .  _. 

True-False Questions 1. - - 
(F) 1. The counting numbers are a l l  that are needed for both 

counting and meaeuring. 

(F) 2. 1 f two simple closed curves have the same length, then 
the corresponding closed regions have the same area. 

(T) 3 .  Perpendicular lines always meet so that rays wlth the 
endpoints at the intersection f o m  right angles . 

(T) 4. A rectangular cloaed region can be used t o  meaaure a 

square closed region. 

(T) 5. A l l  measuring units can be sub-divided. 

(T) 6. A ruler is one application o f  a number line. 

(T) ?. Base 2 is related t o  the subdivisions of an inch on the 
ruler conunonly uaed in school. 

(F) 8. The measure in degrees of an obtuae angle l a  smaller than 
t h a t  of a right angle. 



(T) 9. A measuring unit may have any size we choose. 

(P) 10. If two rectangular closed regions have the same area, 
then t h e i r  lengths are the same and so are  their  widths .  

11. Multipl-e Choice, Completion and Matchinq 

( c )  1. To measure a line segment, you mmt use aa a unit: 

(a) A n  inch (d) A aquare inch 

(b) A Foot (e )  None of these 

( c )  A line segment 

(a) 2. Choose the bes t  way to complete the statement, 

Standard unlta of maaurement are used because: 

(a)  It is important for people t o  m e  t h e  same unit 
in dealing w i t h  eaoh other. 

(4 
(d  1 
(4 

( 9 )  3 .  All 

(a) 

(b 

Standard unita give  more accurate measurements 
than un l ta  which are not atandaml. 

People have alwags uaed them. 

They are all related to baa0 10 numeration. 

None of theee. 

rectangles w i t h  perimeter8 of 20 inches: 

Have the same area. 

Have areaa that increase as the base increases in 
length. 

Have areas that increase aa the height increases 
in length. 

Have the same area aa a square w l t h  a 20 inch 
perimeter. 

None of' these. 



( c )  4 .  The markings on a ruler divide each inch i n t o  8 equal 
parts. The correct  ways to report one measurement made 
with this ruler are: 

4 1 
(a) 6 in. and (biz) in. 

1 + 1  (b) 4 in. and ( 3 ~  - 8) in. 
2 1 +  1 

( c )  s8 in. and (% - *) in. 

2 + 1  (a) 4 in. ~d (38 - B) in. 

( e )  None of theae. 

(b) 5. The rays on the complete scale f o r  measuring angles are 
numbered 

(a) ~ m m  lo t o  180' ( c )  None of these. 

( b ) ,  (4 6 .  Below is a liat of things,  some of whlch can be 
and (4 
should be counted while others m u s t  be measured. Under- 
under- l ine  those which must be measured. 
lined. 

(a) Cmwd at a meeting 

(b) Time it takes t o  walk home 

( c )  Welght of a brlck 

(d) Capacity of a gas tank 

(e) Coata in your closet 

+ a n d $  7. I f a l a n g t h i s  t o b e r e p o r t e d a a ~ i n . , t h e  
true length m u a t  be between in. and 

in. 

90 and 180 8 .  A n  obtuse angle is one whose measure in degrees 
I s  between and 

2 9. If the length and width o f  a rectangle are 
doubled, the perimeter of the new rectangle is 

times that of the original one. 



Protractor 10. The instrument used to measure an angle is 
called a 

Kind or 11. A u n i t  of measurement m u s t  be of the same 
nature as the object measured. 

Acute 12. / , represent8 a(n) angle. 

Right 1 + representsa(n) angle. 

Obtuse \ , represents a (n )  angle. 

I I 

What number on the scale corresponds to: 

(a) Point B 

(b) Point C 

( c )  Point D 

111. Problem 

1. On the number ecale for Question 13, mark the point which 
correeponda to the numbers given below and label them 
w i t h  the letter indicated. 

( a )  g E (4 6 0 



2, Measure these segments to the nearest 16th inch. Report 

the  results so that the correct precis ion is i n d i c a t e d .  

(a) 38' 

(b) 142' 

( c )  7 4 O  

3 .  Measure each of these angles. 

I a 1 ( b  1 



Chapter 8 

AREAS V O L m ,  WEIGHT AND TIM3 

8-1. Rectangle 

The two primary aims of this section are to develop the 

pupilst apace perception, especially aa it relates to perimeters 
and areas, and t o  develop methods of finding these quantities for 
a rectangle by computation when the length and width are known. 
I n  development of space perception and a geometric feeling for  
size, it is Important that models be constantly in sight. Perhaps 
drawings of the actual eizee of the Inch square, foot  aquare, and 
yard square could be kept on the blackboard aa soon as area has 
been Introduced. Poaaibly models could be placed on the bulletin 
board. Also emphasis on estimating lengths and sreaa will help t o  

develop a Feeling for size. As often as possible have estimates 
made of lengths and areas and then have them actual ly  measured 
(or computed) to check the accuracy of the estimate. This 

emphaaie will necessarily come largely from the teacher, as such 

questions can only be auggeated occaslonally in the t e x t .  It is 

interesting that  most people are qui te  surprised to see the 
actual  size of a square yard. 

Two points of terminology should be clarified. 

1. By its definition a rectangle is a collection of 
segnents. Such a set  of points does not properly have 
an area (or poasibly it should be said to have area 
zero). The area with which we are concerned is 
the area of the closed rectangular region; that  is, the 

union of the aet  of points -- on the rectangle and the set 
of pointe -- In its Interior. In order to emphasize thla, 
it is the plan in the tex t  to state that we mean the 
area of the closed rectangular region when we say the --- 
area of the rectangle. Whlle the student may lapse i n t o  
the mathematical slang of speaking of the area of a 

rectangle, from time-to-time remind him of the fac t  t h a t  

he 18 using mathematical slang. 



The concept of area of a closed regfon is c lose  to the 
i n t u i t i v e  concept which young students have. Moreover, with 
this idea length, area, and volume can be treated similarly in 
terms of unions: 

1. A line segment 2 inches long is the union of two u n i t  
line segments each 1 inch in length.  

2. A closed rectangular region of length 2 in. and width 

1 in. is the union of two unit rectangular closed regions 
I in. by 1 in. 

3 .  A rectangular s o l i d  2 in. by 1 in. by 1 In. is the union 
of two unit cubical solids. 

This closed region viewpoint Is different from that used in 

the 1959 edition. In that  e d i t l o n  area was based on the concept 
of region as defined in Chapter 4; you thought, for example, in 
terms of "the area of the interior of a rectangle. " In terms of 
the "interior concept," the p~eced ing  statements 1, 2, and 3 do 
not hold. Many people be l i eve  that the "closed region concept" 
w i l l  be easier t o  teach because it I s  closer to the student's 
It experience. " 

No definitions of length, area, or volume appear in this 
chapter. The viewpoint l a  quite intuitive. When precfse 
definitions of these words are given it can be shown that area of 
the i n t e r i o r  of a simple closed cupve has meaning. Moreover, this 
latter area is equal to the area of the corresponding closed 

region. In a similar fashion we could talk about the s e t  of 

points on a line sement not including the endpoints as t h e  - 
II interior" of the line segment. This set of points  would have a 
length equal to t h e  length of the line seggnent. Similar comments 

can be made for volume. 

Mathematically speaking, neither of these viewpoints is 

preferable to the other. As stated, the student has in mind the 
concept of a l i n e  segment. The closed region concept ties into 
this concept of length.  



Both terminologies appear In problems. It Is natural to 
think of the volume of a room as meaning the volume of the 

i n t e r i o r  of the rectangular prism. 

2. It has been emphasized in previous sections t h a t  the 

measure of a quantity is the number of u n i t s  it contains.  

However, i n  describing the result of a measurement it is 
meaningless t o  give the  number without specifying the 

un i t .  Thus when we speak of a length, or an area, or 
a volume we shall mean the number together with the unit, --- 
as a length of 5 ft. or an area of 5 square inches. On 

the o t h e ~  hand we should keep clearly in mind t h a t  

wherever l i t e r a l  symbols are introduced, they stand 
only for numbers. We add and multiply numbers, not 
units. Thus if we consider a rectangle whose length is 
5 in. and whose width Is 3 in., and If we wish to use - 
the  nota t ion  of the number sentences p = 2(&+ w) and 
A =Lw, we write l= 5, w = 3 ,  p = 2(5 + 3)  = 16, 

A = 5.3 = 15 so we conclude that the perimeter --- is 16 in. 
and the area is 15 8 9 .  &. Note that we do not write --- 
&= 5 in. or A = 15 sq. in. Here again, the student 
may i n  the future, without permanent h a m  t o  his 
character, write such mathematical s lang  as A = 15 sq. 
in., but at this point it has seemed better to 

distinguish clearly between a length, which requires 
specifying a u n i t ,  and the number of units A in t h i s  

length, 

The questfon about the pelation of squares t o  rectangles i n  
the first paragraph of this section hae two purposes. The 

discuseion should first serve to clarify any doubt as t o  exactly 
what a square i s .  Then, bringing out that  such a figure is a 
special case of a rectangle gives a good example of one set  

contained I n  another. The question i n  the second paragraph I s  

intended $0 bring o u t  that a sewent is measured by a number l ine  
of segments and our model of th is  is a ruler. However, a closed 



rectangular region not being a segment, cannot be measured by 

segments, but must be measured by a closed rectangular region-- 
something of the same kind. Some pupi l s  may argue that you could - 
measure the closed rectangular region with a r u l e r  by seeing how 

many times the ruler could be f i t t ed  on I t .  In  a sense this is 
true, but point out that, i f  you do that, you ape no longer 
considering the ruler as a model of a number line and using jus t  
I t s  numbered edge. You would actual ly  be using it as a closed 
rectangular region. 

Exercisee 8-la 

Problems 1-5 are part of the developmental work and should 

d e f i n i t e l y  be used, although some or a l l  of them might well be 

done In class. The other problems i n  the set ar@ practice 
exercises on understanding perimeter, computation, and change of 
units. Problem 10 should be included in the assigned work as 

these ideas often seem troublesome. 

Areas of Rectangles -- 
The question in the firat paragraph about an Instrument to 

uae direct ly  In measuring areas should provoke useful discussion. 
Someone may w e l l  pofnt out that you could have a network of closed 
square regions (or whatever figure you use a8 unit of area) marked 
on transparent p l a s t i c  and just place t h i s  on the rectangular 
closed region being measured. This i s  quite true, and i s  both an 
interesting and valuable idea. However, i t  should be pointed out 
that In using this you would actually have to count up the squares 

(and parts of squares). You cannot number the squares ahead of 
time so that you can just look a t  the number attached to a "last" 

square and say that is (approximately) the desired area. The 

diff iculty  f a  that while a l l  sements have the same shape in the 
sense of being f i t t e d  by a number line (ruler), areas may occur in 
a l l  sorts of  shapes so that  no prearranged pattern can be designed 



t o  fit a l l  the ahapes to be measured in such a way as to read off 

areas at sight. Your pupils may be interested to know that there 
are instruments which can be run around the boundaries of a simple 

closed curve and give at once an approximate value f o r  the area of 
the closed region, One such instrument is the planimeter, but 
its theory is f a r  beyond the level  of ou r  work here. 

In developing the method f o r  computing areas of rectangles 
from the length and width it i s  noted that  different ways of 
counting the unlt areas Il lustrate the commutative property of 
mu1 t l p l i c a t i o n  . 

It is hoped that class discussion will bring out the 
advantage of having a unit of area which is a closed square region, 
one unit .of length on a s i d e .  In the case of the illustration of 
the rectangle 6 unlts by 3 units, notice  the effect of using, as 

1 un i t  of area, a closed square reglon Is units on a s i d e .  There is 

no trouble about covering the closed rectangular region with these 
unfts as shown below. 

3 UNITS 

6 UNITS 

However, the number of squares in each row is no longer the number 

of  linear unlts i n  the length 6 and the number of rowa is no 
longer t he  number of linear units in the width ( 3 ) .  Thus we 
would lose the relationship of finding the nwnber of aquare units 
of area by multlplyfng the numbers of linear units in the length 

and width. It cer ta in ly  would be possible to devise  methods of 
computing the number of these new square units of area, but it 

would also be more complicated. 
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Class werciaes 8-la - 
Problems 1-3 are developmental, leading to the method f o r  

computing area of a rectangle from the numbers of linear units 
In t h e  length and width. 

Exercises 8-lb 

In connection with Problem 3 not ice  the comments in the 

first  paragraph of the commentary in the sec t ion  about emphasizing 
space perception. Estimating areas of doors, windows, black- 
boards, e t c .  in the various units of area and then measuring to 
check estimates is very valuable experience. Following ProbJem 
3 ,  which furnishes the information necessary, many of the problems 
c a l l  f o r  conversion between various unlta of area. The process 

is the same as f o r  linear units, but it may be well to illustrate 

it for  the c lass .  For example, since 1 sq. ft. - 144 sq. in., 
1 then 1 sq. in. = sq. f t .  Thua to change 360 sq. i n .  to 

square feet we write 360 ~ q .  in. = 360 1 1 sq. in - 360 . 
1 sq. ft. = sq. ft. = 22 sq. ft. 

Problems 4, 5 are d e a i ~ e d  to c l sr i fy  the common confusion 
between the 3-inch square and the area of 3 square inches, and t o  

emphasize the different possible shapes an area of 1 square inch 
may take. Problems 11-15 are a connected group and are extremely 
important. They emphasize the ef fect  of doubling the dimensions 
o f  a rectangle either separately or simultaneously. Problems 

11-14 approach the  problem geometrically and it should be empha- 

sized t h a t  such doubling amounts to laying identical rectangles 
end to end or s ide  by s i d e ,  The dotted lines in the figures in 
the answer key Indicate the relationships we hope the pupil will 
see. Problem 15 shows how these geometric facts are related t o  

properties of rational numbers that have already been s tudied .  
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Exercises 8-lc 

Problems 1-5 are drill problems in finding areas and 

perimeters and i n  conver t ing units, with emphasis that such 

answers must generally be considered approximate. This sec t ion  
could provide further oppor tun i ty  f o r  estimating and verification. 
Problem 7 illustrates finding areas as a difference of known 

areas. 

Class Exercises 8-lb - 
Problems 1-3 are a unit which develop the  idea of prec is ion  

and greatest possible error in a computed measurement. They are 
important if the class i s  capable, though not easy. The length 

l and width of a rectangle are given wlth a precision of B inch 

( i . e .  measurements to the nearest quarter inch). The pupil is 

asked to compute the area from these figures. Thls proves to be 

8q. in. He then draws the largest and smallest rectangles 

which are represented by the given measurements with t h i s  

prec i s ion  and computes t he i r  areas. The largest posslbie 

difference between the t r u e  area and the computed area above 

proves to be 8 sq. in. ao the result is w r i t t e n  in the form 

Area is (e - + 8) sq.  in. 

The p e a t e s t  possible error i s  sq. in. and the precision, 

which is t h e  total range about w l t h l n  which the t r u e  answer 

must OCCUT, i s  9 sq. In. (i .e . twice the greatest possible 

error). The Important t h ing  t o  emphasfze is the s l z e  of the 

possible e r r o r  in the calculated answer. The average pupi l  who 
15  compute^ an area as above and gets % sq. In. is inclined to 

assume this is correc t  t o  the nearest  s ix teenth  of a square inch, 
but the calcula t ion  shows t h a t  the possible  error I s  much greater 
than this. 
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The intention in these problems is to promote a healthy 
skepticism about the precision of calculated answers, 1.e.  to 

have the students realize that working with approximate figures 
not only givea approximate results but that the errors may be 
greatly expanded and t h a t  the results are generally not as good 
as they look. As a matter of fact  they are practically never 
as good as the form of the answer suggests. 

Answera Exercises 8-la 

3 .  Equal 

4 .  The other two sides are then 6 inches and 4 inches long, 
and the perimeter is X) inches, 

5. The number of unlts In the other two aides are 1 and w .  
The number sentence could be any of the fol1ow;lng:. 

p = d + w + / + w  or p = 21+2w or P =2(e+*) 

6 .  1200 ft.; 400 yds. 

8. 600 in. or 50 ft. or 16; yda. (if inches,  feet ,  yards are 
units chosen), 

2 
9 .  456 in. or 38 ft . or lZ7 yda. Does - not matter where 

doorways are. 

LO. 12 ft. by 12 ft. - - no; not enough fence. 
8 ft. by 3 ft, - no. doesn't uae all the fence. -' 
8 ft. by 4 ft. -yes. 

Any ffve of the following: 11 ft. by 1 ft., 10 ft. 

by 2 ft.,. 9 ft. by 3 ft:, 8 St, by 4 ft., 7 ft, by 
5 ft., 6 ft. by 6 ft. 

1 14 yd. 

12. ~ n y  two of: 4 mi., 4840 yds., 14,520 ft.7 

174,240 In. 



14. The man from T saved nothink; the man from 3 

saved 2 blocks.  

*15. Side opposite given side is 40 ft .  long, other two sides 

each 80 ft. long; either 2x + 2.40 = 240 or 
2 ( x  + 40) = 240. 

Simple closed curve Numbers of u n l t a  in perimeter 

AFE 

F3D 

EDC 

EFD 

AFDE 

E m  

EFDC 

ABDE 

FBCE 

DCAF 

ABC 



Answers -- to Class Exercises 8-la 
1 7 

1. 11; 5 ;  55; ~ 8 9 .  in.; g89. 1". OK' 3 ~ 8 9 .  1". 

The numbers 11 and 5 are the numbers of qua r t e r  

inches in the length and width.  Thus they are the 
11 numerators when the length of 2$ is written as 

1 and when the width of 1+ is written as 3. 
1 1 2. small square g inch by g inch; 11; 9; or 24. 

Figure not necessary to 

do problem. Use method 

of Problem 1 above. 
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The division of the unit squares is suggested by t h e  

fractions in which measurements are given. Each closed 
I rectangular reglon is = 6 sq. In. There are 11 x 1 4  = 

-3 " 1, 
L 4 154 such regions, so the area i s  as. i n .  Note 

1 4  11 . 1 4  that  -& is exactly T ' 

Answers t o  Exercises 8-lb - 
1. The number of  square units of area i n  the Interior of a 

rectangle i s  the product of  the number of units in the 
length by the number of units In the width. 

2, A =/w 

3 .  1 square foot conta ins  144 square inches ; 1 square yard 
contains  9 square feet . 

4. 

An area of t h r ee  square Inches. 

The 3 inch square Is larger.  Its area is 9 square inches 
1 (~hese figures are not full size but to a scale with 

inch representing an Inch. 

1 1 ~ 1  / 
4 

4 IN. 
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6. 108 aq .  ft ., 12 sq. yds ., 15,552 sq. in. 

7. 8100 sq. ft., 900 sq. yda. 

8. Area is 3600 sq. ft. This is less than half the area 
4 of a baseball diamond. Actually it is 9 of it. 

9. 3,097,600 sq . yds . in I aq . mi. 
10. Area of smaller lnafde rectangle is 2.3 = 6 square 

units. 

A r e a  of larger inside rectangle is 6.3 = 18 square 
units. 

Area of outside rectangle is 8.3 = 24 square units. 

24 = 6 + 18 
8.3 = 2.3 + 6 . 3  
8-3 = (2 + 6)j Distributive property 

Original area i a  6 square units .  Both new areas are 12 
square units. New areas are double the original one. 
The dotted lines are drawn to show geometrically why 
this is true.  They are n& part of the drawing asked 
for in the problem. 

l1.n 2 2z 
I 

3 Rectangle wlth 
Original 
rectangle. 

4 --- - - - - -- -L - 

doubled length. 

Rectangle wlth 
doubled height. 



12. No. Doubling one measurement (length or width) of any 
rectangle doubles its area . 

Original 
rectangle. 

6 

Hew rectangle. 

(Ihtted l i n e s  not a p a r t  of required drawing, but are 

shown to make clear the geometric relatlonshlp). 

Doubling both measurements (length and width) of any 
rectangle multiplies the old area by 4. 

14. Perimeter of opiginal rectangle is 10 units. 
Perimeter of new rectangle is 20 units. 
Doubling both measurements (length width) of any 

rectangle doubles I t s  perimeter. (The drawing of 
Problem 13 makes clear t h a t  this re la t ion does not 

depend on the particular measurements. ) 

Cornmutatlve and associative properties are used. 

The statement say8 the area of the new rectangle I s  

4 times tha t  of the or ig ina l  rectangle ( 4  = 22). 

Yes, It agrees with Problem 13. 

*16. If length and width are tripled,  the area of the new 
rectangle 1s 9 times that  of the or iginal  rectangle. 

( 9  = 321. 



If length is doubled and width tripled, the area is 

multiplied by 6 .  ( 6  = 2 3 )  

Answers to Exercises 8-lc 
1 17 2 .  Area m 2520 sq. in., 1 7 ~  sq. ft ., 1m s g .  yd. 

Perimeter a 204 in., 17 ft., $ yd. 
3 .  Areaa & s q .  mi., 371,712 s q .  yd. 

4,  14 lbs. 

5. % sq. y d a .  

6. 99 sq.  ft., (or 11 s q .  yds.) 

1 
7. 570 sq. ft., 6j5 sq. yds. (or 82,080 sq. ln.). 

It does not  matter where the opening is. 

8, By Problem 1 4  of Exercises 8 - l b  the perimeter w l l l  be 

doubled by doubling length and width,  so the order for 
the fence is correct. By Problem 13 of Exercises 8 - l b  
the area of the garden w l l l  be multiplied by 4, so 

the f e r t i l i z e r  order 1s wrong. He should order 4 - 
bags of f e r t i l i z e r .  
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Answers to Class Exercises 8-lb -- - 
1. A =dw, A -  ?+)(?), A =  SO the area is 

approximately sq. in. For figure see Problem 2. 

7 ( b )  23 and 28 

(4 and ( d l  

3 .  Area of smallest rectangle is sq.  in. 

Area of largest  rectangle is a sq. in. 
Difference between answer to Problem 9 and smallest 

possible t ~ u e  answer is 8 sq. in. 
Difference between answer to Problem g and largest 

possible true answer is 8 sq. in. 
Greatest possible error is theref ore 8 ssq. in. 

me area is (e + 8) sq. in. 
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Answers - to Exercises 8- ld  - 
1. (1) 

(2) Calculated measured area - calculated minimum 
area = difference . 

Minimum Rectangle 
1 3~ in 

4 in. 
221 56 aq. in. or 

1% sq. in. 

Calculated maximum area - calculated measured 
area - greateat possible error.  

( 3 )  Thus the precision of the calculated area is 

Measured Rectangle 

4 In. + ~ n ,  

ss. in. or 
1% aq. ~ n .  

1$+a sq. in. 

Maximum Rectan~le 

3% in. 

4 ltn. 
sq. in. o r  
17g sq. in. 

2 Calculated measured area - calculated minimum 
area = difference.  

Length 

width 

Area 

Length 

w ~ d t h  

Area 

Mlnimura Rectanae 

13 in. 

4 in. 
221 w 8 q . i n .  or 

3 8  sq. in. 

Measured Rectangle 

i n .  

pT 1 in .' 
g s q . i n .  or 

3% ~ q .  in. 

Maximum Rectangle 

in. 

4 in. 
s a q . l n .  or 

# ~ q .  in. 



Calculated maximum area - calcula ted  measured 
area = greatest possfble error. 

( 3 )  Thus the precision of the calcula ted  area is: 

@+@sq. in. 

(2) Calculated measured area - ca lcula ted  m i n i m u m  

area = difference. 

Calculated maximum area - calculated measured 
area = greatest possible error. 

Length 

width 

!?eight 

Minimum Rectangle 

( 3 )  Thus the precision of t h e  ca lcula ted  area is 
(8&+&) h q .  1". 

Answers - to Exercises 8- le  

1. (10)(10) or 100. There are 100 sq. millimeters in 

1 sq. centimeter. 

2. (100)(100) = 10,000. There are 10,000 square centimeters 

In 1 square meter. 

3. (100)(10,000) = 1,000,000. There are 1,000,000 square 
millimeters in 1 square meter. 

Measured Rectangle 

28 in. 

3k in. 
g s q .  l n .  or 

8& sq.  in. 

Maximum Rectan~le 

2= 7 in. 

& ~ n .  

222 4 sq. In. or 

@ as in. 



4. The asea of a 3 centimeter square is 9 sq. centimeters. 
It is therefore larger than the area of a rectangle 
whose area is 3 square centimeters. 

5. A = ( 2 ) ( 3 )  = 6 .  The area is 6 square metera. 
2(2 + 3 )  = 10. The perimeter is 10 meters. 

6 .  4 )  - ( 1  = 1 - 1 = 1 There are 11 sq. meters 
of f l o o r  apace, 

8-2. Rectangular Prism 
The remarks under Sectlon 8-1 about development of space 

perception should be repeated here emphatically. The concept 
of volume and the sizes of different units of voluine need much 

reinforcing, Models of cubic inches will be constructed but 
models of cubic feet and cubic garda are necessary also.  Practice 

in estimating volumes should be very he lpfu l .  A framework f o r  
a model of a cubic yard can be formed from 12 yardsticks. 

Most adults are astounded at the sZte of a cubic yard when they 
see one. One teacher had students bring in cardboard cartons 
tha t  could  be cut to the s ize  of a cubic foot and assembled a 

model cubic yard from 27 of these boxes. Grocery captons which 
are partitioned by cardboard dividers may be helpful in visual- 

izing the subdivision of a volume into units. 

J u s t  as  a rectangle I s  composed of the polnts on i t s  
segments, so a rectangular prism is made up of the points on 
its faces, 1 . e .  on i t s  supface. Thus if a brick is suggested 

as an example of t h i s  figure, point out that the prism consists 

only of the surface of the brick. A rectangulap solid consists - 
of the points  on the surface of a rectangular prism together 
w i t h  thoae In Its interior. F3r this reason though we do speak 

of the volume of a rectangular  prism, we actually mean the 

volume of the rectangular so l id .  As in the last aectlon, the 
s t a t i n g  of a measurement requires both the number and the unit 
used, but any letter in a number sentence stands only f o r  a 

number, 

[pages 316-3181 



, - ,  . , , 

The rectangular prism with its 6 faces, 12 edgea, and 
8 vertices will need to be shown to t h e  c l a s s  w i t h  models and 
illustrations. The approach is frankly intuitive. However, 

once it has been agreed that t h e  faces  are rectangles, t h i s  can 

be used to deduce the fact that  opposite faces have the same 

measurements. For example In the fol lowing figure 

FF and AB have the same length because they are opposite 
sides of rectangle ABFE . 

and Cb have the same length because they are opposite 
sidee of rectangle ABCD. 

CI) and have the same length because they are opposite 
aides of rectangle DCGH. 

Thus the four segment8 'AB, , m, a a l l  have the same 
length.  Similarly "AE, , and have the same length 

and , m, m, and 'BC have the same length. This shows 
that any two opposite faces have the erne measurements. 

Exercises 8-2a - 
These problems w i l l  probably be d i f f i c u l t ,  not because of 

the arithmetic, which is easy, but because of the spacia l  v i s u a l -  
izing required. It 18 suggested that in doing these problems 

each pupil keep a box or other model in front of h i m  to help 
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visualize the problems that are  presented. Except f o r  t he  
difficulty of  visualizing, the problems are applications of 
work on rectangles in t h e  l a s t  section. There is f u r t h e r  drill 

on change of u n i t s .  Problems 3 and 6 give f u r t h e r  practice on 

f ind ing  areas by subtraction. Problem 9 introduces t he  term 

cube. 

In discussing the choice of a unit of volume b r ing  out t h a t  

its edges are units of length and i t s  faces units of area, while 

i t s  Interior is t h e  unit of volume. 

Class Exercises 8-2 - 
A pattern f o r  a 1 inch cube is given here .  These cubes 

should  be made in advance so t h a t  they are  ready for use in t h e  

classroom. The problems of the set should be done in c lass .  
It is extremely important t h a t  the pupil see and be able  to 
visualize that t h e  effect  of doubl ing t h e  l e n g t h  of a rec tangular  

s o l i d  amounts to l a y i n g  two such solids end t o  end, both just 

l i k e  t h e  o r i g i n a l  one. Similarly, that doubling t w o  of t h e  

measurements amounts to p u t t i n g  f o u r  such s o l l d s  toge ther  and 
that doubling all three measurements 

Pattern for 1 inch Cube 
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Pattern f o r  Model of Problem 7, Exercises 8-2c 

is equivalent t o  putting eight sueh cubical sol ids together. 
It is this visual  perception, not a counting up of the cubical 

solids used, that is really significant. Also the models fonned 
here show nicely  the layers of s o l l d a  which are used in the next 
devel opmept . 

In the question asked j u s t  before Exerclaea 8-2b, observe 
that if the base contains a half-unit square, we need only slice 
a u n l t  cube in two vertically and stand thie half unit cube on 
the half unit square. Similarly, for a quarter unit square and 
so on. Thus the t o t a l  number of cubical so l ids  in the bottom 
layer of volume is always the same as the number of square mitt3 

In the base. 



Exercises 8-2b 

These problems have all been designed t o  emphasize the 
re la t ion  symbolized by the number sentence V = Eh. They have 
been deliberately chosen in such a way that the actual shape 
of the base 1s not knom in any of them. This I s  to lay the 
foundation for t he  discussion l a t e r  of volumes of prisms and 
cylinders, as well as the s p e c i f i c  case of the rectangular prism 
which is discussed next. 

In the  question asked j u s t  before Exercises 8-2c the 
propertlea involved are the commutative and associative properties 
of mu1 t i p l i c a t i o n  . 

Problems 3 and 4 are an integral  part of the development. 
Problem 5 lays the basta for changes of cubic units which are 

introduced frequently thereafter. Problem 7 i a  to clapify 

confusion of a 3-inch cube with a volume of 3 cubic inches. 
Problem 8 emphasizes two d i f fe ren t  possible shapes of a volume 
of 1 cubic inch. Patterns f o r  the modela, If th is  is necessary, 
are found on Pages 236-37. Problem g I s  an algebraic approach t o  

the geometric ideas  developed In Clasa Exercises 8-2. Problem 
10 affords opportunity for more estimating and measuring. 

Problems 18-20 develop the ideas of meateat posaible - error 
and precision for computed volumes. They are comparable to 

Problems 1-3 of Exercises 8-lb and the same comments apply. 
With respect to error  in computed volume, it is poss ib le  to 
give a graphic illustration of the substantial effect on volume 
of a fa i r ly  small error in measurements of length, width, and 
height as followa: Take a rectangular block of cheese (a two- 

pound package possibly,  though a smaller one would do) and 
1 imagine an error of Inch. With a cheese cutter sl ice off 8 

inch th ick  s l i c e s  from three faces which meet at a vertex. The 

total volume of these s l l ce s  is the change in volume due to an 
er ror  of only 6 inch in each of the three measurements . This 
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is quite an lmpresaive amount. A rectangular block of clay 

could perhaps be used for the erne purpose. This demonstration 

could be done without attempting to do Problems 18-20 above. 

As noted earlier, a skepticism with respect to the preclslon 

of such computed answers is a healthy t h i n g .  

In the discussion of dimension some of your bet ter  pupils 
may raise the question of describing the loca t ion  of the sugar 

in other ways than by motions parallel t o  the edges of a room. 

For example In the second figure in the section under Dimension 

it may be suggested that the f l y  at A m i g h t  simply point  ou t  
the direction of S and tell his friend to crawl a certaln 

distance in that  direction. This  is an excellent Idea. However, 
note that these directions still ca l l  for two numbers, one 
describing the angle telling the direct ion in which the f l y  is to 

crawl, and the other giving the distance he must crawl. A 

precise deflnltion of dimension involves very substantial 

difficulties beyond the scope of thls course ,  but you will find 
that any "reaeonable" way of describing l o c a t i o n  of points  in 
the different sets will use the same number of numbers in the 

description, so that concept of dimenalon has meaning, 
In the determination of volume f o r  an irregular stone you 

may get various interesting suggestions to consider. One method 
is the immersion method, which would work as follows: Take a 

rectangular prism partially f i l l e d  with water (or sand or sal t  
or some other convenient substance). By measuring the length and 
width of the container and the depth of the water, the volume of 
water can be found. Now irnmerae the stone and determine the 

new volume. The difference of the volumes is the  volume of the 

stone. In practice I t  is often a problem to flnd a suitable 

rectangular container. Sometimes toothbrush containers come in 
thls shape and would do for small stones. Rectangular aquariums 

are good If you can f ind one and want to measure a good sized 

stone. If salt or sand is used as material, plenty of cardboard 
boxes are available . 



In the experiments to find the number of cubic inchea in a 

l i q u i d  pint or in a bushel, the theoret ical  volume of t h e  l i q u i d  

pint i a  2% cu. In.  and a bushel I s  approximately 2150 cu. in. 

Possibly the bushel problem could be done by a few students as 

an outside project. 

Answers to Exercises-8-2a 

1. 52 square u n i t s  

2. 152 square inches 

3 .  230 sq. ft., 2% a q .  yd. 

7 4. Area of g l a s s  is 200 sq. in. = lm sq. ft. 

Area of wood is 1100 sq. in. = 7% sq. ft . 
5 .  (a) 180 squares of tile 

(b) 720 squares of tile 

6. 396 sq. ft . No, it does not matter where windows 
are glaced.  

8. 312 in., 26 ft., q y d a .  

1 9. 1944 sq. in., 132 sq. ft. 

12. There are 6 sq. ft. of surface to varnish on each box, 
so 300 6q. f t . to varnish i n  a l l  . One pint of varnish - 
will cover 72 sq. ft., so 2 q t s .  will cover 4 times 

as much or 288 sq,  St. Thia 18 not enough, so answer 
to problem I s  no. 



Answers 

1. 

t o  Class Exercises 8-2 -- - 
Cubic foot - cubical s o l i d  each edge of which I s  1 ft. 

Cubic yard - cub i ca l  s o l i d  each edge of which is 1 y a r d .  

Cubic meter - cubica l  s o l i d  each edge of which is 1 meter. 

The number of cubes for each of the new s o l i d s  i s  just 
double that in the o r ig ina l  solid. 

Doubling one measurement ( l eng th ,  width, or height  ) of 
any rectangular prism doubles the volume of i t s  i n t e r i o r .  

Ratio of number of cubes in new s o l i d  to number in 
or iginal  s o l i d  is 7.  That is, there are 4 times as 

many.  The r e s u l t  would be the same if any two of the  - 
measurements are doubled. 

Doubllng any two measurements of any rectangular  prism 

quadruples i t s  volume ( i . e ,  multiplies it by 4 ) .  
8 Ratio is r. That is, there are eight  times as many. 

Doubling a l l  three measurements of any rectangular  prism 
yields a prism whose volume is 8 times tha t  of t h e  - -  
o r l g l n a l  prism. 

BRAIMBUSTER. The ant must crawl so that if the p l a t e s  
were flattened out  i n t o  a sfngle r ec t ang le  as shown 

h i s  path would be a l i n e  segnent.  

1 
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Answers to Exercises 8-2b 

1. 85 CU. ft. 

2. 20 cu. ft. 

3 .  The number of cubic units of volume in a rectangular 
prism is the product of the number of square units of 

area in i t s  base and the number of linear units in i t s  
height. 

5. 20 sq. ft., 2880 sq. in., 
If x stands for the number of square feet in the end 
(bane) the number sentence is 13x = 260. 

6. Volume of room is 1600 cubic feet. 
30 children would require 1500 cubic feet ,  so 30 

children I s  a legal number. 
Qreatest legal number of children is 32.  

7. v = m  

Anawers to Exercises 8-2c - 
1 . volume is 748 cu.  in. 

Area of wax paper I s  431 sq. In. 

2 .  - No. Volume of 1st trunk is only 9 cu. ft. 
Yes. Volume of 2nd trunk is 10 cu. ft . - 

3 The number of cubic units of volume of a rectangular 
prism is the product of the numbers of linear units I n  
the length, width,  and height. 

4. V =kwh 

5 .  The number of Inches in each edge of a cubic foot is 
12, so the volume is V = 12 12 12 = 1728, or 
1728 cu. In. There are 27 cubic feet In a cubic yard. 



(a) Volume I s  27 cubic inches. 
(b) Larger 

( c )  No, if I s  less than 1, it is false. 

1 inch 

Yes, the volume is 23 - 37 . 59 cubic inches. 
Volume of new prism is 46 74 . 118 cubic inches. 
4 6 . 7 4 * 1 1 8 = 2  .23 0 2  - 3 7  . 2  - 5 g =  
2 0 2 . 2  . 2 3 * 3 7 . 5 9 = $ * 2 3 * 3 7 . 5 9  
Second volume is 23 or 8 times the f i r s t .  

If a11 measurements are t r i p l e d  the new volume will be 
27 times the old  volume (27 = 3 ? ) .  - 
If two dimensions are doubled and one tr ipled the new 
volume w i l l  be - 12 times the o l d  volume (12 = 2* 3 ) .  

Weight rn 40,500 lbs . or 2 4  tons .  

Volume ::89,000 cu. ft., 7000 cu. yda. 

2 min. 
1 ~ m l .  is the same as 110 yds. It is less than the 

distance between the end lines of a college footbal l  
f i e l d  (120 yds) but more than the distance between 
goal lines (100 yds) . Number of people : 133,100. 

1 b p t h  u lF ft . , 18 in .  

Weight of gold is 2250 lbs. Men can l i f t  2000 lbs., 

so they could not l i f t  the chest. - 
1728in., 144ft., 4 8 y d a .  

There would be space for 545,177,600 people. You 
could accommodate the population of the United States 

or of China, but not both at once. 
1 cu. mi. - 5,451,776,000 cu. yds. 

184 cu. in. 

1 and 101); 4 and 4; 4 and 4. 



20. 14 In. by 4 in. by 3$ In. (smallest) 

1 14 in. by % in. by 3% in. ( l a rges t )  

Volume of smallest prism is 15% cu .  in. 

41 Volume of largest prism is 211m cu . in. 
Difference between smallest possible t r u e  volume, and 

answer to Problem 19 is 2% cu . in. 
Difference between largest poss ib le  true volume and 

answer to Problem 19 is 27% cu . in. 
Greatest possible e r r o r  in answer t o  Problem 19 is, 

therefore, 2 7 8  c u .  In. The volume is (183f 2 27%) 

cu .  In. 

Answers to Exercises 8-2d - 
2. 154 sq. ft. of carpet. Volume 1386 cu. f t .  

3 .  Volume of pant ry  is 180 cu . ft . , volume of deep freeze 

is 42 cu. ft. Remaining space is 138 cu. ft. or 
% cu. yd. 

Answers Exercises 8-2e - 
1 . (10) (10) (10) = 1000. There are 1000 cubic millimeters 

in 1 cub ic  centimeter. 

2 . (100) (100) (100) = 1,000,000. There are 1,000,000 cubic 

centimeters in 1 cubic meter. 

3. (1000)~1,000,000) = 1,000,000,000. There are 

1,000,000,000 cubic millimeters in 1 cubic meter. 

4. [ 3 ) ( 3 ) ( 3 )  = 27. The volume of the g centimeter cube 
is 27 cubic centimeters. The volume of the 3 centimeter 
cube is l a rger  than 3 cublc centimeters. 
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. 2[(2)(3) + (*)(I) + (3)[1)] = 2[6 + 2 + 3 ]  = ~ ( 1 1 )  = 22. 

The t o t a l  surface area is 22 square meters. 
The total volume is 6 cubic meters. 

6. (a) (5)(4)(3) = 60; The volume of the room without 

the cloaet is 60 cubic meters. 

(b ) (1) (1 3 = 3 . The volume of the closet is 
3 cubic meters. 

(4 (a) - (b)  60 - 3 = 57. The difference in 
volwnea is 57 cubic meters. 

(d) Yes. 

8-3. Other Measures 
Students should not be left with the impression that length 

is the only item tha t  is measured. This chapter has dealt largely 
with length, area and volume. Some time waa spent on angle 
measure and students are familiar with time, temperature, and 
weight as measured quantities. The limitation of time forces a 

choice between a casual and inadequate treatment of many measures 
and a more thorough treatment of a few. A real understanding 
of measurement concepts should make any future work with other 
measures aimpler. To overcome the impresalon that only lengths, 
areaa and volumes are measured, a short sect ion on time and weight 
1 s included . 

The distinction made in the student text between computing 
with numbers and computing with measurements should be emphasized 

though not belabored. Note that we actually give new meanings to 
"equals," "add," e t c .  This type of procedure ie quite common 
fu r the r  along In mathematics. 

Seventh grade students have had some experience adding and 
subtracting measured quantities. The explanation given here 
should be treated as review. Subtraction provides an excellent 

opportunity to strengthen the student's understanding of place 

value and the base of a number system. This can be b~ought out 



by showing that in subtracting measures, a procedure similar to 
subtracting numbers is used. In base ten, when a d i g i t  i n  the 
minuend is t oo  small f o r  the s tep  in subtraction a one in the next 

larger place is exchanged f o r  ten of the smaller. Similarly, when 
necessary i n  subtracting measures, one large unit i a  exchanged 
f o r  i t s  equivalent in smaller units. The complete lack of system 

In t h e  r e l a t i o n s h i p s  between various units of measure offers an 
opportunity to review number bases by showing what bases would be 
convenient to use f o r  a specific set of t w o  related units. This 

should appeal to the brighter student.  

Multiplication and division of measured quantltles by a 

number will be new for most 7th grade students, but should cause 
little d i f f i c u l t y .  Some of the better students will benefit from 

dlviding composite quantitfes without changing t o  the  smallest 

unit. An interpretation of t h e  meaning of the remainder should 
be required. Practice in simple conversions is an essential part 
of this process, s ince remainders must be changed t o  t he  next 
smaller un i t  in order t o  complete the problem. 

Some of these conversions provide considerable practice in 
fundamental arithmetic operat ions;  units of area and volume 
requi re  la rge  nmbers . 

You will notice that without additional comment we have 

referred to the gram as the u n i t  of mass, not  weight, in t h e  

metric system. It was thought best not to Involve the pupils 

i n  a full-scale discussion of this point here. An adequate 
treatment of the ideas belongs in a high school physics course .  

It is likely, however, t h a t  some of your pupils w i l l  ask questions 
about this terminology, and you will want to know how to answer 
them cor rec t ly ,  if not in complete d e t a i l .  The following dls-  

cussion should be adequate f o r  this purpose.  Should you wish more 

information on the subject, you m i g h t  refer to Physics, Volume I, 
prepared by the Physical Science Study Committee of Educational 
Services ,  Inc. (This is the first volume of the so-called M.I.T. 

course f o r  h i g h  school physics s t u d e n t s  . ) 
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What is the weight of an object? It is a measurement of the 
force or "pull" of gravity on t h a t  ob jec t  . An ordinary bathroom 

scale measures this pull by the amount i t  stretches, or twists, a 
spring.  We t h ink  of weight as measuring the "quantity of matter" 
in an object ,  in some sense. A box of lead weighs more than t h e  

same box f i l l e d  with  feathers because the lead  has a greater  

"quantity of matter" packed i n t o  the given volume than do 
feathers. There 1s another way t o  measure the "quantity of 

' matter" of an object .  This is to compare the object w i t h  some 

standad, or unit, bodies on a balance. If we have a supply 

of identical o b j e c t s  c a l l e d  "gramatt we can determine the number 
of these "grams" it takes to balance the box of lead. This number 

of grams we call the mass of this much lead.  
These two different ways of measuring "quantity of mattertt 

can be used interchangeably fo r  moat purposes in any one fixed 

location, but they ape not ,  strict ly  speaking, measurements of 
the  same thing. Weight depends on the nearness to the center of 
the earth, The pull of the earth--gravity--on t h e  box of lead 

would be much smaller in a space ship as  f a r  from t he  earth as 
I s ,  say, the moon. The weight of the lead would be much smaller 
there. However, the lead would balance the same number of "gramstt 
on the space ship which i t  balanced on the earth (the "grams" 
would themselves weigh correspondingly less) so Its mass would 

be unchanged. To summarize: 

Weight is the pull of the earth.  It changes a s  

the distance between the object and the center of 
the earth changes. 

Mass is a comparison of the object  with a set  of 

u n i t  bodies .  It does not  depend on the position 
in space where it is measuped. 
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We humans are normally restricted to a very narrow range of 
altitude above sea l e v e l ,  and with that restriction, we can think 
of weight and mass as having a definite fixed relationship. (1 t 
is tempting to predict that  as we enter  the space age and are 
released fram these r e s t r i c t i ons ,  weight and mass and the dis-  
tinctions between them will become subjects for household 
discussion. ) In the English System weight I s  measured in pounds, 
mass in slugs. An object which has a mass of 1 slug has a 

weight of approximately 32.2 pounds et sea l e v e l .  The weight 
In pounds of any object is approximately 32.2 times i ts  mass in 
slugs. The more common unit in t h i s  aystem, of courae, is the 
pound. In the metric system, when mass is measured in grams, 
weight is measured in dynes. A n  object whose mass is one gram 
has a weight of approximately 980 dynea at sea level. The 
w e l g h t  of thls same object i n  the Engliah System would be 
approximately 0.0022 pounds. As you probably know, the more 
familiar u n i t  In the metric system I s  the unit of mas, the gram. 

In the t e x t  we have introduced only the more familiar unita, 
pound and gram. This has made I t  necessapy t o  uae both words, 

mass and weight. You must judge f o r  youreelf how much of the 
above discussion of the t w o  ideas you will use in your classroom. 

If the aub j e c t  does come up, however, be aupe to make one point:  
both mass and weight can be measured in ef ther  of the systems of 
units, English and metric . If you fail to point  thia out to the 

p u p i l ,  he may interpret  the discussion in the text  to mean that 
weight is something measured In the English aystem and maaa 
something measured in the metric system. 

Answers to Exercises 8-3a 

1. ( a )  Feu. In, or 5 7 % ~ ~ .  i n .  

(b) Yes 

( c )  Often there I s  a roof-shaped top  containing the 
pouring spout but not f i l l e d  w i t h  milk. 
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Less t h a n  a qua r t  by 2% cu . in. (~oluna of container 
is 5% cu. in.) 

The same volume of di f fe ren t  materials have di f fe ren t  

weights. The old saying I s  roughly t r u e  for water .  

(a) 6 . in. (~emernber, however, this result is 
not as precise as the form makes it look). 

(b) 673 cu. in. 

(4 No 

(a) 3% cu. in. 

(b) 3* cu. in. 

( c )  The box holds 1 9 c u .  in. mQre than it should. 

Presumably in measuring d r y  quantitlea such as berries 
and the like there are air spaces not fllled w i t h  any- 
thing,  so this is compensated for by increasing t h e  

t o t a l  volume whlch is to be called a quart. 

Save $1.07 by buying the bushel. 

Save $0.25 by buying the bushel . 
Height should be in. 2 2 

11 in. by 7 In. by 3 in. 

Answers - to Exercises 8-3b 

I. ( a )  6 hr., 45min .  

(b) 405 min. 

(c ) 5 4  min. However, it should be pointed out  that 

"passing time" wvuld make these perf ods shor te r .  

6 
( d )  577 mln* 



2. 1269 hr. 

3 . 10 days 

4. 4 hra, 

5 .  21% lb. 

6 .  Brand B. 2 o z ,  more. 

7 .  (a)  420 0 2 .  

( b  2% 11). 

( c )  15 cans 

( d )  1 4  cans 

( e )  Brand 3. Brand A costs  $6.30. Brand B costs 

$6.16. Thus Brand B c o s t s  14$ less. 

8. (a) 8 Tons 

(b) 16,0001b. 

9. (a) 1 mlllian grams 

( b )  1,000 kg* 

10. BRAINBUSTER. A cubic foo t  of water. Water welgha 
1 approximately 62z lbs. per cu. ft. while ice weighs 

1 about 57F lb. per cubic foot. Seventh grade students 
are not  expected to be aware of specific gravity but 
some may be aware of the fact t h a t  i c e  f l o a t s .  

Anawera tq Exercises 8-3c 

1. 10 hrs. 10 mln. 

2. 1 6 y d s .  11 in. 

3 .  15 gal .  3 q t s .  

4. 28 hrs. 6 min. 8 sec . 
5 .  1 3 s q . y d .  3 s q .  ft. 1 1 9 s q . i n .  
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11 cu.  yd. 3 cu .  ft. 807 cu, in. 

( a )  2 2ft. 5 1 n .  

b One t e n  was exchanged for 10 ones; one foot  was 
exchanged for 12 Inches. In base ten; "1" in any 
place can be exchanged for ten in the next smaller 
place. In measures, one large u n i t  can be 
exchanged fop its equal in smaller units. 

2 yd. 2 t .  4 in. 

2 g a l .  1 qt. 1 pt. 

2 y d .  2ft. 7 i n .  

2 sq, ft. 79 aq. In. 

6 eu. yd, 1717 cu. in. 

31 hr. 30 min. 

121 yd. 2 ft. g In. 

1146 gal.  3 qt. 

79 hr. 38 min. 45 aec. 

102 T. 804 lb. 

728 sq. ft. 46 eq. in. or 80 sq. yd. 8 sq. ft. 

46 sq. in. 

47 min. 

2 yd. 1 ft. 

Division without changing u n i t s .  
2 yds. 1 ft. 

10 123 yds. I ft. 
20 
3 yds . = $ ii : 

10 f t .  - 



24. 39 sq. in. 

25. 58 cu. In. 

26. (a) P i n t s  and quar ts  

(b) Feet and yards 

( c )  Ounces and pounds 

( d )  Hours and minutes 

27. BRAINBUSTER. 3 0 2 .  
1 o z ,  1s of the total weight; 

Sample Questions f o r  Chapter 8 - 
Se l ec t  from this list. There are too many questions f o r  one test. - 
I. Multiple Choice, Completion and MatchinR 

(b) 1. A h a l l  is 6 feet long and 2$ feet w i d e .  How many 

square yards of carpet will cover it? 

( a )  17 ( d l  $ 
2 

(b) 17 ( e )  None of these 

(4 15 

( c  ) 2. The volume of a 4-inch cube is: 

(a)  The same as 4 cu. in. 

(b) Smaller than 4 c u .  in. 

( c )  16 times as large as 4 cu. in. 

( d )  4 t h e s  as large as 4 cu. In. 

( e )  None of these 
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2 cu. ft. are equal to: 

(a) 24 cu. in. ( d )  18 cu. yd. 

(b) 3456 cu. in. ( e )  None of these 

(c) 266 cu. in. 

Choose from the right-hand column, the tern which beat 
describes each term in the left-hand column and write 
i ts  number on the line. 

(a)  Face of a cube 1. Ray 

(b) Side of a rectangle 2 .  Line segment 

( c )  Side of an angle 3 .  Point 

( d )  Intersection of edges of a 4. Line 

rectangular prism - 5 .  Plane 
( e )  Face of a rectangular prism 6, 

7. Square 

A rectangular prism has faces - edges, and 1- 

vertices . - 
A rectangular s o l i d  l a  dimensional while any one 
of its faces i a  dimensional . - 
If the length and width of a rectangle are doubled, 

times that of the the area of the new rectangle is 
or ig ina l  one. 

Which of the units in the right-hmd column would be 
the beat to use t o  measure the th ing listed in the 

left-hand column? ( A  unit may be used more than once.) 
Write the number of the unit in the right-hand column 

on the line In the left-hand column. 

(a) A i r  space in a room. 1. Degree 

(b) Lfnoleum needed to cover a 2. Foot 

s h e l f .  - 3 . Square foot 



4 or 9 ( c )  Amount of water in a 4.  Cubic foot 
small aquarium. 5 .  Mile 

2 or 7 ( d )  A clothes line. 6. Square mile 
4 ( e )  Space in a refrigerator.  - 7. Yard 

1 (f) Anangle. - 8. Square inch 

9. Cubic inch 

Any 9. 
two 
lengths 
that add 
to 13'. 
Areaa w i l l  
vary. 

48 cu. ft. 

2592 12. 
sq. in. 

2 sq. yd. 

J l m  has 26 f ee t  of left-over fencing to use around 

a small garden. Give two different sets of 
dimenslona he could use.  Find the area of the 
garden in each case. 

A rectangular prism is 8 ft. long, 2 ft. wide and 
3 ft high .  The area of the largest face is - 
sg . ft . The volume of the prism I s  cu. ft. 

An area is found to be 18 sq. St. Thia l a  the 

same as sq. in. or sg. yd. 

11. Problems . 
1. ( a )  Draw a rectangle 24 in. by 3 in. 

1 9  (b) ~ i n d  the perimeter of this rectangle. 
1 78 sq. ( 0 )  Find i t s  area. 

in. 

2 .  A sand box I s  3 feet wide and 4 feet long. How many 
10 cu. cubic feet of sand are needed t o  ffll the box t o  a 

ft. depth of 10 in .? 

3 A n  aquarium I s  14 inches wide, 22 inchee long and 
9 i n .  holds 12 gallons of water. How deep is the water? 

(1 gal. = 231 c u .  in.) 



*4. A rectangular playground I s  180 ft . by 330 ft . 
59,400 
sq. ft. 
6,600 sq 

~a 

(a) What is i t s  area in square feet? In square yds? 

. (b) What is its perimeter? 
1020 ft. 

85,940 ( c )  What would it coat  to put blacktop on the play- 
. -  . . 

ground at 9 w  a square yard? 

$1552.50 (d) A fence I s  to be put around the two shor t  sides 

and one long s ide  of the playground. \hat  would 

this fence cost at $2.25 per foot? 

5. A chest is 30 Inchea wide, 2 feet  high, and 5 feet long. 

55 sq. ft(a) Find the area of the surface. 

No (b) A small can of slain will cover 30 square feet. 
Is one small can enough to stain the top and sides? 
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