Phys 446 Solid State Physics
Lecture 7
(Ch.4.1-43,46.)

Last time:

Finished with phonons, optical and thermal properties.

Today: Start with electronic properties of metals.
Free electron model.
Fermi energy.
Density of states.

Electronic heat capacity

Lecture 7

Electrons in metals: free electron model
® Simplest way to represent the electronic structure of metals

® Although great simplification, works pretty well in many cases, describes
many important properties of metals

® |n this model, the valence electrons of free atoms become conduction
electrons in crystal and travel freely

® Neglect the interaction of conduction electrons with ions of the lattice and
the interaction between the conduction electrons — a free electron gas

® Fundamental difference between the free electron gas and ordinary gas of
molecules:

1) electrons are charged particles = to maintain the charge neutrality of
the whole crystal, we need to include positive ions.

This is done within the jelly model : the positive charge of ions is smeared
out uniformly throughout the crystal - charge neutrality is maintained,

no field on the electrons exerted

2) Free electron gas must satisfy the Pauli exclusion principle, which
leads to important consequences.

Free electron gas in one dimension

Assume an electron of mass m is confined to a length L by infinite barriers

Schrodinger equation for electron wave function y,(x): Hiy, (x) = E v, (x)
E, - the energy of electron orbital

assume the potential lies at zero = H includes only the kinetic energy =

2 2 2

D i
H X)=—— X)=————— X :E X
Vo) =2 ¥ () === Z ¥ () = B, ()

Uix) =0(0 = x £L), = other~ise

Note: this is a one-electron equation —
neglected electron-electron interactions

General solution: Asin g,x + Bcos g,x

boundary conditions for the wave function:

= B=0;q, =mn/L ;n - integer v, (0)=w,(L)=0 —_——
. (nn Substitute, obtain E = h_ i )
y,(x)=Asin Tx the eigenvalues: "o2m\ L

*»*What is Hamiltonian?

+  For particles confined to this box, there is only a kinetic energy term
to the Hamiltonian H

H:p_2 :i(—iﬁ i)(_m i) . Quantum mechanical operator
2m  2m dx dx
- i’ 7(;2 -  Hy " —dz w,o=& W
=—— 3 = —— = =
2m dx so we have to solve ! 2m dx” ! e




First three energy levels and wave-functions of a free electron
of mass m confined to a line of length L:

———Energy levels
. n — Wavefunctions,
f//n (X) = A4smn TX relative scale
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We need to accommodate N valence electrons in these quantum states.
Pauli principle: no two electrons can have identical quantum numbers.

Electronic state in a 1D solid is characterized by quantum numbers »
and mg, where n describes the orbital y,(x), and m, - the projection of
the spin: m, = +%.

= each orbital labeled by the quantum number » can accommodate
two electrons, one with spin up and one with spin down orientation.

Let n - the highest filled energy level. Start filling the levels from the
bottom (7 = 1) and continue until all N electrons are accommodated.

Condition 2n, = N determines n,

The energy of the highest occupied level is called the Fermi energy E

. W (zNY
For the one-dimensional system of N electrons  E. = BT
m\ 2

Finite temperature: the Fermi - Dirac distribution
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The ground state of the NV electron system

at zero temperature: all the electronic . e e
levels are filled up to the Fermi energy. Fl| ———9
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All the levels above are empty.

What happens if the temperature is increased?
The kinetic energy of the electron gas increases with temperature

= some energy levels become occupied which were vacant at 0 K;
some levels become vacant which were occupied at 0 K.

The distribution of electrons among the levels is described by the
distribution function, f(E) - the probability that the level E is occupied

1
Fermi - Dirac distribution: f(E)=———
e(E_/U)/kBT +1

| AE) atT=0Kand 7> 0K

SE) = —amr 7o

U — the chemical potential. |

It can be determined in a way that
the total number of electrons in the
system is equal to N. ol

AtT=0K u=E,

Atany I' if AE)=1/2whenE=pu

High energy tail of {E), when E - u>>k,T:  f(E)= oM B ksT

called Maxwell — Boltzmann distribution




Effect of temperature on Fermi-Dirac distribution

l

)=
f,( ) exp[(e — )/ kT]+1
_/ﬂ \
/ \
/ \\

Chemical potential
(~ amount of energy needed to add an
electron to the system)

Probability that an orbital of
energy ¢ will be occupied

~ Fermi energy

e/k (in units of 10% K)

Free electron gas in three dimensions

The Schrodinger equation in the three dimensions:

)

pZ -hZ N -hZ 2 82 82
H - =——V = —+t—+—" =F
w(r) 2m v 2m w(r) 2m { o’ 9z w(r) wir)

If the electrons are confined to a cube of edge L, the solution is

w(r)=Asin it \‘]sin ﬂl sin _ﬁ'n:ZJ
I U e U AR ke U7

introduce periodic boundary conditions, as we did for lattice vibrations

— assume that our crystal is infinite and disregard the influence of the
outer boundaries of the crystal on the solution

— require that our wave function is periodic in x, y, and z directions with
period L, so that w(x+L,v,2)=w(x, p,2)

and similarly for the y and z coordinates.

The solution of the Schrodinger equation satisfying these boundary
conditions has the form of the traveling plane wave:

v, (r) = Ae™”

provided that the component of the wave vector K satisfy

k= 27n, - 27n, . 27n,
’ L : L ) L

where n,, N, and n, - integers

substitute this to the Schrodinger equation, obtain the energy of the
orbital with the wavevector k: TETEIS.

E, =
2m 2m

(kf +k; +k2)

Wave functions y, — the eigenfunctions of the momentum operator
p =—iAV  The eigenvalue of the momentum is 7K.

The velocity of the electron is defined by v = p/m = iik/m

Back to k-space

+ Each value of k occupies a volume of (21/L)? in k-space

K
i B How many k states (orbitals)
are in a sphere of radius k;?
/" K, ‘“‘b\\{ Total no. of states ' Unit Off t( “space
e | (Nr2)= (Volume of sphere)/(Zm/L)*
5 Y s A #7 (N/2)= (41k2/3)/(2TT/L)3
X

— So :|k; = (3T2N/V)13

(each dot is separated by 2m/L,
and represents a wave with wavevectors (K,, K, K,))




We can also define a Fermi temperature to be T;= E,. /k,
(Boltzmann’s constant)

Meaning of the Fermi Temperature

« The Fermi temperature is not the temperature of the
electron gas!

« It is a measure of where the Fermi energy is at (typically
on the order of ~ 10000 K)

+ So, for most metals say at room temperature, not many
electrons are excited above the Fermi energy.

Fermi energy and Fermi momentum

In the ground state a system of N electrons occupies states with lowest
possible energies = all the occupied states lie inside the sphere of
radius k.

The energy at the surface of this sphere is the Fermi energy E.

The magnitude of the Fermi wave vector &, nk;
and the Fermi energy are related by the equation: ‘F = o

The Fermi energy and the Fermi momentum are determined by
the number of valence electrons in the system N.

We need to count the total number of energy orbitals in a sphere
of radius k, which should be equal to .

The volume element in the K space 3
(volume per single set of k,, k, and k,) is equal to (2_7[j
L

4re,’

the total number of states is

Thus in the sphere of /=

. Amkp /3 _ V
(2x/L)y 37’

ki =N  where does the factor 2 come from ?

1/3
37°N / :
= k.= v - depends only of the electron concentration

Obtain then for the Fermi energy: Kt (373N 23
F _ ——
2m V

and the Fermi velocity:

n(3z2NY
( J (~ 108 m/sl)

Vp=— 7

Density of states

Defined as the number of electronic states per unit energy range —
an important characteristic of electronic properties of a solid

To find it, write the total number of orbitals of energy < E.

We had 2 (22 L v (2mEY"
e ha E_h(fS;rN(E)j L N(E)= (m]

3’

om\ v n’
So, the density of states D(E) is

PE= 0= 2 25

dN _ v (mj” g2 _3N(E)
dE 27’

density of states

Eg
the integral N = I D(E)dE

0]
- total number of electrons in system (at 0K)

At T # 0 should take into account

N=|D(E)f(E)JE
the Fermi distribution: J; (E)S(E)




What does this lock like?

3D Density of States

Width of ~ kT

This represents how many a P

energy values are occupied as
a function of energy in the 3D
k-sphere

Why does this look differently
than the FD distribution
function?

There can be many states

- - >

~

Density of states
" (T > 0K)

Density of states

occupied at the same energy, 2
but they have different k- s z g 4 E B w

values.

The larger your sphere is in k-
space, the more k-values you
have (and therefore, the more
degenerate energy states you

have)

Energy =

The red curve is the £'2 function
The black is the €12 x FD distribution.
MNote that the electrons that were once

in section 1 at T = 0 K are now in section
2 at some higher temperature

—Density of states D(®) =
For phonons

. AA

Vg~ 1 A A
27° dw/dg

Heat capacity of the electron gas

densitv of states

® Classical statistical mechanics - a free particle should have 3k/2 ;
N atoms each give one valence electron and the electrons are freely
mobile = the heat capacity of the electron gas should be 3Nk,/2

® Observed electronic contribution at room T is usually < 0.01 of this
value

® The discrepancy is resolved by taking into account the Pauli
principle and the Fermi distribution function.

® When we heat the crystal from 0 K, not every electron gains an
energy ~ kT as expected classically, but only the electrons within
an energy range kT of the Fermi level can be excited thermally.

® These electrons gain an energy, which is itself of the order of kT

have some higher levels occupied

T>0K
T=0K

“Ripples in the Fermi Sea”

Energy levels fill up until N/2

atT=0K, andatT>0K, we * One way of looking at this

is like a “sea" of electrons,
but only those electrons
+ 4 = Pl near the surface (at the

: 5 highest energies) can

— | Some absorb energy as heat

electrons * So, itis the “ripples” in the
from here are Fermi sea that determine
excited up to electronic properties

LI The higher the T, the more
ripples we have, and the
electrons
2 more electrons we can

“I” down here : ;
are “trapped’”: excite to higher levels

only electrons
within ~kT of

the Fermi Surface
can absorb energy

-;([ z -

Qualitative solution to the problem of the heat capacity
of free electron gas

If N is the total number of electrons, only a fraction of the order of
kyT/E can be excited thermally at temperature 7 - only these lie
within an energy range of the order of k;7T of the top of the energy
distribution

Each of these Nk, T/E . electrons has a thermal energy of the order of

ksT = The total electronic thermal kinetic energy U is of the order of
U~ (NkgT/Ep)kgT.

The electronic heat capacity is then C,; = dU/dT = Nky(kzT/Ey)
- directly proportional to 7, in agreement with the experiment

Atroom T C,, is smaller than the classical value = Nk, by a factor
kpT/E , which is 0.01 or less.




Quantitative expression for the electronic heat capacity
at low temperatures

kyT <<Ep. E.g.forroom T k;T=26 meV ;E,~feweV.
The total energy of a system of N electrons at temperature 7 is

r  foner - here AE,T) is the Fermi distribution
= EDE)f(E.,T)dE Y ’
J‘ E)(ED) function and D(FE) is the density of states

heat capacity is (“ _dU _ TED(E) df(E,T) JE - only AE.T)
Tdr 4 dT depends on T
little trick: rewrite < df (E,T
= [(E-E, (&)L ED jp
) dT
using the fact that E, dN _ EFID(E)MdE
T T

C,=D(E)|

We are interested only in temperatures for which k;7 << E, =
dfldT is large only at the energies very close to the Fermi energy =
can ignore the variation of D(E) under the integral

50 df (E,T
" =D(E, )J‘(E E, )L

Also ignore the variation of the chemical potential with temperature
and assume that = E, (good approximation at room 7 and below).

Then df(E.T) E—-E, %)%l
dr k T+ [e(sng);;(BT_l_lT and

= (E—E )2 e(E—EF)kaT
F

T [(s—a)mﬂ]zdk
TP [oezm

- 2 3 o
- D(E,) J- ,\(kBT) €

~ — dx
—E. kT kyI (e" + l)

Taking into account that £,>> kT, we can put the low integration
limit to -0 and obtain

= D(E KT | —rdx =L DE KT

’
’

For a free electron gasuse D(E) = for the density of states

Obtain C = £ NE, T | whete the Fermi temperature
A is’defined as Ty = E/k

’

v

Result is similar to what/w'e obtained from qualitative arguments

The heat capacity at temperatures much below both the Debye
temperature and the Fermi temperature can be represented as:

C=C +C = ]/T + ,BT3 Electronic term dominates at sufficiently low 7

yand f can be by fitting the experimental data.

Meaning of the Sommerfeld
Constant

+ So, the Sommerfeld constant is ~ density of states at the Fermi
energy (y = 1/3 m2k2 D(g;))

* This makes sense — it is only these electron states that can absorb
energy

+ The Sommerfeld constant is also related to an “effective mass” of
the conduction electrons (which should be ~ mass of an electron)

+ How? Mass of conduction electron

* The Fermi Energy is g = h?k?/2m = (h?/2m)(312N/V)??

« So, rearranging our terms we have:

| ,NE2 1, o of2m), , N7
= r=yr i =L 2t 3 )
37 & 3 n’ v

* And therefore, y ~m




Electrical conductivity
Drude model: the simplest treatment of the electrical conductivity.

Four major assumptions:

1. Electrons are treated as classical particles within a free-electron approximation:
neglect the interactions with other electrons and ions;
no external electromagnetic fields - move uniformly in a straight line. In the
presence of fields - move according to Newton's laws

2. Electrons move free only between collisions with scattering centers. Collisions, are
instantaneous - abruptly alter the electron velocity.
A particular type of scattering centers does not matter in the Drude model. Simply
assume that there is some scattering mechanism.

3. Electron experiences a collision with a probability per unit time 1/ t. The time T —
an average time between the two consecutive scattering events - known as, the
collision time (relaxation time). The relaxation time Tt is taken to be independent of
electron's position and velocity.

4. Electrons achieve thermal equilibrium with their surroundings only through
collisions. These collisions are assumed to occur in a simple way: immediately
after each collision an electron emerges with a velocity that is not related to its
velocity before the collision, but randomly directed and with a speed corresponding
to the temperature at the place where the collision occurred.

Application of the Drude model for electrical conductivity in a metal

v, 1 14
Ohm's law: j = oE Al == )
47 - -
o —conductivity;, p=1/c - resistivity L

Jj=lA;V,-V,=EL R=L/cA = pL/A=1=V,-V,)/R
n electrons per unit volume all move with velocity v = J || v

in atime dt n(vdf)A electrons will cross an area A perpendicular to
the direction of flow = charge crossing 4 in d¢ will be —nevAdt =

Jj=-nev Vv is the average electronic velocity or drift velocity
Let ¢ - time elapsed since electron's last collision.

Its velocity willbe v, —eEt/m (v, is velocity immediately after
the last collision — random — no contribution to drift velocity)

average of ¢ is the eEt . ne’Er ne’r
= V=

_—— = — O =—

relaxation time t m m m

In the above discussion we treated electrons on a classical basis.

How are the results modified when the quantum mechanics is taken
i ?

nto account? ) Displaced .
| Fermi k >
No electric field - the
Fermi sphere is cantered
at the origin. The total
current of the system is
Zero.

Applied field — each electron acquires a drift velocity —
the whole Fermi sphere is displaced

displacement is very small: v <<v, e.g. 0.1 V/cm causes v ~ lem/s
v ~108 cm/s)

= the great majority of the electrons still cancel each other

some electrons (shaded area) remain uncompensated - produce current

Estimate the current density: the fraction of electrons which remain
uncompensated is = v/v, = concentration of these electrons is n(v/vy)

Each electron has a velocity = vy, = j=—en(v/v,)v, =—nev

- Same result as before = the same formula for conductivity
Actual picture of conduction is quite different from the classical one:

® In the classical picture, the current is carried equally by all electrons,
each moving with a very small drift velocity v.

® In the quantum-mechanical picture the current is carried only by very
small fraction of electrons, all moving with the Fermi velocity.

® Relaxation time is determined only by electrons at the Fermi surface,
because only these electrons can contribute to the transport properties.

® The latter approach is conceptually more accurate.
Since only electrons at the Fermi surface contribute to conductivity,

we can define the mean free path of electrons as / = tv,.
Can estimate the mean free path for metal at room temperature: ~100A.




On the origin of collision time

We see that between two collisions, the electron travels a distance of more
than 20 times the interatomic distance - much larger than one would expect if
the electron really did collide with the ions

This can be explained only using quantum mechanical concepts of wave
character of electron.

Well known from the theory of wave propagation in periodic structures: wave
passes through a periodic lattice without scattering

Atoms in the lattice is to absorb energy from the wave and radiate it back, —
the wave continues without modification in either direction or intensity, but
the speed of wave changes

Effect of periodic lattice: free electron mass m,, eEr
is replaced by effective mass m*: Drift velocity is then -

m*
We see that, if the ions form a perfect lattice, there is no collision at all - that
is, /=00 = 1= - infinite conductivity.

Finiteness of o - due to the deviation of the lattice from perfect periodicity;
(1) thermal vibration of the ions (2) the presence of defects or impurities.

Temperature dependence of the electrical conductivity

Characteristic temperature dependence of resistivity of a metal:
normalized resistivity p(7)/p(290K) versus 7 for Na

p (290°K) ~ 2uQ-cm

At higher temperatures
p increases with 7,
slowly at first, but

% 10—2

Rl afterward p increases
X linearly with 7.
-2 . .
7| The linear behavior
continues essentially
oo e ] 1 S I T . . .
0 6 10 14 18 2 0 20 4 e so0 1o until the melting point.
T,°K T, K

Observed in most
metals, and usually
room temperature falls
into the linear range.

low-temperature region
T~0K: phas
a small constant value

We want to explain this behavior of in terms of the Drude model.

*

Have _l__m
pP= - 2
o ner

Two types of the deviations from a perfect lattice:

a) Lattice vibrations (phonons) of the ions around their equilibrium
position due to thermal excitation of the ions.

b) All static imperfections, such as impurities or crystal defects.
Of this latter group we shall take impurities as an example.

The total probability for an electron to be scattered in a unit time is the sum
of the probabilities of scattering by phonons and by impurities:

1 1 1 m* m*
—=—+— = pzpi+pph=—+

2 2
T T, Ty, ne‘r, ner,

. oo \
residual resistivity lattice resistivity
The scattering by impurities is essentially independent of temperature

The number of phonons increases with temperature
= the scattering by phonons is temperature dependent

Very low T: scattering by phonons is negligible =7,, — , p,, — 0
= p = p; = constant - in agreement with experiment

As T increases, scattering by phonons becomes more effective
= pu(T) increases = p increases

When 7 becomes sufficiently large, scattering by phonons dominates
= p= p(1)

The statement p= p;+ p,, 1is known as the Matthiessen rule.
(not always valid)

Now let's derive approximate expressions for 7, and 7,, from the
kinetic theory. Consider first the collision of electrons with impurities.

Expect that p, should increase with impurity concentration #,

Write . =]_,
1 \'F

where /; is the mean free path for collision with impurities.




In order to find the mean free path, introduce the scattering cross
section of an impurity o; - the area an impurity atom presents to the
incident electron.

Then, can argue that /,0;,= 1/n; - average volume per impurity

Expect the scattering cross section o, to be of the same magnitude
as the actual geometrical area of the impurity atom, i.e. o, ~ 1A%

Accurate calculations require quantum scattering theory

substitute /; into formula for p, : P =

As expected, p; oc n;

For phonons, calculating p,;, involves electron-phonon interaction.

However, we can still write , _ 1

ph
naca

where n,, is the concentration of the host atoms in the lattice,
o, - the scattering cross section per atom.

o, has no relation to the geometrical cross section of the atom. Rather
it is the area presented by the thermally fluctuating atom to the electron

Suppose that the distance of deviation from equilibrium is x
= the average scattering cross section is &, oc (x?) - average of (x?)

Atom is a harmonic oscillator = (x?) o« the average of its potential
energy = half the total energy:

G, o« < x2> o %?BT where C is interatomic force constant

_m*v.n, 2k, T
=> see that at high T the resistivity is linear in T Ppi = ne’ C

Electronic thermal conductivity

Heat current density, j,, i.e. the amount of thermal energy crossing a
unit area per unit time is proportional to the temperature gradient:

=— d—T where K is the thermal conductivity

Jo o

Already know that in insulators, heat is carried entirely by phonons,

but in metals heat may be transported by both electrons and phonons.

The thermal conductivity K is therefore K=K + K,

In most metals, K, >> K, , because of high concentration of electrons.
Typically K, ~ 10% K ,,.

Heat is transported by electrons having the Fermi energy, because
those well below this energy cancel each other's contributions

1
Evaluate the thermal conductivity K quantitatively, use K = 3 C,vpl

here C,, - electronic specific heat per unit volume, v, - Fermi velocity;
[ is the mean free path of electrons at the Fermi energy.

Use expression for the heat capacity derived earlier: C = 77_) Nk T
el B
2 PT
Then (7 KT
3 7” Vr' Notethat E, =Y%mv; and vy =1
i -
obtain g -7~ “nkgtT expression for thermal conductivity in terms
3m of the electronic properties of the metal
ne’r
Recall that electrical conductivity o =— find that
K_ l( 7k J- T=17| - Wiedemann-Franz law
o 3\ e
L=2.45-108 WQ/K? - Lorentz number -

independent of the particular metal (depends only on &z and e)




Summary (continued)

+“ Free electron model — simplest way to describe electronic properties of
metals: the valence electrons of free atoms become conduction electrons in
crystal and move freely throughout the crystal.

1D case. W ()= _“in(ﬁ_\.] E, = ‘r"_[ zn ]
. L 2m\ L

Fermi energy for the 1D system of N electrons: 82 ( NV

:Elf]

Finite temperature: fiE)
the Fermi - Dirac distribution:

. 1
_f(f?)=m

High energy tail of AL). when E = u >> kT

. (u=E) kgl iy :
f {E)=g""" Maxwell — Boltzmann distribution

Summary

+ Fermi energy - energy of the highest occupied electronic level at T = 0 K;
3D case:

n (3228Y" 322N ) (328"
EF = — kF = VF = —
2m\ vV Vv m\ V

++ Density of states of 3D free electron gas:

“Electrical conductivity:

32 ne’r
dE 27\ i? 2FE n
P =P+ Po(T)

+“ Heat capacity of free electron gas

at low temperatures kT << Ej : #Thermal conductivity:

. T Wiedemann-Franz law
T 2

C ="Nk, — 7 (k
A K =LoT L:?[ K

e




