Trigonometric Identities

An identity is an equation that is satisfied by all the values of the variable(s) in the equation. We have
already introduced the following:

i 1 1
= e (b) secx = (c) cscx = — (d) cotx =
cos cosx sin tan x

The trigonometric identity sin?z + cos?z = 1

The trig identity sin® z + cos? z = 1 follows from the Pythagorean theorem. In the figure below, an angle =
is drawn. The side opposite the angle has length a, the adjacent side has length b, and the hypotenuse has
length h.

b
Therefore, sinx = % and cosz = 7 It follows that
2 b 2 2 b2 2 b2
e = (3" + (1) = =
The Pythagorean theorem asserts that a? + b?> = h2. It follows that
s a?+b®  h?

(sinz)’ + (cosz)® = R

. N2 2 . . . .
For convenience, (sinz)” and (cosz)” are written more briefly as sin?z and cos® z respectively. Therefore
we have verified that if = is a given angle then

=1

2

sinx +cos?z =1

You are expected to have this identity on your finger tips.

Two useful identities are derived from sin® z + cos? z = 1 by dividing both sides of the identity by sin® z

or COS2 x.

e If we divide both sides of sin® z + cos? z = 1 by cos? z, the result is
. 9 2 . 2 2
sin“x  cos‘x 1 sinx 1
+ = OR +1=
cos?x  cos?x  cos?x coS T coS T

1
= tanz and —— = secx, it follows that (tanz)”+1 = (secz)®. For convenience, we write
x

. sinx
Since

cos T
(tanz)® and (secz)® more briefly as tan? z and sec? z. Therefore we have verified that

tan®z + 1 = sec® x



e If we divide both sides of sin? z + cos® x = 1 by sin® z, the result is

sin2:1c+cos2x_ 1 OR 1+(cosx)2:< 1 )2

- 2

sinfz  sin?z  sin’z sinx sinx
: z 1 : 2 2 . .
Since = cotz and —— = cscx, it follows that 1+ (cot2)” = (cscz)”. For convenience, we write
sinx sinz

(cot ) and (cscz)? more briefly as cot? z and csc? z. Therefore we have verified that

cot’xr+1=csc’x

You will be required to verify identities. One way to do so is to start with one side of the identity and
through a series of algebraic operations, derive the other side of the identity. Here is an example:
.2
. ) ., sin“x
Example 1 To verify the identity —— + cosx = secx.
cosx

We start with the left hand side because there is more we can do with it than the right hand side.
Denote the left hand side by LHS and the right hand side by RHS. Then

2

sin®
LHS = +cosx
cosT
sinfx  cos’z
= + (since we need a common denominator in order to add the two fractions)
COST  COST
.2 2
sin” x + cos” x 1 . . 9 9
= = (since sin“ x + cos*z = 1)
cosT cos T
= secx = RHS

We have verified that both sides of the identity are equal. This verifies the identity.

Exercise 2

1 1
1. The trigonometric expression - + - can be reduced to:
1—sinx 1+4sinz

(A) 2sinz (B) 2cosx (C) 2cos®z (D) 2sec? x

2. Verify each identity:

COS T sec T .
a) —— =tanx b) tanx cosx = sinx
cotx
¢) tanx + cot & = secx cscx d) seCQx(l—sinzx)zl
sec? x ,
e) = sec T csc T f) cosx + sinx tanx = secx
tanx
g) sinx + cosz cot x = cscx h) secx — cosx = tanz sinx
csc? x
i) = secx csc T j)sin®z (1+ cot?z) =1
cotx
cos? x — sin z 9 1—cos?x .
k) ———— =cos’x ) ———— =sinztanx
1—tan“z Ccos T



sinx CcosST

m) secx — cosx = tanzsinx n) =sinx 4 cosx
tanz  cotx
tanz cotzx sinx +cosx cosz —sinx
0) — —— = SeCIT CsSCx p) - - = sec T cscT
sinz  sinz sinx cos x
sin x COS T . tanz .
q) - =sinz + cosz r) ———— =sinzcosz
1—cotz tanz—1 1+tan“z
cos? x . sin?
$)1— ————— =sinx t)1— ——— =coszx
1+sinz 1+ cosx
cos T
u) tanx + ———— = secw v) sec’ x + csc? x = sec? zesc?
1+sinz
Ccos T 1—sinz sinx cosx — 1
w) — + = 2secx z) - =0
1—sinz coszT cosz + 1 sinz
siny cosy . . 2 . 2
) =siny + tany z) (3cosx —4sinx)” + (4cosx + 3sinz)” = 25

1 —coty _tany—l

Y2 as a difference of two squares, factor it and use the result to show that cos* z —

x — sin? z.

3. Write cos*z — sin
sin? x = cos?

Identities for differences or sums of angles

In this section we walk you through a derivation of the identity for cos(y — x). This will be used to derive
others involving sums or differences of angles. Contrary to what one would expect, it is NOT TRUE that
cos(y — x) = cosy — cosz for all angles x and y. Almost any pair of angles x and y gives cos(y — z) #
cosy — cosz. For example, the choice y = 120° and = = 30° gives cos (y — ) = cos (90°) = 0 which is not
equal to cos 120° — cos 30°, (you can easily check that).

To derive the identity, start with a circle of radius 1 and center (0, 0), labelled P in Figure 1 below.

Figure 1



Consider a line P@ that makes an angle y, in the second quadrant, with the positive horizontal axis.
/

Figure 2

|,J_#)'-.,-:

Can you see why the coordinates of @) must be (cosy,siny)?
The figure below includes a line PR making an angle x in the first quadrant, with the positive horizontal

axis.

o]

=

A
NI

Figure 3
The coordinates of R are (cosz,sinx). A standard notation for the length of the line segment QR is ||QR)|.
Use the distance formula to show that ||QR||* simplifies to

IQR||> = 2 — 2 (cosy cos z + sin y sin z) (1)

If you rotate the circle in Figure 3 counter-clockwise until the ray PR merges into the positive horizontal



axis the result is Figure 4 below.

Figure 4

Angle QPR is y — x, therefore () has coordinates (cos (y — ¢),sin (y — x)). Clearly R has coordinates (1,0).
It follows that the length of QR is also given by

IQRI|> = [cos(y — ) — 1]* + [sin (y — 1)]?

Show that this simplifies to ,
IQR||” =2 —2cos(y —x) (2)

Comparing (1) and (2) reveals that
2—2cos(y—z) =2 —2(cosycosz + sinysin x)

What do you conclude about cos(y — z)?
You should obtain
cos (y — ) = cosycosx + sinysinz

This is our first identity for the cosine of the difference of two angles.

Example 3 We know the exact values of cos 30°, sin 30°, cos 45° and sin45°. We may use them to calculate
cos 15°. The result:

2 3 2 1
cos15° = cos(45° — 30°) = cos 45° cos 30° + sin 45° sin 30° = g . g + g 5

VIVE V2 VBtV
1 1T 1

1
Example 4 We are given that x is an angle in the first quadrant with cosx = —, y is an angle in the third

1
quadrant with cosy = —= and we have to determine cos (y — x). Since cos (y — ) = cosycosz + sinysinz,

we have to find sinx and siny. Diagrams will help. In Figure 5 we have a right triangle with a hypotenuse
of length 4 and a horizontal side of length 1 because

horizontal coordinate 1
cosT = =

length of hypotenuse 4



The wvertical side of the triangle is labelled b because it is not known. We may determine b using the
Pythagorean theorem:
12 4+ 0% = 42

Therefore b = 15, hence b = ++/15. We take the positive sign because the vertical coordinate is positive in
the first quadrant. Therefore b = /15 and so sinx = @. In Figure 6 we have drawn a rectangle with a
hypotenuse with length 8 and a horizontal coordinate —1 because

horizontal coordinate  —1 1
cosy = -~ - __
4 length of hypotenuse 3 3

The vertical coordinate is unknown, therefore we labelled it a. By the Pythagorean theorem
32 = (-1’ +a?=1+a?

Therefore a> = 8, hence a = £+/8. In this case we must take the negative sign because the vertical coordinate

is negative in the third quadrant. Therefore siny = ,T\/g
_1 F\
4 b
2 3
x
1
Figure 5 Figure 6

It follows that

cos (y — x) = cosycosx + sinysinz = <1> (-1) + <‘21»5> (‘?) _ —1—17@

Other sum/difference identities

e cos(y+ax) = cosycosz — sinysinz. To derive this, we use the fact that cos(—A) = cos A and
sin(—B) = —sin B for all angles A and B. Therefore

cos (y + x) = cos (y — (—x)) = cosycos(—x) + siny sin(—x) = cosy cosz — siny sin

3vV2 1 V2 — V2
Example 5 cos75° = cos (30° + 45°) = cos 30° cos 45° —sin 30° sin 45° = g-g—i-g - q

e sin(y —x) = sinycosx + cosysinxz. To derive it, we use the fact that cos(90° — A) = sin A and
sin(90° — B) = cos B for any angles A and B. Therefore

cos (90° — (y — x)) = cos ((90° — y) + x) = cos(90° — y) cos x — sin(90° — y) sinx

= sinycosx — cosysinx

sin(y — )

Example 6 sin 15° = sin (45° — 30°) = sin 45° cos 30° —cos 45° sin 30° =

“l%
S

N | =
I



e sin(y+ ) = sinysinz+cosysinxz. We derive this using the fact that cos(—A) = cos A and sin(—B) =
—sin B for all angles A and B. Therefore
sin(y+x) = sin(y— (—x)) =sinycos(—z) — cosysin(—z) = siny cos z — cos y(— sin x)

= sinycosx 4+ cosysinx

1 2 1 2 2
Example 7 sin 75° = sin (30° 4 45°) = sin 30° cos 45° 4 cos 30° sin 45° = 5 g +t3- g = @
t t t —t
e tan (y + ) = teny+tans and tan (y —x) = ORI ART  These follows from the fact that
1 —tanytanx 1+ tanytanz
sin(z £ y)
t +tz)=—r7-—7%.
an (y + o) cos(z £ y)

V3
tan30° + tan45° 3 t1 /343

Example 8 tan 75° = tan (30° + 45°) = T ton30° tands® — B35

3

Exercise 9

1. Given that x is an angle in the second quadrant with sinx = g, and y is an angle in the fourth quadrant
with cosy = %, the exact value of sin (x + y) is

3 8 17 24
A) — B) — — D) —
(4) 25 (B) 25 (©) 25 (D) 25
2. Given that x is an angle in the first quadrant with sinx = %, and y is an angle in the third quadrant
with cosy = 71—53, the exact value of cos (x — y) is

14 56 64 56

A) — B) — - — D) — —

(4) & (B) o (©) — & (D) - &

3. You are given that x and y are angles in the first and fourth quadrants respectively, with sinxz = %

_ 4 ; ; e
and cosy = z. Draw the two angles then determine the exact values of the following expressions:
a) cosx b) siny ¢) tanz d) tany e) sin (z + y) f) sin(x — y)
g) cos (z +y) h) cos (x — y) i) tan (z — y) j)tan(x —y) k) csc(x —vy) 1) cot (x + y)
4. If x© is an angle in the first quadrant with sinxz = %, and y is an angle in the fourth quadrant with
cosy = %, determine the exact value of each expression:

a. sin(x—y) b cos(x+y) c sin(z+y) d tan(zx—y) e sec(x—y) f cot(x+y)

The Double Angle Formulas

These are formulas that enable us to calculate sin 2z, cos 2z, tan 2z and their reciprocals, once we know the
values of sin z, cos z and tan x, hence the term "double angle formulas". They are derived from the identities
for sums of angles.

e If we replace y by z in the identity sin (z + y) = sinx cosy + cos z siny, we get
sin (z + ) = sin2x = sinz cosz + cosxsinz = 2sinx cos

Thus
sin 2z = 2sinz cos (3)

This is our first "double angle formula"



e If we replace y by z in the identity cos (z + y) = cosx cosy — sinz siny, we get
cos (x + x) = cos 2z = cosx cos T — sinzsinz = cos? & — sin’

Thus

cos 2z = cos® x — sin’ (4)
There are two other versions of this formula obtained by using the identity sin® z 4 cos?>z = 1. If we
solve for sin’z to get sin® z = 1 — cos? = then substitute into (4) we get

cos 2z = cos® & — sin® x = cos 22 = cos®>x — (1 — cos® ) = 2cos? x — 1

Le.
cos2z = 2cos’x — 1

If, on the other hand, we solve for cos® z to get cos?z = 1 — sin® x then substitute into (4) we get

2 2 2 2

cos2x =cos’z —sin’z =1 —sin’z —sin’z =1 - 2sin’z

Le.
cos2x =1—2sin’x
Which one of these three formulas for cos 2z to use depends on the problem at hand.

t t
e If we replace y by  In the identity tan(x + y) = W we get
— tanx tany

tanx + tanz 2tanzx
tan(z + x) = tan2x = = 3
1 —tanztanz 1—tan®x

Thus

Example 10 To determine sin 2z, cos2x and tan2x given that x is an angle in the second quadrant with

o 2
smx—S.

The angle is shown below. The horizontal coordinate a is unknown but we easily calculate it using the
Pythagorean theorem. Thus

22 +a? =32
which translates into o> = 5. This implies that a = +/5. Since the horizontal coordinate must be
negative, we must choose a = —/5.
3
B
2
From the figure, cosz = § = —% and tanz = 2 = —%. Therefore
. 9 _o(2 VB) _ _ 45
sin2x = 2sinxcosx = 2 (5) (_T) = —=.
2
_ 2 _ V5 _ 10 1
cos2x = 2cos m—l—Q(—T) —1—3—1—5,
2ta 2 (7%) -4
— — nr o 5/ V6 _ 4 5 _ _ 20 _ _
tanZz—tan2x—1_tan2x—l ( 2>2_1_%— \/gx1_ = 45



Rules for Changing Product to Sum/Differences

In some problems, it is easier to deal with sums of two trigonometric functions than their product. In such
cases, we use the "Product to Sum" rules to convert products like sin x cosy, sinz siny and cos x cosy into
sums or differences involving sine or cosine terms. We use the sum/difference rules we have already derived

which are:
sin A cos B + cos Asin B = sin (A + B)

sin Acos B — cos Asin B = sin (A — B)
cos A cos B +sin Asin B = cos (A — B)

cos Acos B —sin Asin B = cos (A + B)

Adding (5) to (6) gives
sin Acos B = % [sin(A + B) + sin(A — B)]

Adding (7) to (8) gives
1
cos Acos B = B [cos(A — B) + cos(A + B)]

Subtracting (8) from (7) gives

1
sin Asin B = 3 [cos(A — B) — cos(A + B)]

Example 11 To write sin 2z sin 5z, cos4x cosbx and cos z sin 2z as sums/differences of trig functions.

We use sin Asin B = 3 [cos(A — B) — cos(A+ B)] to write sin2zsinbz as a sum of trig functions.

Take A =2z and B = 5x. Then

1 1
sin 2z sin ba = 3 [cos(—3z) — cos 8z] = 3 [cos 3z — cos 8x]

For cos 4 cos 5z, we use cos Acos B = 1 [cos(A — B) + cos(A + B)] with A = 4z and B = 5z. The

result is 1
cos4x cos b = 3 [cos & 4 cos 9z]

For cos z sin 2z, we first write it as sin 2z cosx and use sin A cos B = 1 [sin(A + B) + sin(A — B)] with

A =2x and B = x. The result is

1 1
cosxsin2x = = [sin3z + sinx] = 5 [sin 3z + sin z]

Sum/Difference to Products

There are problems that require us to change a sum or difference of sine or cosine terms into a product of
sine and/or cosine terms. In other words, we may want to do the opposite of what we did in the above

section. We use the same identities as above but now we write them as:

sin (A 4+ B) = sin A cos B + cos Asin B

sin(A — B

)
( ) = sin A cos B — cos Asin B
os (A + B) = cos Acos B — sin Asin B
( )

Q

h

cos(A — B) = cos Acos B + sin Asin B

9)
(10)
(11)
(12)

We then introduce variables P = A+ B and Q) = A — B. We have to write A and B in terms of these new

variables. It turns out that
A:%(P—i-Q) ande%(P—Q)



Adding (9) to 10 gives a sum of sines which is
sin (A+ B) +sin(A — B) = 2sin Acos B
Using the new variables P and @) this result may be written as
sin P +sinQ = 2 [sin (P + Q) cos 3(P — Q)]
Subtracting 10 from (9) to gives a difference of sines which is
sin P —sin@ = 2 [cos 1(P + Q) sin (P — Q)]
Adding (11) to 12 gives a sum of cosines which is
cos P+ cosQ = 2 [cos 1 (P + Q) cos 3(P — Q)]
Subtracting 12 from (11) to gives a difference of cosines which is
cos P —cosQ = —2 [sin 1 (P + Q) sin $(P — Q)]

Example 12 To write cos 3x 4 cos b5z, sin 3z + sin x, sinbx — sin 2z and cos 2x — cos 3z as products of trig
functions:
Using the above identities:

3z + cosbr = 2cos 3 (3z + 5z) cos 1 (3z — 5a) = 2 cos 4w cos 2z

sin3z + sinz = 2sin 1 (3z + z) cos £(3z — ) = 2sin 2z cosx

sin 5z — sin 2z = 2cos & (5 + 2z) sin £ (52 — 22) = —2cos Zasin 3z
cos 2z — cos 3z = —2sin 1 (22 4 3z) sin £ (22 — 3z) = 2sin Sz sin 1

The Half Angle Formulas
1

These are formulas that enable us to calculate sin %x, cos 57, tan %x and their reciprocals, once we know
the values of sinz, cosx and tanz, hence the term "half angle formulas". They are derived from the two
identities.

cos2y =1—2sin’y  and cos2y = 2cos’y — 1

Take cos2y = 1 — 2sin?y. Rearrange it as 2sin®y = 1 — cos 2y. Now solve for siny. The result is

1-— 2
siny = i\/#
11—
sin %x ==+ 720896

The sign is dictated by the position of the angle %x If it is in the first or second quadrant, (where the sine
function is positive), take the positive sign. If it is in the third or fourth quadrant, take the negative sign.
To derive the half angle formula for the cosine function, take the identity cos2y = 2cos?y — 1 and solve

for cosy. The result is
1 2
cosy =+ lw

Finally, replace y with %m to get



As you would expect, replace y by %m to get

/1
cos%x:i %

Again the sign is dictated by the position of the angle %x If it is in the first or fourth quadrant, (where the
cosine function is positive), take the positive sign. If it is in the second or third quadrant, take the negative

sign.
We do not need to do any heavy lifting to determine the half angle formula for the tangent function. We

simply use the identity
sin 1 V /1 — cos
5 2 —cosx
tan%mzcosix:i i : =+ T
+cosz COs T
\V T2

2

Likewise, you should expect the sign to be dictated by the position of %m If it is in the first or third
quadrant, take the positive sign. If it is in the second or fourth quadrant, take the negative sign.

Example 13 To determine sin 2z, cos 2z, tan 2z, sin %x, cos %x and tan %m given that x is an angle in the

. _ 12
fourth quadrant with cosx = 3.

The angle is shown below. The vertical coordinate a may be obtained from

122 + o = 132
which translates into a® = 25. This implies that a = £5. Since the coordinate must be negative, we
must take a = —5.
4R
a
13
. — 5
From the figure, sinz = § = —ﬁ and tanx = —335. Therefore
: 9 _ 5 _ _ 120
sin2zx = 2sinx cosx = 2( —3) (—) =—1i5"
cos 2z = cos? x — sin’ x = % — % = %.
2tanz 2(-3) -4
tan 2z = tan 2z = = 12/ - — 12— 1yt _ 48 _ 12
2 2 4 3 7 140 140 35
1—tan“z 1f(f%) v

Before calculating sin éx oS %x and tan 3 5%, we note that L 52 is an angle between 135° and 180°
(because x is between 270° and 360°), therefore it is in the second quadrant. This implies that sin 5 1:

is positive but cos 5 x and tan 1 52 are both negative. Therefore

12
1—cos:v — =
sin x—

11



1+cos:1c
CoS 5 33— \| ———
/1—cosw
tan 1 5L = — —
1—|—c053:

Exercise 14

w‘s a‘w T
|||
|||
il

1. In the figure below, = and y are angles in the first and fourth quadrants respectively, with sinz = 12

5 17
and cosy = 13-

Determine, without using a calculator, the exact value of:

(a) cosx

(b) siny

(c) cosly — )
(d) sin(z +y)
(e) sin2zx

1) costy

2. You should know the exact value of cos45°. Use it and a half angle formula to determine the exact
value of cos22.5°.

3. x is an angle in the third quadrant with cosx = % Draw the angle then use a half angle formula to

determine the exact values of sin (%x) and cos (%:c)

4. If © is an angle in the first quadrant with sinxz = %, and y is an angle in the fourth quadrant with

cosy = %, determine the exact value of each expression:
(a) sin(z — y) (b) cos2x (c) tan(x + y) (d) taniy

5. If x is an angle in the first quadrant with sinx = 2, and y is an angle in the fourth quadrant with
cosy = ‘3 , determine the exact value of each expression:

(a) cos(z — y) (b) sin 2x (c) tan 2y
6. Verify the identity (sinx + cos x)2 =1+sin2z

5
7. You are given that x is an angle in the second quadrant and cosx = 13

12



(a) Draw the angle and calculate the exact values of sinx and tan .
(b) Now calculate the exact values of the following:
(a) sin 2z (b) cos2x (c) tan 2z (d) taniz

(¢) You have enough information to calculate sec2z. Calculate it.

4
8. You are given that y is an angle in the third quadrant and tany = —.

(a) Draw the angle and calculate the exact value of cosy and siny.

(b) Calculate the exact value, (no calculator), of the following:

(a) sin 3y (b) cos 3y (c) cos2y

¢) You have enough information to calculate the exact value of sec y. Calculate it.
g 2y

12
9. You are given that y is an angle in the third quadrant and tany = —

(a) Draw the angle and calculate the exact value of cosy and siny.
(b) Now calculate the exact value, (no calculator), of the following:
(i)  siniy
(ii)  cos §1y
(iii)  tan gy

You have enough information to calculate the exact value of csc %y Calculate 1it.
. . ) . 4
10. You are given that y is an angle in the third quadrant and tany = —.

a raw the angle and calculate the exact value of cosy and siny.
D h l d calcul h lue of d si
(b) Calculate the exact value, (no calculator), of the following:

(i)  sin %y

(i)  cos 21y

(iii)  tan gy

You have enough information to calculate the exact value of cot %y Calculate it.

11. If = is an angle in the first quadrant with sinx = %, and y is an angle in the fourth quadrant with
cosy = %, determine the exact value of each expression:

(a) sin(z—y) (b) cosiy (c)sin2z (d) tan(z+y)

13



