FIXED POINT ITERATION

The idea of the fixed point iteration methods is to first reformulate
a equation to an equivalent fixed point problem:

fx)=0 <= x=g(x)

and then to use the iteration: with an initial guess xg chosen,
compute a sequence

Xnt+1 = g(Xn)7 n>0
in the hope that x, — «a.

There are infinite many ways to introduce an equivalent fixed point
problem for a given equation; e.g., for any function G(t) with the
property

G(t)=0 <= t=0,

we can take g(x) = x + G(f(x)). The resulting iteration method
may or may not converge, though.



We begin with an example. Consider solving the two equations

y =1+ .5sin x

y=x

El: x=1+ 5sinx
E2: x=3+2sinx

y =3+ 2sin x




El: x=1+ .bsinx
E2: x=3+2sinx

The solutions are

El: o =1.49870113351785
E2: o = 3.09438341304928

We are going to use a numerical scheme called ‘fixed point
iteration’. It amounts to making an initial guess of xg and
substituting this into the right side of the equation. The resulting
value is denoted by xj; and then the process is repeated, this time
substituting x; into the right side. This is repeated until
convergence occurs or until the iteration is terminated.

El: Xxp41 =1+ .5sinx,
E2: xpp1 =3+ 2sinx,

forn=0,1,2,...
D
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We show the results of the first 10 iterations in the table. Clearly
convergence is occurring with E1, but not with E2. Why?



Fixed point iteration methods

In general, we are interested in solving the equation
x = g(x)
by means of fixed point iteration:
Xn+1 = &(Xn), n=20,1,2 ..

It is called ‘fixed point iteration’ because the root « of the
equation x — g(x) = 0 is a fixed point of the function g(x),
meaning that « is a number for which g(a) = a.

The Newton method

f(xn)
X+l = Xn = f/(Xn)

is also an example of fixed point iteration, for the equation

f(x)
f'(x)

X =X—



EXISTENCE THEOREM

We begin by asking whether the equation x = g(x) has a solution.
For this to occur, the graphs of y = x and y = g(x) must
intersect, as seen on the earlier graphs.

y =3+ 2sin x




Solution Existence

Lemma: Let g(x) be a continuous function on the interval [a, b],
and suppose it satisfies the property

a<x<b = a<g(x)<b (#)

Then the equation x = g(x) has at least one solution « in the
interval [a, b].

The proof of this is fairly intuitive. Look at the function
f(x) =x— g(x), a<x<b
Evaluating at the endpoints,
f(a) <0, f(b) >0

The function f(x) is continuous on [a, b], and therefore it contains
a zero in the interval.



Example 1. Consider the equation
x=140.5sinx.

Here
g(x) =1+0.5sinx.

Note that 0.5 < g(x) < 1.5 for any x € R. Also, g(x) is a
continuous function. Applying the existence lemma, we conclude
that the equation x = 1+ 0.5 sin x has a solution in [a, b] with
a<0.5and b>1.5.

Example 2. Similarly, the equation
x=3+2sinx

has a solution in [a, b] with a <1 and b > 5.



Assume g(x) and g’(x) exist and are continuous on the interval
[a, b]; and further, assume

a<x<b = a<g(x)<b

A= ! 1
Jmax [g'(x)] <
Then:
S1. The equation x = g(x) has a unique solution « in [a, b].

S2. For any initial guess xp in [a, b], the iteration
Xnt1 = &(xn), n=0,1,2,...
will converge to .

S3.

n

lae — xp| < A |x1 —xo|, n>0
“1-A ’ -
S4.
lim £ ()
n—o0o  a — Xp

Thus for xi close to al a—xi i ~~ i’ia“a—xil.



The following general result is useful in the proof. For any two
points w and z in [a, b],

g(w) —g(z) =g'(c)(w - 2)
for some unknown point ¢ between w and z. Therefore,
lg(w) —g(z)] < A|w — 2z (©)
forany a < w,z < b.

For S1, suppose there are two solutions o and :
a=g(a), B=g(h)

By (@),
la — 8] = |g(a) — g(B)] < Ao — B

implying | — B| = 0 since A < 1.



For S2, note that from (#), if xo is in [a, b], then x; = g(xo) is
also in [a, b]. Repeat the argument to show that every x, belongs
to [a, b].

Subtract x,+1 = g(xs) from a = g(a) to get

a = xni1 = g(@) — g(xn) = g'(cn) (@ = xn) (%)
| = Xpia] < A = x| *)

with ¢, between « and x,. From (*), we have that the error is
guaranteed to decrease by a factor of A with each iteration. This
leads to

la — xp] <A — x|, n>0 (%)

Convergence follows from the condition that A < 1.



For S3, use (*) for n =0,

la —xo| < |a—x1| 4+ |x1 — x0] < Ao — xo| + |x1 — %0

’CE—X0’ < ‘Xl—X0|

1=
Combine this with (%) to get the error bound.
For S4, use ($) to write

QO — Xp41
7n+zg’(c,,)

a — Xp

Since x, — o and ¢, is between « and x,, we have g'(c,) — g’(«).



The statement
@ — xpy1 =~ g'(a) (a0 — xp)

tells us that when near to the root «, the errors will decrease by a
constant factor of g’(«). If g’(«) is negative, then the errors will
oscillate between positive and negative, and the iterates will be
approaching from both sides. When g’(«) is positive, the iterates
will approach « from only one side.

The statements
a = xp1 = g'(cn) (@ — xn)
a— X1~ g (a)(a—xp)
also tell us a bit more of what happens when
‘g’(a)‘ >1

Then the errors will increase as we approach the root rather than
decrease in size.



Application of the theorem

Look at the earlier example. First consider
El: x=1+4 5sinx

Here
g(x) =1+ 5sinx

We can take [a, b] with any a < 0.5 and b > 1.5. Note that

g'(x) = .5cosx, |g/(X)} <

N

Therefore, we can apply the theorem and conclude that the fixed
point iteration
Xp+1 = 1+ .5sin x,

will converge for E1.



Application of the theorem (cont.)

Then we consider the second equation
E2: x=3+2sinx

Here
g(x) =3+ 2sinx

Note that

g(x) =3+ 2sinx, g'(x) = 2cosx
g'(@) = 2 cos (3.00438341304928) = —1.998

Therefore the fixed point iteration
Xp+1 = 3+ 25sin X,

will diverge for E2.



Localized version of the theorem

Often, the theorem is not easy to apply directly due to the need to
identify an interval [a, b] on which the conditions on g and g’ are
valid. So we turn to a localized version of the theorem.

Assume x = g(x) has a solution «, both g(x) and g’(x) are
continuous for all x in some interval about «, and

g'(e)] <1 (**)

Then for any sufficiently small number € > 0, the interval
[a, b] = [ — €, a + €] will satisfy the hypotheses of the theorem.

This means that if (**) is true, and if we choose xg sufficiently
close to «, then the fixed point iteration xp+1 = g(xp) will
converge and the earlier results S1-S4 will all hold. The result does
not tell us how close xp needs to be to « in order to have
convergence.



NEWTON'S METHOD

Newton's method
. f(xn)
Xn+1 = Xn f/(Xn)

is a fixed point iteration with

g(x) =x— :,((i))

Check its convergence by checking the condition (**).
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Therefore the Newton method will converge if xg is chosen
sufficiently close to a.



HIGHER ORDER METHODS

What happens when g’(a) = 0?7 We use Taylor's theorem to
answer this question.

Begin by writing
£() = 8(0) +8/(0) (x — ) + 28"(c) (x — o)’

with ¢ between x and «. Substitute x = x,, and recall that
g(xn) = xn41 and g(a) = a. Also assume g’(«r) = 0. Then

1
Xnii = -+ 38" (en) (i — )
1
O — Xpt1 = —ig”(cn) (a— Xn)2
with ¢, between « and x,. Thus if g’(a) = 0, the fixed point
iteration is quadratically convergent or better. In fact, if
g"(a) # 0, then the iteration is exactly quadratically convergent.



ANOTHER RAPID ITERATION

Newton's method is rapid, but requires use of the derivative f’(x).
Can we get by without this? The answer is yes! Consider the
method
f(xn+ f(xn)) — f(xn)

f(xn)

f(x,
Xn+1 = Xn — (D)

D, =

This is an approximation to Newton's method, with f'(x,) &~ D,.
To analyze its convergence, regard it as a fixed point iteration with
f f —f
Dy — Pt F00) = ()
f(x)

- [

Then we can show that g’(a) = 0 and g”(«) # 0. So this new
iteration is quadratically convergent.



FIXED POINT ITERATION: ERROR

Recall the result

for the iteration

Xp = &(Xp-1), n=1,2,..

Thus

a—xn & A(o— Xp_1) (***)
with A = g’(«) and |\| < 1.
If we were to know A, then we could solve (***) for a:

Xp — AXp—1

1-2A

o~



Usually, we write this as a modification of the currently computed
iterate x;,:
Xn — AXp—1
1—A
Xp — AXp  AXp — AXp—1
1-X + 1-X

o

=Xp+  ——~ (Xn - Xn—l)

1—-A
The formula

Xp + Xn — anl)

1—A (
is said to be an extrapolation of the numbers x,_1 and x,. But
what is \?

From

. a — Xp ;

lim g (o)

n—00 (v — Xp—_1
we have

a— Xp
A\~
@ — Xp—1



Unfortunately this also involves the unknown root o which we
seek; and we must find some other way of estimating .
To calculate A consider the ratio

To see this is approximately A as x, approaches «, write

Xn—Xn-1 _ 8(Xn-1) — 8(n-2) _ g'(cn)

Xn—1 — Xp—2 B Xn—1 — Xp—2
with ¢, between x,_1 and x,_». As the iterates approach «, the
number ¢, must also approach «. Thus A, approaches X as
Xp — Q.



Combine these results to obtain the estimation

n Xn — Xn—1

1—- X\,

)?n = Xp+ (Xn - Xn—l) s Ap =

Xp—1 — Xp—-2
We call x,, the Aitken extrapolate of {xp_2,Xxn—1,Xs}; and & = X,,.

We can also rewrite this as

— An
1=,

O — Xp & Xy — Xp (Xn — Xn—1)

This is called Aitken’s error estimation formula.

The accuracy of these procedures is tied directly to the accuracy of
the formulas

a—xp Ao —xp-1), a— Xp—1 =~ X — xp—2)

If this is accurate, then so are the above extrapolation and error
estimation formulas.



EXAMPLE

Consider the iteration
Xp+1 = 6.28 + sin(xp), n=20,1,2,...

for solving
X = 6.28 + sin x

Iterates are shown on the accompanying sheet, including
calculations of A, the error estimate

J— An
1=,

O — Xp & Xp — Xp (Xn — Xn—1) (Estimate)

The latter is called “Estimate” in the table. In this instance,
g'(a) = .9644

and therefore the convergence is very slow. This is apparent in the
table.



n Xn Xp — Xn—1 An o — Xp Estimate
0 6.0000000 1.55E — 2

1 6.0005845 5.845E —4 1.49E — 2

2 6.0011458 5.613E—4 .9603 1.44E—2 1.36E —2
3 6.0016848 5.390E —4 .9604 1.38E—2 1.31E—2
4 6.0022026 5.178E—4 9606 1.33E—2 1.26E —2
5 6.0027001 4.974E -4 9607 1.28E—2 1.22E—2
6 6.0031780 4.780E—-4 9609 1.23E—2 1.17E -2
7 6.0036374 4.593E—-4 9610 1.18E—2 1.13E-—2




AITKEN'S ALGORITHM

Step 1: Select xg
Step 2: Calculate

x1 = g(x), x=g(x)
Step3: Calculate

X2 — X1

(2 —x1), Ao =

X3 = Xo +
1-—X X1 — Xo

Step 4: Calculate

xs = g(x3), x5 =g(xa)

and calculate xg as the extrapolate of {x3, x4, x5}. Continue this
procedure, ad infinatum.

Of course in practice we will have some kind of error test to stop
this procedure when believe we have sufficient accuracy.



EXAMPLE

Consider again the iteration
Xn+1 = 6.28 + sin(x,), n=0,1,2,...

for solving
X = 6.28 + sin x

Now we use the Aitken method, and the results are shown in the
accompanying table. With this we have

a—x3=798x107% a—xs=227x107°
In comparison, the original iteration had

a—x=123x1072



GENERAL COMMENTS

Aitken extrapolation can greatly accelerate the convergence of a
linearly convergent iteration

Xnt1 = &(Xn)

This shows the power of understanding the behaviour of the error
in a numerical process. From that understanding, we can often
improve the accuracy, thru extrapolation or some other procedure.

This is a justification for using mathematical analysis to
understand numerical methods. We will see this repeated at later
points in the course, and it holds with many different types of
problems and numerical methods for their solution.



