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What is transformation?

e Moving points
e (X,y) moves to (x+t, y+t)

e Can be in any dimension
- 2D - Image warps
- 3D - 3D Graphics and Vision

e Can also be considered as a
movement to the coordinate axes



Y

Homogeneous Coordinates

Note: (2x/y, 2),

(BX/Ya3)> and (X/Y91) 0 Q (2X,2Y)
represent the same
1D point P’ Any point on the same
vector has the same
homogeneous
coordinates

1D points on the line is
represented by 2D array,

called homogeneous
coordinates



Generalize to Higher

Dimensions
2D points
represented by
P (xy,2) homogeneous
coordinates

Similarly, 3D points are
P’ 1 ’
(X/ %Y/ 1) represented by

homogeneous

B coordinates
If (x,y,z,w) is the homogeneous
coordinate of a 3D point, where w % 1,
then the 3D point is given by
(X/wW,y/wW,z/w,1)



Practically

e [XYyzw], w1l
e Then, [x/w, y/w, z/w, 1]
e Try to put it the w=1 hyperplane
e Why?

— Can represent pts at infinity

- 2D — [o0, co]

- 3D homogeneous - [2, 3, O]

e Point at infinity in the direction of [2, 3]

— Distinguish between points and vectors
o[2,3,1]vs[2, 3, 0]



Linear Transformation

L(ap+bq) = aL(p) + bL(q)
Lines/planes transform to lines/planes

If transformation of vertices are known, transformation
of linear combination of vertices can be achieved

p and g are points or vectors in (n+1)x1 homogeneous
coordinates

- For 2D, 3x1 homogeneous coordinates
- For 3D, 4x1 homogeneous coordinates
L is a (n+1)x(n+1) square matrix

— For 2D, 3x3 matrix

— For 3D, 4x4 matrix



Linear Transformations

e Euclidian
- Length and angles are preserved

e Affine

— Ratios of lengths and angles are
preserved

e Projective

— Can move points at infinity in range and
finite points to infinity



Euclidian Transformations

e | engths and angles are preserved
—Translation
— Rotation



2D Translation
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e Line between two points is
transformed to a line between the
transformed points
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Z
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X =X+t
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3D Translation
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Denoted by T(t,, t,, t)




Inverse Translation

P=T1P
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Tt = T(-t,, -t, -t,)



2D Rotation

X=pCOos P { (x,y)
yopsne (x,y)
X"=pcos (0 + @) 0

y' = psin (6 + @) 5 P

X" = p cosB cos®p - p sinB singp = x cosb - y sinB
y' = p sinB cos® + p cosO sing = x sinB + y cosO

X e R =| cos® -sin® 0
v |~ i y sind  cos® O
i . 0 0 1




image Rotation

angle Drirection

& |0 deqrees

(*) Clockwize

90 degrees
O g () Anti-clockwise

() 180 degrees

] Cancel




Rotation in 3D about z axis

X" = X cosB - y sinB P’=R,P

y' = X sinB + y cos6 cosd —sind 0 o0
> = 2 R = sinO cosO O O
0 O 1 0
"0 o 0 T 0 O O 1

R = |O cosO —sinO o Denoted by R(6)

O sin® cosO o R = R(-0) = RT(6)
O O O 11 WhereR=R,orR orR,




Affine Transformations

e Ratio of lengths and angles are
preserved
— Scale
e L engths are not preserved

- Shear
e Angles are not preserved
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Scaling

P’ = SP

s, O O

S — O s, O
O O s

O 0O O

Denoted by S(s,, Sy» S,)

St =S(1/sy, 1/sy, 1/8,)



Shear

e Translation of one coordinate of a point is
proportional to the ‘value’ of the other
coordinate of the same point.

—-Point : (X,y)
—After ‘y-shear’: (x+ay,y)
—After ‘x-shear’: (Xx,y+bx)

e Changes the shape of the object.

A
ﬁ ;




Using matrix for Shear

e Example: Z-shear (Z coordinate does
not change)

1 0 a O X X+az X
0 1 b O |y| _ |Yytbz| |y
O 0 1 0 Z z Z
‘0 0 0 1] |1 I 1




General Affine
Transformation

e The last row is fixed

e Has 12 degrees of A =
freedom

e Does not change
degrees of polynomial

e Parallel and intersecting
lines/planes to the same

all
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Fixed Points and Lines

e Some points and lines can be fixed
under a transformation

e Scaling — Point
- Origin

e Rotation - Line
— Axis of rotation



Scaling About a point

Y
(0,4) (4,4)
Y,
(0,2) (2,2)
(0,0) (2,00 X (0,0) a0 X

Origin is fixed with transformation -> Scaling about origin



Concatenation of
Transformations

e How do we use multiple
transformation?

o Apply F

— Get to a known situation
e Apply the required L
e Apply F-1



Scaling About a point

Y4
(0,2) (2,2)
o(1,1]
(0,0) 2,00 X

('1 !3)

('1 "1)

o(1,1)

(3,3)

(3"1)

Scaling about center -> Center is fixed with transformation



Done by concatenation

Yy Y,
(0,2) (2,2)
o(1,1) (-1,1) (1,1)
(0,0) 2,00 X o(1,1 - %
(-1,-1) (1,-1)

Translate so that center coincides with origin - T(-1,-1).



Done by concatenation

Y. Y
o(1,1)
(0,0) 2.0)” X o(1,1) > X
(-2,-2) (2,-2)

Scale the points about the center — S(2,2)



Done by concatenation

Yy (-1,3)
(0,2) (2,2)
o(1,1]
(0,0) 2,00 X

('1 "1)

Y1

(3,3)

o(1,1)

X

(3"1)

Translate it back by reverse parameters — T(1,1)

Total Transformation: T(1,1) S(2,2) T(-1,-1) P



Rotation about a fixed point

e z-axis rotation of 6 about its center P;

e Translate by —P; : T(-Ps)

e Rotate about z-axis : R,(0)

e Translate back by P;: T(P; )

e Total Transformation M = T(P: )R,(6)T(-Ps )



Rotation About an Arbitrary
AXIS
e AXis given by two Py

points

- P, (starting point)
and P, (ending point)
N Pl (Xll Yis 21) and I:)2 o P1
(X2, YZI 22)
e Anticlockwise angle

of rotation is 6

e Rotate all points to
around P,P, by 6

Z



Rotation about an Arbitrary

AXIS
e Make P,P, coincide with . P2
Z-axis X
- Translate P, to origin:
T(_Xll'Y1r'Zl)
e Coincides one point J P1
of the axis with
origin




Rotation about an Arbitrary
AXIS

e Make PP, coincide with
Z-axis

- Translate P, to origin:

T('Xll'Y1I_Zl) °

e Coincides one point

of the axis with
origin

— Rotate shifted axis
to coincide with Z

axis 7



Rotation about an Arbitrary
AXIS

e Make PP, coincide with
Z-axis

- Translate P, to origin:

T('Xll'Y1I_Zl) °

e Coincides one point

of the axis with
origin

— Rotate shifted axis
to coincide with Z
axis 7

e R,: Rotate about X
to lie on XZ plane



Rotation about an Arbitrary
AXIS

e Make PP, coincide with
Z-axis
- Translate P, to origin:
T(_XII-YII-ZI)
e Coincides one point

of the axis with
origin

axis
e R,: Rotate about X%
to lie on XZ plane

e R,: Rotate about Y
to lie on Z axis

— Rotate shifted axis
to coincide with Z /i
P2



Rotation about an Arbitrary
AXIS

e Make PP, coincide with
Z-axis
- Translate P, to origin:
T(_XII-YII-ZI)
e Coincides one point

of the axis with
origin

— Rotate shifted axis
to coincide with Z /
axis P2

e R,: Rotate about X%
to lie on XZ plane

e R,: Rotate about Y
to lie on Z axis



Rotation about an Arbitrary Axis

e Make the axis P,P, coincide with the Z-axis

— Translation to move P, to the origin: T(-Xy,-Y1,-Z4)
e Coincides one point of the axis with origin

— Rotation to coincide the shifted axis with Z axis

e R;: Rotation around X such that the axis lies on the XZ
plane.

e R,: Rotation around Y such that the axis coincides with the
Z axis

e R,: Rotate the scene around the Z axis by an
angle 6

e Inverse transformations of R,, R, and T, to
bring back the axis to the original position

eM=T!R, IR, TR, R, R, T



Translation

e After translation

s P, AxisV=P,— P,
/O /
S Py, - (X1_X2>Y1_Y2az1_Z2)

u=V_ =(ab,c)




Rotation about X axis

e Rotate u about X so that it coincides with
XZ plane

a is the

, b, ¢)
u=(a,b,c)

X _

Project u on YZ plane : v’ (0, b, ¢)

angle made by u’ with Z axis
Cos a = ¢/vVb?+c2=c/d

Sin a =b/d

1 0 0 O
O c/d -b/d O
O b/d cd O

0O O 0 1




Rotation about Y axis

e Rotate u” about Y so that it coincides with

Z axis
Y
t Cos B = d/Vaz+dz=d/vVaz+b>+c2= d
Sin = a
/9§ . d 0 -a O
g =(@0,d) _lo 1 o o
Z Rz_
a o0 d O
_O 0 0 1 _




Rotation about Z axis
e Rotate by 6 about Z axis

cosb
sin®
0
0

~sin@ 0 0
cosO 0 O
0 10
0 01




Rotation about Arbitrary Axis
M =T"R; 7R R;3(0) Ry(B) Ry(a) T

= T RIRTTR(6) Ry(B) Ry(a) T

= T Ry(-a) Ry(-B) R,(8) Ry(B) Ry(a) T



Coordinate Systems

e Represent a point as a linear combination of
three vectors and the origin
e Linearly independent vectors — basis
— Orthogonal vectors are linearly independent

V A
: w W=V, + 0,V, + 0.V, + R

:;' a I:V1 v, V, R:I
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e Represent a point as a linear combination of

Coordinate Systems

three vectors and the origin
e Linearly independent vectors — basis
— Orthogonal vectors are linearly independent

4

A

v
: w W=V, + 0,V, + 0.V, + R
1
f 1000|][a] =w
| a,
| 01 00| |a,
~__ : \Y
| o o 10| |aq
o T :J' ag
= = 0001 L1 |




Change of Coordinates

e First coordinate - v4, v,, V5, R
e Second coordinate - uy, u,, us, R,

'u
=

N
[
Q)

w

=oQ Q



Change of Coordinates

e First coordinate - v4, v,, V5, R
e Second coordinate - uy, u,, us, R,

v, V.
u, o5
7 U,
U, =Y,V + Y Vo Y5V,
R, Uy = YoV; T YaaVs T Yq0Vs
R, ViU, =VYaV; + YauVo + YaaVs

R, = Yi4V1 T YouVo T YgVg T R,



Change of Coordinates

U = YuVa + YouVa ¥ V31V
112 — Y12V1 + y22V2 + Y32V3

R, =Y Vi + VouVo + V5, Vs + Ry

Vi Vi Yi3 Yiu -
|:111 u, u, R;I :I:Vl Vy, Vg R;IM M Yo1 Yoo Yoz You
Y31 Y32 Y33 Yau

O O o0 1




Change of Coordinates

IfR =R,

then y,, =V, =Yy, =0

Yi Yi2 Yig O |
Yo1 Yoo Yo3 O

Y31 Y32 Y33 O
O O 0 1




Change of Coordinates

P=|:u1 u, u, R,|C,
V. Vv, vV, R[MC,

=|v, Vv, v; R |C,

Hence, C,= MC,



What is this matrix?

e YOUu need translate
— Coincide origins

e YOou need to rotate
— To make the axis match

e This is a rotation and _ :
. Yi Yiz Yiz Yig
translation Vo Yar Voo v

tenated M= vy

Concd Yai Vao Vas Ya

O O O 1




What is this concatenation?

=[R|RT]




How to simplify rotation
about arbitrary axis?

e Translation goes in the last column

e The rotation matrix defined by
finding a new coordinate with the
arbitrary axis as a X, Y or Z axis



How to find coordinate axes?

IN=UxV




Faster Way

e Faster way to find R,R;
—u,, u,, u, are unit vectors in the X, Y, Z

Set up a coordinate system Where u=u,

dgnj_ectlon
u=u,
u,Y >
v, X
Z
R1-1R2-1 — R

=
[l

R,R

b

u,

9

Uy

b
u, =

=1

|ul

= uxu,

[uxu

uw,xu,

- 11,x1 u,xz u,xg O-
Wy Wy, Wy O
1]‘,z1 u,z2 u,zg O
O O O 1




Properties of Concatenation

e Not commutative

YA

YA




Properties of Concatenation

e Associative

e Does not matter how to multiply

e ((AB)C)P = (A(BQC))P

e \What is the interpretation of these two?

e Till now we were doing (A(BC))P
— Right to left
— Transforming points
— Coordinate axes same across A, B and C
— GLOBAL COORDINATES



Properties of Concatenation

e What is the geometric interpretation
of (AB)C
— Left to right
- Transforms the axes (not the points)
- LOCAL COORDINATES

e Results are the same as long as the
matrix is (ABC)



Local/Global Coordinate

Systems
GCS: Right to Left: “point is first translated and then rotated”
Y A Y A Y A
LA, )
4% +
°
Y Y » + Y ‘5_/ s“\/
(:O' ¢
> A O%A\
% f
= x%/’*\ X X
L

LCS: Left to Right: “coordinate first rotated and then translated”



Local / Global Coordinate

Systems
GCS: Right to Left: “point is first scaled and then rotated”
YA YA YA
Y N\
> > X > X
YA YA YA

RN ND N
| =xv " X > " X

LCS: Left to Right: “coordinate first rotated and then scaled”




Projective Transformation

e Most general form of linear
transformation

e Note that we are interested in points
such that w'=1

e Takes finite points to infinity and vice
versa

z’ M1 Mr Mz Mg | =
E.I"’ _ | B Mz Maw Mea | | B
Z || Bn P P P z
L o _ L 11 Mz Pz i m




e Take a circle in (x,y) — x2+y2=1
— Show that it goes to parabola
e Take two parallel lines
- Show that they go to intersecting lines
e Intersection lines can become parallel

e Degree of the polynomials are preserved
- Since linear



Images are two-dimensional patterns of brightness values.

> Navy Manual of Basic Optics and Optical Instruments, prepared by Bureau of
el. Reprinted by Dover Publications, Inc., 1969.

They are formed by the projection of 3D objects.



Distant objects appear
smaller




Parallel lines meet

e vanishing point

\ \<




Vanishing points

VPR

To different directions M
correspond different vanishing points %/



