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EVERYTHING MATHS

Mathematics is commonly thought of as being about numbers but mathematics is actually a
language! Mathematics is the language that nature speaks to us in. As we learn to understand
and speak this language, we can discover many of nature’s secrets. Just as understanding
someone’s language is necessary to learn more about them, mathematics is required to learn
about all aspects of the world — whether it is physical sciences, life sciences or even finance

and economics.

The great writers and poets of the world have the ability to draw on words and put them to-
gether in ways that can tell beautiful or inspiring stories. In a similar way, one can draw on
mathematics to explain and create new things. Many of the modern technologies that have
enriched our lives are greatly dependent on mathematics. DVDs, Google searches, bank cards
with PIN numbers are just some examples. And just as words were not created specifically to
tell a story but their existence enabled stories to be told, so the mathematics used to create
these technologies was not developed for its own sake, but was available to be drawn on when
the time for its application was right.

Thereis in fact not an area of life that is not affected by mathematics. Many of the most sought
after careers depend on the use of mathematics. Civil engineers use mathematics to deter-
mine how to best design new structures; economists use mathematics to describe and predict
how the economy will react to certain changes; investors use mathematics to price certain
types of shares or calculate how risky particular investments are; software developers use
mathematics for many of the algorithms (such as Google searches and data security) that

make programmes useful.

But, even in our daily lives mathematics is everywhere — in our use of distance, time and mon-
ey. Mathematics is even present in art, design and music as it informs proportions and musical
tones. The greater our ability to understand mathematics, the greater our ability to appreciate
beauty and everything in nature. Far from being just a cold and abstract discipline, mathe-
matics embodies logic, symmetry, harmony and technological progress. More than any other

£

language, mathematics is everywhere and universal in its application.

®
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DIGITAL TEXTBOOKS

READ ONLINE

Watch this textbook come alive on the web. In addition to all the content in this printed copy,
the online version is also full of videos, presentations and simulations to give you a more

comprehensive learning experience.

www.everythingmaths.co.za

(@ www.everythingmaths.co.za @ www.everythingmaths.co.za

MATHS & SCIENCE MATHS & SCIENCE SIYA%ULA

Youarehere: o Grad 10 Physa ciences » States of mater and the inetic moecula theory

Es 1 States of matter

Ifth
can

allita surd. For example, v'2 and v/6 are surds, but /4 is not a surd because it In this chapter Pl states of matter and then look at , liquid and gas. We.
as well as other properties of mater.

Inthe wen for example, +/7 or /5. It fornto be 2, so we usually
donotwrte /a. Instead we wite the surd as just @

usefulto use a calculator. For example, we want to be able to estimate where a
surd ike v3 is on the number line. From a calculator we know that v/3 is equal to 1,73205.... Itis easy to see that v3 is above 1 and below 2. But to
seethis for other surds like /T8 leulator, you o

Identity 1

Ifaand b are positive whole numbers, and a < b, then 4@ < /b

Chapter intoduction

A perfect square is the number obtained when an integer is squared. For example, 9is a perfect square since 37 = 9.

Similarly, a perfect cube is a number which is the cube of an integer. For example, 27 is a perfect cube, because 3° = 27. Allmatter is made up of particles. We can see this when we look at diffusion.

CHECK YOUR ANSWERS ONLINE OR ON YOUR PHONE

Want the answers? View the fully worked solutions to any question in this textbook by
entering its shortcode (4 digit combination of letters and numbers) into the search box on
the web or mobi sites.

www.everythingmaths.co.za or m.everythingmaths.co.za

Example 2: Estimating surds

Question

Find the two consecutive integers such that 1/49 lies between them.

Show me this worked solution

Exercise 1:
Problem 1:
Determine between which two consecutive integers the following numbers lie, without using a calculator:

1.

$5%3

Practise more questions like this
é\(“‘\
\
“‘\)
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If you have a smart phone or tablet, each page
of our website will adapt its visual layout to
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using (specifically the size, shape and quality
of its screen). Access an easy to read version
of your textbook whilst you're on the move -
anytime, anywhere.

www.everythingmaths.co.za

MOBI SITE

Don't stress if you haven’t got a smart phone.
You can access this whole textbook on your
feature phone too. You'll be redirected
automatically to the mobi site, or you can visit

it at: m.everythingmaths.co.za

DOWNLOAD FOR TABLETS

You can also download a digital PDF copy of
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PRACTISE FOR TESTS & EXAMS ONLINE & ON YOUR PHONE

Todowellintests and examsyou need practice,
but knowing where to start and getting past
exams papers can be difficult.

Intelligent Practice is an online Maths and
Science practice service that allows you to
practise questions at an appropriate level of
difficulty for you and get your answers checked

instantly!

Practise questions like these by signing up on  Effect of mass on gravitational force

The International Space Station (ISS) has a mass M, as it orbits the Earth, it experiences a

everyth’ngmaths' Co' Za gravitational force of F. A space shutile docks onto the ISS. The gravitational force the 1SS
experiences once the mass of the shuttle is added increases by a factor of 3.
By what factor does the mass of the ISS increase for it to experience this increase of gravitational
force? Write your answer as a fraction of the original mass Miss of the 18s.
Angles in quadrilaterals

The diagram below represents quadrilateral ABCD with extended line CE. Quadrilateral ABCD is a polygon with
four sides and four angles. The sum of the interior angles in a quadrilateral = 360 ° . Angles on a straight line

like CE =180 ° . / \
63 | i

Answer: Miss (2 points]

l Help! How should I type my answer? l

YOUR DASHBOARD Table of Contents

Glick on a chapter or section below to start practising. You can also select multiple sections and click the Start a new
session button.

Your individualised dashboard on Intelligent Chapters Points Mastery ©

Skills for science a 60/96 BT ] wxx
Practice helps you keep track of your work. Classifcation of matter 0 mu [ ) kkx
Your can check your progress and mastery j:mamdmmmwmm oo g
for every topic in the book and use it to help T peee e e
you to manage your studies and target your e pie —
weaknesses. You can also use your dashboard S e e O
to show your teachers, parents, universities ﬁ::::fe"j‘";“:‘::;‘:mmm' o _—
or bursary institutions what you have done :“Z“Z“h”m;”""’"“g SR S
during the year )
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0 Mathematics - Teachers guide

0.1 Blog posts

General blogs

¢ Educator’s Monthly - Education News and Resources (http://www.teachersmonthly.com)

— “We eat, breathe and live education! “

— “Perhaps the most remarkable yet overlooked aspect of the South African teaching community is its enthusiastic,
passionate spirit. Every day, thousands of talented, hard-working educators gain new insight from their work
and come up with brilliant, inventive and exciting ideas. Educator’s Monthly aims to bring educators closer and
help them share knowledge and resources.

— Our aim is twofold ...
* To keep South African educators updated and informed.
* To give educators the opportunity to express their views and cultivate their interests.”

¢ Head Thoughts — Personal Reflections of a School Headmaster (http://headthoughts.co.za/)

— blog by Arthur Preston

— “Arthur is currently the headmaster of a growing independent school in Worcester, in the Western Cape province
of South Africa. His approach to primary education is progressive and is leading the school through an era of
new development and change.”

Maths blog

¢ CEO: Circumspect Education Officer - Educating The Future

— blog by Robyn Clark
— “Mathematics teacher and inspirer.”
— http://clarkformaths.tumblr.com/

¢ dy/dan - Be less helpful

— blog by Dan Meyer

— “I'm Dan Meyer. | taught high school math between 2004 and 2010 and | am currently studying at Stanford
University on a doctoral fellowship. My specific interests include curriculum design (answering the question,
"how we design the ideal learning experience for students?”) and teacher education (answering the questions,
"how do teachers learn?” and "how do we retain more teachers?” and "how do we teach teachers to teach?”).”

- http://blog.mrmeyer.com

¢ Without Geometry, Life is Pointless - Musings on Math, Education, Teaching, and Research
- blog by Avery
— “I've been teaching some permutation (or is that combination?) of math and science to third through twelfth

graders in private and public schools for 11 years. I'm also pursuing my EdD in education and will be both
teaching and conducting research in my classroom this year.”

— http://mathteacherorstudent.blogspot.com/

¢ Overthinking my teaching - The Mathematics | Encounter in Classrooms

— blog by Christopher Danielson

— “I think a lot about my math teaching. Perhaps too much. This is my outlet. | hope you find it interesting and
that you'll let me know how it’s going.”

— http://christopherdanielson.wordpress.com

¢ A Recursive Process - Math Teacher Seeking Patterns
— blog by Dan

— “lI'am a High School math teacher in upstate NY. | currently teach Geometry, Computer Programming (Alice and
Java), and two half year courses: Applied and Consumer Math. This year brings a new 21st century classroom
(still not entirely sure what that entails) and a change over to standards based grades.”
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— http://dandersod.wordpress.com

¢ Think Thank Thunk — Dealing with the Fear of Being a Boring Teacher

— blog by Shawn Cornally

— “I am Mr. Cornally. | desperately want to be a good teacher. | teach Physics, Calculus, Programming, Geology,
and Bioethics. Warning: | have problem with using colons. | proof read, albeit poorly.”

— http://101studiostreet.com/wordpress/

0.2 Overview

Before 1994 there existed a number of education departments and subsequent curriculum according to the segregation that
was so evident during the apartheid years. As a result, the curriculum itself became one of the political icons of freedom or
suppression. Since then the government and political leaders have sought to try and develop one curriculum that is aligned
with our national agenda of democratic freedom and equality for all, in fore-grounding the knowledge, skills and values
our country believes our learners need to acquire and apply, in order to participate meaningfully in society as citizens of a
free country. The National Curriculum Statement (NCS) of Grades R — 12 (DBE, 2012) therefore serves the purposes of:

¢ equipping learners, irrespective of their socio-economic background, race, gender, physical ability or intellectual
ability, with the knowledge, skills and values necessary for self-fulfilment, and meaningful participation in society as
citizens of a free country;

¢ providing access to higher education;
e facilitating the transition of learners from education institutions to the workplace; and
« providing employers with a sufficient profile of a learner’s competencies.

Although elevated to the status of political icon, the curriculum remains a tool that requires the skill of an educator in
interpreting and operationalising this tool within the classroom. The curriculum itself cannot accomplish the purposes
outlined above without the community of curriculum specialists, material developers, educators and assessors contributing
to and supporting the process, of the intended curriculum becoming the implemented curriculum. A curriculum can
succeed or fail, depending on its implementation, despite its intended principles or potential on paper. It is therefore
important that stakeholders of the curriculum are familiar with and aligned to the following principles that the NCS (CAPS)

is based on:

Principle Implementation

Social Transformation Redressing imbalances of the past. Providing equal opportunities for all.

Active and Critical Learning Encouraging an active and critical approach to learning. Avoiding exces-
sive rote and uncritical learning of given truths.

High Knowledge and Skills Learners achieve minimum standards of knowledge and skills specified for
each grade in each subject.

Progression Content and context shows progression from simple to complex.

Social and Environmental Justice and Hu- | These practices as defined in the Constitution are infused into the teaching

man Rights and learning of each of the subjects.

Valuing Indigenous Knowledge Systems Acknowledging the rich history and heritage of this country.

Credibility, Quality and Efficiency Providing an education that is globally comparable in quality.

This guide is intended to add value and insight to the existing National Curriculum for Grade 10 Mathematics, in line with
its purposes and principles. It is hoped that this will assist you as the educator in optimising the implementation of the
intended curriculum.

Curriculum requirements and objectives

The main objectives of the curriculum relate to the learners that emerge from our educational system. While educators are
the most important stakeholders in the implementation of the intended curriculum, the quality of learner coming through
this curriculum will be evidence of the actual attained curriculum from what was intended and then implemented.

These purposes and principles aim to produce learners that are able to:

¢ identify and solve problems and make decisions using critical and creative thinking;

¢ work effectively as individuals and with others as members of a team;

 organise and manage themselves and their activities responsibly and effectively;

¢ collect, analyse, organise and critically evaluate information;

¢ communicate effectively using visual, symbolic and/or language skills in various modes;

Chapter 0. Mathematics - Teachers guide




¢ use science and technology effectively and critically showing responsibility towards the environment and the health
of others; and

¢ demonstrate an understanding of the world as a set of related systems by recognising that problem solving contexts
do not exist in isolation.

The above points can be summarised as an independent learner who can think critically and analytically, while also being
able to work effectively with members of a team and identify and solve problems through effective decision making. This is
also the outcome of what educational research terms the “reformed” approach rather than the “traditional” approach many
educators are more accustomed to. Traditional practices have their role and cannot be totally abandoned in favour of only
reform practices. However, in order to produce more independent and mathematical thinkers, the reform ideology needs
to be more embraced by educators within their instructional behaviour. Here is a table that can guide you to identify your
dominant instructional practice and try to assist you in adjusting it (if necessary) to be more balanced and in line with the
reform approach being suggested by the NCS (CAPS).

Traditional Versus Reform Practices

Values Traditional — values content, correctness of learners’ responses and mathematical
validity of methods.

Reform — values finding patterns, making connections, communicating mathematically
and problem-solving.

Teaching Methods Traditional — expository, transmission, lots of drill and practice, step by step mastery
of algorithms.

Reform — hands-on guided discovery methods, exploration, modelling. High level
reasoning processes are central.

Grouping Learners Traditional — dominantly same grouping approaches.

Reform — dominantly mixed grouping and abilities.

The subject of mathematics, by the nature of the discipline, provides ample opportunities to meet the reformed objectives.
In doing so, the definition of mathematics needs to be understood and embraced by educators involved in the teaching
and the learning of the subject. In research it has been well documented that, as educators, our conceptions of what
mathematics is, has an influence on our approach to the teaching and learning of the subject.

Three possible views of mathematics can be presented. The instrumentalist view of mathematics assumes the stance that
mathematics is an accumulation of facts, rules and skills that need to be used as a means to an end, without there nec-
essarily being any relation between these components. The Platonist view of mathematics sees the subject as a static but
unified body of certain knowledge, in which mathematics is discovered rather than created. The problem solving view
of mathematics is a dynamic, continually expanding and evolving field of human creation and invention that is in itself a
cultural product. Thus mathematics is viewed as a process of enquiry, not a finished product. The results remain constantly
open to revision. It is suggested that a hierarchical order exists within these three views, placing the instrumentalist view
at the lowest level and the problem solving view at the highest.

According to the NCS (CAPS):

Mathematics is the study of quantity, structure, space and change. Mathematicians seek out patterns, formulate new con-
jectures, and establish axiomatic systems by rigorous deduction from appropriately chosen axioms and definitions. Mathe-
matics is a distinctly human activity practised by all cultures, for thousands of years. Mathematical problem solving enables
us to understand the world (physical, social and economic) around us, and, most of all, to teach us to think creatively.

This corresponds well to the problem solving view of mathematics and may challenge some of our instrumentalist or
Platonistic views of mathematics as a static body of knowledge of accumulated facts, rules and skills to be learnt and
applied. The NCS (CAPS) is trying to discourage such an approach and encourage mathematics educators to dynamically
and creatively involve their learners as mathematicians engaged in a process of study, understanding, reasoning, problem
solving and communicating mathematically.

Below is a check list that can guide you in actively designing your lessons in an attempt to embrace the definition of
mathematics from the NCS (CAPS) and move towards a problem solving conception of the subject. Adopting such an
approach to the teaching and learning of mathematics will in turn contribute to the intended curriculum being properly
implemented and attained through the quality of learners coming out of the education system.
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Practice

Example

Learners engage in solving contextual problems related
to their lives that require them to interpret a problem
and then find a suitable mathematical solution.

Learners are asked to work out which bus service is the
cheapest given the fares they charge and the distance
they want to travel.

Learners engage in solving problems of a purely mathe-
matical nature, which require higher order thinking and
application of knowledge (non-routine problems).

Learners are required to draw a graph; they have not
yet been given a specific technique on how to draw (for
example a parabola), but have learnt to use the table
method to draw straight-line graphs.

Learners are given opportunities to negotiate meaning.

Learners discuss their understanding of concepts and
strategies for solving problems with each other and the
educator.

Learners are shown and required to represent situations
in various but equivalent ways (mathematical mod-
elling).

Learners represent data using a graph, a table and a for-
mula to represent the same data.

Learners individually do mathematical investigations in
class, guided by the educator where necessary.

Each learner is given a paper containing the mathemat-
ical problem (for instance to find the number of prime
numbers less than 50) that needs to be investigated and
the solution needs to be written up. Learners work in-
dependently.

Learners work together as a group/team to investigate or
solve a mathematical problem.

A group is given the task of working together to solve
a problem that requires them investigating patterns and
working through data to make conjectures and find a
formula for the pattern.

Learners do drill and practice exercises to consolidate
the learning of concepts and to master various skills.

Completing an exercise requiring routine procedures.

Learners are given opportunities to see the interrelated-
ness of the mathematics and to see how the different
outcomes are related and connected.

While learners work through geometry problems, they
are encouraged to make use of algebra.

Learners are required to pose problems for their educa-
tor and peer learners.

Learners are asked to make up an algebraic word prob-
lem (for which they also know the solution) for the per-
son sitting next to them to solve.

Overview of topics

Summary of topics and their relevance:

1. Functions - linear, quadratic, exponential, rational

Relevance

Work with relationships between variables in terms of numerical, graphi-
cal, verbal and symbolic representations of functions and convert flexibly
between these representations (tables, graphs, words and formulae). In-
clude linear and some quadratic polynomial functions, exponential func-
tions, some rational functions and trigonometric functions.

Generate as many graphs as necessary, initially by means of point-to-point
plotting, supported by available technology, to make and test conjectures
and hence generalise the effect of the parameter which results in a vertical
shift and that which results in a vertical stretch and/or reflection about the
z-axis.

Problem solving and graph work involving the prescribed functions.

Functions form a core part of learn-
ers’ mathematical understanding and
reasoning processes in algebra. This
is also an excellent opportunity for
contextual mathematical modelling
questions.

2. Number Patterns, Sequences and Series

Relevance

Investigate number patterns leading to those where there is a constant
difference between consecutive terms, and the general term is therefore
linear.

Much of mathematics revolves
around the identification of patterns.

3. Finance, Growth and Decay

Relevance

Use simple and compound growth formulae A = P(1 +in) and A =
P(1 + i)™to solve problems (including interest, hire purchase, inflation,
population growth and other real life problems).

The implications of fluctuating foreign exchange rates.

The mathematics of finance is very
relevant to daily and long-term fi-
nancial decisions learners will need
to make in terms of investing, tak-
ing loans, saving and understanding
exchange rates and their influence
more globally.
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4. Algebra

Relevance

Understand that real numbers can be rational or irrational.

Simplify expressions using the laws of exponents for rational exponents. Estab-
lish between which two integers a given simple surd lies. Round real numbers
to an appropriate degree of accuracy (to a given number of decimal digits).
Manipulate algebraic expressions by: multiplying a binomial by a trinomial; fac-
torising trinomials; factorising the difference and sums of two cubes; factorising
by grouping in pairs; simplifying, adding and subtracting algebraic fractions with
denominators of cubes (limited to sum and difference of cubes).

Solve: linear equations; quadratic equations; literal equations (changing the sub-
ject of a formula); exponential equations; linear inequalities; systems of linear

Algebra provides the basis for math-
ematics learners to move from nu-
merical calculations to generalising
operations, simplifying expressions,
solving equations and using graphs
and inequalities in solving contextual
problems.

equations and word problems.

6. Probability

Relevance

Compare the relative frequency of an experimental outcome with the theoretical

probability of the outcome.
Venn diagrams as an aid to solving probability problems.
Mutually exclusive and complementary events.

This topic is helpful in developing
good logical reasoning in learners
and for educating them in terms of
real-life issues such as gambling and

The identity for any two events A and B: P(Aor B) = P(A) + P(B) — | the possible pitfalls thereof.
P(A and B).
7. Euclidean Geometry and Measurement Relevance

Revise basic results established in earlier grades.

Investigate line segments joining the mid-points of two sides of a triangle.
Properties of special quadrilaterals.

Solve problems involving volume and surface area of solids studied in
earlier grades as well as spheres, pyramids and cones and combinations
of these objects.

The thinking processes and mathematical
skills of proving conjectures and identify-
ing false conjectures is more the relevance
here than the actual content studied. The
surface area and volume content studied
in real-life contexts of designing kitchens,
tiling and painting rooms, designing pack-
ages, etc. is relevant to the current and fu-
ture lives of learners.

8. Trigonometry

Relevance

Definitions of the trigonometric ratios sin 6, cos and tan 6 in right-angled tri-

angles.
Extend the definitions of sin 8, cos 6 and tan d to 0° < 6 < 360°

Derive and use values of the trigonometric ratios (without using a calculator) for

the special angles 6 € {0° ; 30° ; 45° ; 60° ; 90°}
Define the reciprocals of trigonometric rations.
Solve problems in two dimensions.

Trigonometry has several uses within
society, including within navigation,
music, geographical locations and
building design and construction.

9. Analytical Geometry

Relevance

Represent geometric figures in a Cartesian co-ordinate system and derive
and apply, for any two points (z1;y1) and (z2;y2), a formula for calculat-
ing: the distance between the two points; the gradient of a line segment
joining the points; conditions for parallel and perpendicular lines and the
co-ordinates of the mid-point of the line segment joining the two points.

This section provides a further application
point for learners’ algebraic and trigono-
metric interaction with the Cartesian plane.
Artists and design and layout industries of-
ten draw on the content and thought pro-
cesses of this mathematical topic.

10. Statistics

Relevance

Collect, organise and interpret univarate numerical data in order to de-
termine: measures of central tendency; five number summary; box and
whisker diagrams and measures of dispersion.

Citizens are daily confronted with interpret-
ing data presented from the media. Often
this data may be biased or misrepresented
within a certain context. In any type of re-
search, data collection and handling is a
core feature. This topic also educates learn-
ers to become more socially and politically
educated with regards to the media.

Mathematics educators also need to ensure that the following important specific aims and general principles are applied

in mathematics activities across all grades:

¢ Calculators should only be used to perform standard numerical computations and verify calculations done by hand.

¢ Real-life problems should be incorporated into all sections to keep mathematical modelling as an important focal

point of the curriculum.

¢ Investigations give learners the opportunity to develop their ability to be more methodical, to generalise and to make

and justify and/or prove conjectures.
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¢ Appropriate approximation and rounding skills should be taught and continuously included and encouraged in ac-
tivities.

¢ The history of mathematics should be incorporated into projects and tasks where possible, to illustrate the human
aspect and developing nature of mathematics.

¢ Contextual problems should include issues relating to health, social, economic, cultural, scientific, political and
environmental issues where possible.

¢ Conceptual understanding of when and why should also feature in problem types.
¢ Mixed ability teaching requires educators to challenge able learners and provide remedial support where necessary.
¢ Misconceptions exposed by assessment need to be dealt with and rectified by questions designed by educators.

¢ Problem solving and cognitive development should be central to all mathematics teaching and learning so that learners
can apply the knowledge effectively.

Allocation of teaching time:

Time allocation for Mathematics per week: 4 hours and 30 minutes e.g. six forty-five minute periods per week.

Term Topic No. of weeks
Algebraic expressions
Exponents

Term 1 Number patterns
Equations and inequalities
Trigonometry

Functions

Trigonometric functions
Euclidean geometry
Mid-year exams
Analytical geometry
Finance and growth
Statistics

Trigonometry

Euclidean geometry
Measurement

Probability

Term 4 Revision

Final exams

Term 2

Term 3
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Please see page 18 of the Curriculum and Assessment Policy Statement for the sequencing and pacing of topics.

0.3 Assessment

“Educator assessment is part of everyday teaching and learning in the classroom. Educators discuss with learners, guide
their work, ask and answer questions, observe, help, encourage and challenge. In addition, they mark and review written
and other kinds of work. Through these activities they are continually finding out about their learners’ capabilities and
achievements. This knowledge then informs plans for future work. It is this continuous process that makes up educator
assessment. It should not be seen as a separate activity necessarily requiring the use of extra tasks or tests.”

As the quote above suggests, assessment should be incorporated as part of the classroom practice, rather than as a separate
activity. Research during the past ten years indicates that learners get a sense of what they do and do not know, what they
might do about this and how they feel about it, from frequent and regular classroom assessment and educator feedback.
The educator’s perceptions of and approach to assessment (both formal and informal assessment) can have an influence
on the classroom culture that is created with regard to the learners’ expectations of and performance in assessment tasks.
Literature on classroom assessment distinguishes between two different purposes of assessment; assessment of learning and
assessment for learning.

Assessment of learning tends to be a more formal assessment and assesses how much learners have learnt or understood
at a particular point in the annual teaching plan. The NCS (CAPS) provides comprehensive guidelines on the types of and
amount of formal assessment that needs to take place within the teaching year to make up the school-based assessment
mark. The school-based assessment mark contributes 25% of the final percentage of a learner’s promotion mark, while
the end-of-year examination constitutes the other 75% of the annual promotion mark. Learners are expected to have 7
formal assessment tasks for their school-based assessment mark. The number of tasks and their weighting in the Grade 10
Mathematics curriculum is summarised below:
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Tasks Weight (percent)
Term 1 Project/Investigation 20
Test 10
School-Based Assessment Term 2 Assignment/Test 10
Mid-Year Examination 30
Term 3 Test 10
Test 10
Term 4 Test 10
School-Based Assessment Mark 100
School-Based Assessment Mark (as a percent of Promotion Mark) 25%
End-of-Year Examination 75%
Promotion Mark 100%

The following provides a brief explanation of each of the assessment tasks included in the assessment programme above.
Tests

All mathematics educators are familiar with this form of formal assessment. Tests include a variety of items/questions
covering the topics that have been taught prior to the test. The new NCS (CAPS) also stipulates that mathematics tests
should include questions that cover the following four types of cognitive levels in the stipulated weightings:

Cognitive levels Description Weighting (percent)
Knowledge Straight recall. 20

Identification of correct formula on information sheet (no changing of the
subject). Use of mathematical facts.

Appropriate use of mathematical vocabulary.

Routine procedures Estimation and appropriate rounding of numbers. 35
Proofs and prescribed theorems and derivation of formulae.
Identification and direct use of correct formula on the information sheet
(no changing of the subject).

Perform well known procedures.

Simple applications and calculations which might involve a few steps.
Derivation from given information may be involved.

Identification and use (including changing the subject) of correct formula.
Questions generally similar to those encountered in class.

Complex procedures Problems involve complex calculations and/or higher reasoning. 30
There is often not an obvious route to the solution.

Problems need not be based on real world context.

Could involve making significant connections between different represen-
tations.

Require conceptual understanding.

Problem solving Unseen, non-routine problems (which are not necessarily difficult). 15
Higher order understanding and processes are often involved.

Might require the ability to break the problem down into its constituent
parts.

The breakdown of the tests over the four terms is summarised from the NCS (CAPS) assessment programme as follows:
Term 1: One test (of at least 50 marks and one hour).

Term 2: One test/assignment (of at least 50 marks and one hour).

Term 3: Two tests (of at least 50 marks and one hour).

Term 4: One test (of at least 50 marks and one hour).

Projects/Investigations

Investigations and projects consist of open-ended questions that initiate and expand thought processes. Acquiring and
developing problem-solving skills are an essential part of doing investigations and projects. These tasks provide learners with
the opportunity to investigate, gather information, tabulate results, make conjectures and justify or prove these conjectures.
Examples of investigations and projects and possible marking rubrics are provided in the next section on assessment support.
The NCS (CAPS) assessment programme indicates that only one project or investigation (of at least 50 marks) should be
included per year. Although the project/investigation is scheduled in the assessment programme for the first term, it could
also be done in the second term.
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The NCS (CAPS) includes the following tasks as good examples of assignments:
¢ Open book test
¢ Translation task
¢ Error spotting and correction
¢ Shorter investigation
¢ Journal entry
¢ Mind-map (also known as a metacog)
¢ Olympiad (first round)
¢ Mathematics tutorial on an entire topic
¢ Mathematics tutorial on more complex/problem solving questions

The NCS (CAPS) assessment programme requires one assignment in term 1 (of at least 50 marks) which could also be a
combination of some of the suggested examples above. More information on these suggested examples of assignments and
possible rubrics are provided in the following section on assessment support.

Examinations

Educators are also all familiar with this summative form of assessment that is usually completed twice a year: mid-year
examinations and end-of-year examinations. These are similar to the tests but cover a wider range of topics completed
prior to each examination. The NCS (CAPS) stipulates that each examination should also cover the four cognitive levels
according to their recommended weightings as summarised in the section above on tests. The following table summarises
the requirements and information from the NCS (CAPS) for the two examinations.

Examination Marks Breakdown Content and Mark distribution
Mid-Year Exams 100 Mid-year exams can consist of | Topics completed

50 + 50 | either one paper of two hours
(100 marks) or two papers, each
of one hour (50 marks).
End-of-Year Exams | 100 Paper 1: 3 hours Algebra and equations (and inequalities) (30 + 3)
Patterns and sequences (15 + 3)

Finance and growth (10 + 3)

Functions and graphs (30 + 3)

Probability (15+3)

End-of-Year Exams | 100 Paper 2: 3 hours Statistics (15+3)

Analytical geometry (15+3)

Trigonometry (40 + 3)

Euclidean geometry and measurement (30 + 3)
In the annual teaching plan summary of the NCS (CAPS) in Mathematics for Grade 10, the pace setter section provides a
detailed model of the suggested topics to be covered each week of each term and the accompanying formal assessment.

Assessment for learning tends to be more informal and focuses on using assessment in and of daily classroom activities that
can include:

Marking homework
Baseline assessments
Diagnostic assessments
Group work

Class discussions

Oral presentations

N O W =

Self-assessment
8. Peer-assessment

These activities are expanded on in the next section on assessment support and suggested marking rubrics are provided.
Where formal assessment tends to restrict the learner to written assessment tasks, the informal assessment is necessary to
evaluate and encourage the progress of the learners in their verbal mathematical reasoning and communication skills. It
also provides a less formal assessment environment that allows learners to openly and honestly assess themselves and each
other, taking responsibility for their own learning, without the heavy weighting of the performance (or mark) component.
The assessment for learning tasks should be included in the classroom activities at least once a week (as part of a lesson)
to ensure that the educator is able to continuously evaluate the learners’ understanding of the topics covered as well as the
effectiveness, and identify any possible deficiencies in his or her own teaching of the topics.
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Assessment support

A selection of explanations, examples and suggested marking rubrics for the assessment of learning (formal) and the assess-
ment for learning (informal) forms of assessment discussed in the preceding section are provided in this section.

Baseline assessment

Baseline assessment is a means of establishing:

¢ What prior knowledge a learner possesses

¢ What the extent of knowledge is that they have regarding a specific learning area?
¢ The level they demonstrate regarding various skills and applications

¢ The learner’s level of understanding of various learning areas

Itis helpful to educators in order to assist them in taking learners from their individual point of departure to a more advanced
level and to thus make progress. This also helps avoid large “gaps” developing in the learners’ knowledge as the learner
moves through the education system. Outcomes-based education is a more learner-centered approach than we are used to
in South Africa, and therefore the emphasis should now be on the level of each individual learner rather than that of the
whole class.

The baseline assessments also act as a gauge to enable learners to take more responsibility for their own learning and to
view their own progress. In the traditional assessment system, the weaker learners often drop from a 40% average in the first
term to a 30% average in the fourth term due to an increase in workload, thus demonstrating no obvious progress. Baseline
assessment, however, allows for an initial assigning of levels which can be improved upon as the learner progresses through
a section of work and shows greater knowledge, understanding and skill in that area.

Diagnostic assessments

These are used to specifically find out if any learning difficulties or problems exist within a section of work in order to
provide the learner with appropriate additional help and guidance. The assessment helps the educator and the learner
identify problem areas, misunderstandings, misconceptions and incorrect use and interpretation of notation.

Some points to keep in mind:
¢ Try not to test too many concepts within one diagnostic assessment.
¢ Be selective in the type of questions you choose.

¢ Diagnostic assessments need to be designed with a certain structure in mind. As an educator, you should decide
exactly what outcomes you will be assessing and structure the content of the assessment accordingly.

¢ The assessment is marked differently to other tests in that the mark is not the focus but rather the type of mistakes the
learner has made.

An example of an understanding rubric for educators to record results is provided below:

0: indicates that the learner has not grasped the concept at all and that there appears to be a fundamental mathematical
problem.

1: indicates that the learner has gained some idea of the content, but is not demonstrating an understanding of the notation
and concept.

2: indicates evidence of some understanding by the learner but further consolidation is still required.

3: indicates clear evidence that the learner has understood the concept and is using the notation correctly.
Calculator worksheet - diagnostic skills assessment
1. Calculate:
a)
b) 2 — 36 x (114 + 25) =
C) V144425 =
d) V729 =
e) —312+ 64879 — 321+ 18901 =
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2. Calculate:

a) 2+3=
w23 =

0 25 +1=
d4-3x3=

o ()=
D2x () - () -
8 \i—1=

Self-Assesment Rubric:

Name:

Question Answer v X If X, write down se-
quence of keys pressed

Ta

1b

Tc

1d

Te
Subtotal
2a

2b

2c

2d

2e
Subtotal
Total

Educator Assessment Rubric:

Type of skill Competent Needs practice Problem
Raising to a power

Finding a root

Calculations with Fractions
Brackets and order of operations
Estimation and mental control

Guidelines for Calculator Skills Assessment:

Type of skill Sub-Division Questions
Raising to a Power Squaring and cubing 1a, 2f
Higher order powers 1b
Finding a Root Square and cube roots 1c, 2g
Higher order roots 1d
Calculations with Fractions Basic operations 2a, 2d
Mixed numbers 2b, 2¢
Negative numbers 1e, 2¢
Squaring fractions 2f
Square rooting fractions 2g
Brackets and Order of Operations Correct use of brackets or order of operations | 1b, Tc, 2e, 2f, 2g
Brackets and Order of Operations Estimation and Mental Control All

Suggested guideline to allocation of overall levels

Level 1

e Learner is able to do basic operations on calculator.
¢ Learner is able to do simple calculations involving fractions.
¢ Learner does not display sufficient mental estimation and control techniques.
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Level 2

¢ Learner is able to do basic operations on calculator.
e Learner is able to square and cube whole numbers as well as find square and cube roots of numbers.

¢ Learner is able to do simple calculations involving fractions as well as correctly execute calculations involving mixed
numbers.

¢ Learner displays some degree of mental estimation awareness.
Level 3

¢ Learner is able to do basic operations on calculator.
¢ Learner is able to square and cube rational numbers as well as find square and cube roots of numbers.
¢ Learner is also able to calculate higher order powers and roots.

¢ Learner is able to do simple calculations involving fractions as well as correctly execute calculations involving mixed
numbers.

¢ Learner works correctly with negative numbers.

e Learner is able to use brackets in certain calculations but has still not fully understood the order of operations that
the calculator has been programmed to execute, hence the need for brackets.

¢ Learner is able to identify possible errors and problems in their calculations but needs assistance solving the problem.
Level 4

¢ Learner is able to do basic operations on calculator.
e Learner is able to square and cube rational numbers as well as find square and cube roots.
¢ Learner is also able to calculate higher order powers and roots.

¢ Learner is able to do simple calculations involving fractions as well as correctly execute calculations involving mixed
numbers.

¢ Learner works correctly with negative numbers.

¢ Learner is able to work with brackets correctly and understands the need and use of brackets and the “= key” in
certain calculations due to the nature of a scientific calculator.

¢ Learner is able to identify possible errors and problems in their calculations and to find solutions to these in order to
arrive at a “more viable” answer.

Other short diagnostic tests

These are short tests that assess small quantities of recall knowledge and application ability on a day-to-day basis. Such
tests could include questions on one or a combination of the following:

* Definitions

¢ Theorems

¢ Riders (geometry)

¢ Formulae

¢ Applications

¢ Combination questions

Exercises

This entails any work from the textbook or other source that is given to the learner, by the educator, to complete either in
class or at home. Educators should encourage learners not to copy each other’s work and be vigilant when controlling this
work. It is suggested that such work be marked/controlled by a check list (below) to speed up the process for the educator.

The marks obtained by the learner for a specific piece of work need not be based on correct and/or incorrect answers but
preferably on the following:

1. the effort of the learner to produce answers.
2. the quality of the corrections of work that was previously incorrect.
3. the ability of the learner to explain the content of some selected examples (whether in writing or orally).
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The following rubric can be used to assess exercises done in class or as homework:

Performance indicators

Criteria 2 1 0

Work Done All the work Partially completed No work done

Work Neatly Done Work neatly done Some work not neatly | Messy and muddled

done

Corrections Done Al corrections done | At least half of the cor- | No corrections done
consistently rections done

Correct  Mathematical | Consistently Sometimes Never

Method

Understanding of Math- | Can explain concepts | Explanations are am- | Explanations are confus-

ematical Techniques | and processes precisely | biguous or not focused ing or irrelevant

and Processes

Journal entries

A journal entry is an attempt by a learner to express in the written word what is happening in Mathematics. It is important
to be able to articulate a mathematical problem, and its solution in the written word.

This can be done in a number of different ways:

¢ Today in Maths we learnt...
¢ Write a letter to a friend, who has been sick, explaining what was done in class today.

« Explain the thought process behind trying to solve a particular maths problem, e.g. sketch the graph of y = 22 —2z%+1
and explain how to sketch such a graph.

¢ Give a solution to a problem, decide whether it is correct and if not, explain the possible difficulties experienced by
the person who wrote the incorrect solution.

A journal is an invaluable tool that enables the educator to identify any mathematical misconceptions of the learners. The
marking of this kind of exercise can be seen as subjective but a marking rubric can simplify the task.

The following rubric can be used to mark journal entries. The learners must be given the marking rubric before the task is
done.

Task Competent (2 marks) | Still developing (1 | Not yet developed (0
mark) marks)

Completion in time limit?
Correctness of the explanation?
Correct and relevant use of mathe-
matical language?

Has the concept been interpret cor-
rectly?

Translations

Translations assess the learner’s ability to translate from words into mathematical notation or to give an explanation of math-
ematical concepts in words. Often when learners can use mathematical language and notation correctly, they demonstrate
a greater understanding of the concepts.

For example:

Write the letter of the correct expression next to the matching number:

x increased by 10 a) Ty

The product of z and y b) z2

The sum of a certain number and Q) z?
double that number d) 29z

Half of a certain number multiplied by itself e) 2 X2
Two less than x f) x+x+2
A certain number multiplied by itself g) z2
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Group work

One of the principles in the NCS (CAPS) is to produce learners who are able to work effectively within a group. Learners
generally find this difficult to do. Learners need to be encouraged to work within small groups. Very often it is while
learning under peer assistance that a better understanding of concepts and processes is reached. Clever learners usually
battle with this sort of task, and yet it is important that they learn how to assist and communicate effectively with other
learners.

Mind maps or metacogs

A metacog or “mind map” is a useful tool. It helps to associate ideas and make connections that would otherwise be too
unrelated to be linked. A metacog can be used at the beginning or end of a section of work in order to give learners an
overall perspective of the work covered, or as a way of recalling a section already completed. It must be emphasised that
it is not a summary. Whichever way you use it, it is a way in which a learner is given the opportunity of doing research in
a particular field and can show that he/she has an understanding of the required section.

This is an open book form of assessment and learners may use any material they feel will assist them. It is suggested that
this activity be practised, using other topics, before a test metacog is submitted for portfolio assessment purposes.

On completion of the metacog, learners must be able to answer insightful questions on the metacog. This is what sets it
apart from being just a summary of a section of work. Learners must refer to their metacog when answering the questions,
but may not refer to any reference material. Below are some guidelines to give to learners to adhere to when constructing a
metacog as well as two examples to help you get learners started. A marking rubric is also provided. This should be made
available to learners before they start constructing their metacogs. On the next page is a model question for a metacog,
accompanied by some sample questions that can be asked within the context of doing a metacog about analytical geometry.

A basic metacog is drawn in the following way:

¢ Write the title/topic of the subject in the centre of the page and draw a circle around it.

¢ For the first main heading of the subject, draw a line out from the circle in any direction, and write the heading above
or below the line.

¢ For sub-headings of the main heading, draw lines out from the first line for each subheading and label each one.
¢ For individual facts, draw lines out from the appropriate heading line.

Metacogs are one’s own property. Once a person understands how to assemble the basic structure they can develop their
own coding and conventions to take things further, for example to show linkages between facts. The following suggestions
may assist educators and learners to enhance the effectiveness of their metacogs:

¢ Use single words or simple phrases for information. Excess words just clutter the metacog and take extra time to write
down.

¢ Print words — joined up or indistinct writing can be more difficult to read and less attractive to look at.

¢ Use colour to separate different ideas — this will help your mind separate ideas where it is necessary, and helps
visualisation of the metacog for easy recall. Colour also helps to show organisation.

¢ Use symbols and images where applicable. If a symbol means something to you, and conveys more information than
words, use it. Pictures also help you to remember information.

¢ Use shapes, circles and boundaries to connect information — these are additional tools to help show the grouping of
information.

Use the concept of analytical geometry as your topic and construct a mind map (or metacog) containing all the information
(including terminology, definitions, formulae and examples) that you know about the topic of analytical geometry.

Possible questions to ask the learner on completion of their metacog:
* Briefly explain to me what the mathematics topic of analytical geometry entails.

« Identify and explain the distance formula, the derivation and use thereof for me on your metacog.

¢ How does the calculation of gradient in analytical geometry differ (or not) from the approach used to calculate
gradient in working with functions?

Here is a suggested simple rubric for marking a metacog:
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Task Competent Still Developing | Not Yet Developed
(2 Marks) (1 Mark) (1 Mark)

Completion in Time
Limit

Main Headings
Correct Theory (For-
mulae,  Definitions,
Terminology etc.)
Explanation
Readability

10 marks for the questions, which are marked using the following scale:
0 - no attempt or a totally incorrect attempt has been made
1 - a correct attempt was made, but the learner did not get the correct answer

2 - a correct attempt was made and the answer is correct

Investigations

Investigations consist of open-ended questions that initiate and expand thought processes. Acquiring and developing
problem-solving skills are an essential part of doing investigations.

It is suggested that 2 — 3 hours be allowed for this task. During the first 30 — 45 minutes learners could be encouraged to
talk about the problem, clarify points of confusion, and discuss initial conjectures with others. The final written-up version
should be done individually though and should be approximately four pages.

Assessing investigations may include feedback/ presentations from groups or individuals on the results keeping the following
in mind:

« following of a logical sequence in solving the problems
¢ pre-knowledge required to solve the problem

¢ correct usage of mathematical language and notation

¢ purposefulness of solution

¢ quality of the written and oral presentation

Some examples of suggested marking rubrics are included on the next few pages, followed by a selection of topics for
possible investigations.

The following guidelines should be provided to learners before they begin an investigation:

General Instructions Provided to Learners

¢ You may choose any one of the projects/investigations given (see model question on investigations)

¢ You should follow the instructions that accompany each task as these describe the way in which the final product
must be presented.

¢ You may discuss the problem in groups to clarify issues, but each individual must write-up their own version.
¢ Copying from fellow learners will cause the task to be disqualified.

¢ Your educator is a resource to you, and though they will not provide you with answers / solutions, they may be
approached for hints.

The investigation is to be handed in on the due date, indicated to you by your educator. It should have as a minimum:
¢ A description of the problem.
« Adiscussion of the way you set about dealing with the problem.
¢ A description of the final result with an appropriate justification of its validity.

¢ Some personal reflections that include mathematical or other lessons learnt, as well as the feelings experienced whilst
engaging in the problem.

¢ The written-up version should be attractively and neatly presented on about four A4 pages.

¢ Whilst the use of technology is encouraged in the presentation, the mathematical content and processes must remain
the major focus.
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Below is an example of a possible rubric to use when marking investigations:

Level of Performance | Criteria
4

¢ Contains a complete response.
¢ Clear, coherent, unambiguous and elegant explanation.
¢ Includes clear and simple diagrams where appropriate.

¢ Shows understanding of the question’s mathematical ideas
and processes.

« Identifies all the important elements of the question.
¢ Includes examples and counter examples.

* Gives strong supporting arguments.

¢ Goes beyond the requirements of the problem.

¢ Contains a complete response.
¢ Explanation less elegant, less complete.

¢ Shows understanding of the question’s mathematical ideas
and processes.

* Identifies all the important elements of the question.
¢ Does not go beyond the requirements of the problem.

¢ Contains an incomplete response.
* Explanation is not logical and clear.

¢ Shows some understanding of the question’s mathematical
ideas and processes.

« ldentifies some of the important elements of the question.
¢ Presents arguments, but incomplete.
¢ Includes diagrams, but inappropriate or unclear.

¢ Contains an incomplete response.

¢ Omits significant parts or all of the question and response.
¢ Contains major errors.

¢ Uses inappropriate strategies.

¢ No visible response or attempt

Orals

An oral assessment involves the learner explaining to the class as a whole, a group or the educator his or her understanding
of a concept, a problem or answering specific questions. The focus here is on the correct use of mathematical language by
the learner and the conciseness and logical progression of their explanation as well as their communication skills.

Orals can be done in a number of ways:

¢ A learner explains the solution of a homework problem chosen by the educator.

¢ The educator asks the learner a specific question or set of questions to ascertain that the learner understands, and
assesses the learner on their explanation.

¢ The educator observes a group of learners interacting and assesses the learners on their contributions and explanations
within the group.

¢ A group is given a mark as a whole, according to the answer given to a question by any member of a group.

An example of a marking rubric for an oral:

1 - the learner has understood the question and attempts to answer it
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2 - the learner uses correct mathematical language

2 - the explanation of the learner follows a logical progression

2 - the learner’s explanation is concise and accurate

2 - the learner shows an understanding of the concept being explained
1 - the learner demonstrates good communication skills

Maximum mark = 10

An example of a peer-assessment rubric for an oral:

My name:

Name of person | am assessing:

Criteria Mark Awarded Maximum Mark
Correct Answer 2

Clarity of Explanation 3

Correctness of Explanation 3

Evidence of Understanding 2

Total 10
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Algebraic expressions

1.1 Introduction

¢ Content covered in this chapter includes understanding how numbers are classified as rational or irrational, estimating
surds, rounding off, factorisation and simplification.

¢ This chapter provides a lot of core skills that learners will apply to the rest of mathematics. Ensure that learners are
sufficiently proficient in the skills covered in this chapter.

¢ Rounding real numbers is an important skill that learners will use often. Ensure that learners are completely comfort-
able with this skill.

¢ Factorisation forms the groundwork for solving equations. Learners should be comfortable factorising trinomials and
binomials.

* Factorisation should include types covered in grade 9 as well as trinomials, grouping in pairs and sum and difference
of two cubes.

1.2 The real number system

1.3 Rational and irrational numbers

Decimal numbers

Converting terminating decimals into rational numbers

Converting recurring decimals into rational numbers

Exercise 1 — 1:

1. The figure here shows the Venn diagram for the special sets N, Ny and Z.

Y/
No

<D

a) Where does the number —% belong in the diagram?
Solution:
First simplify the fraction: —%2 = —4
—4 is an integer, so it falls into the set Z.
b) In the following list, there are two false statements and one true statement. Which of the statements is true?

i. Every integer is a natural number.
ii. Every natural number is a whole number.
iii. There are no decimals in the whole numbers.
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Solution:
Consider each option carefully:
i. There are integers which do not fall into the natural numbers (all negative numbers), so this is false.

ii. The natural numbers are {1;2;3; ...} and whole numbers are {0; 1;2;3; ...} (the circle N is inside No) so
if a number is a natural number it must be a whole number. This is true.

iii. Whole numbers {0;1;2;3;...} only go up in steps of 1, so there cannot be any decimal numbers in the
whole numbers, making this false.

So only (ii) is true.

2. The figure here shows the Venn diagram for the special sets N, Ny and Z.

(D

a) Where does the number —1 belong in the diagram?

Solution:

—% is in its simplest form, therefore it is not in N, Ny or Z. It is in the space between the rectangle and Z.
b) In the following list, there are two false statements and one true statement. Which of the statements is true?

i. Every integer is a natural number.
ii. Every whole number is an integer.
iii. There are no decimals in the whole numbers.

Solution:
Consider each option carefully:
i. There are integers which do not fall into the natural numbers (all negative numbers), so this is false.
ii. Theintegersare {...;—3;—2;—1;0;1;2;3;...} and the whole numbers are {0; 1;2;3; ...} (the circle Z is
inside Np) so if a number is an integer it must be a whole number. This is true.
iii. Whole numbers {0;1;2;3;4;...} only go up in steps of 1, so there cannot be any decimal numbers in the
whole numbers, making this false.

So only (ii) is true.
3. State whether the following numbers are real, non-real or undefined.

a) -3
Solution:
—+/3 has no minus sign under the square root (the minus is outside the root) and is not divided by zero, so it is
real.

0
b) —
)\/5

Solution:

% has no minus sign under the square root (the minus is outside the root) and is not divided by zero, so it is
real.

o V-9

Solution:

+v/—9 has a minus sign under the square root so it is non-real.

-7
0

Solution:

%ﬁ has division by zero so it is undefined.

e) —v/—16
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f)

Solution:

—+/—16 has a negative number under the square root so it is non-real.

V2

Solution:

v/2 has no minus under the square root (the minus is outside the root), is not divided by zero, so it is real.

4. State whether the following numbers are rational or irrational. If the number is rational, state whether it is a natural
number, whole number or an integer.

a)

1

3
Solution:

—1 is rational. A fraction of integers is a rational number.

0,651268962154862...

Solution:

0,651268962154862... is irrational. It cannot be simplified to a fraction of integers.

V9

3
Solution:

V9

5 is rational, an integer, a whole number and a natural number. An integer is a rational number.

7I'2

Solution:

72 is irrational. It cannot be simplified to a fraction of integers.

7_‘_4

Solution:

7# is irrational. It cannot be simplified to a fraction of integers.

/19

Solution:

/19 is irrational. It cannot be simplified to a fraction of integers.

(YD)’

Solution:

(%)7 is rational, an integer, a whole number and a natural number. It can be written as an integer.
T+ 3

Solution:

m is irrational. 3 is rational (it is an integer). Any rational number added to any irrational number is irrational.
Therefore 7 + 3 is irrational.

7+ 0,858408346

Solution:

misirrational. 0,858408346 is rational (it is a terminating decimal). Any rational number added to any irrational
number is irrational.

Therefore 7 + 0,858408346 is irrational.

5. If a is an integer, b is an integer and c is irrational, which of the following are rational numbers?

a)

6
Solution:

5 js rational.

w| ol

Solution:

Since a is an integer, £ is rational.

—2

b

Solution:

Since b is an integer, ‘TQ is rational.

Note that b cannot be 0 as that makes the fraction undefined.
1

C
Solution:
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Since c is irrational, % is irrational.
6. For each of the following values of a state whether % is rational or irrational.

a) 1
Solution:
_ 1 . .
14 = 14 is rational.
b) —10
Solution:

a

_ =10 ; f
i = 1 s rational.

Q) V2

Solution:

@ — B Ao Bermc

4 = Y7 isirrational.
d) 2,1

Solution:

a

14 = 77 is rational.

7. Consider the following list of numbers:

4 22 14 S
—3;0; V-1 —85; EVEE: 7; H; 7:1,34; 3,3231089...; 3+ V2 ; 9%; ;11

Which of the numbers are:

a) natural numbers
Solution:
Check which of the numbers are in the set {1;2; 3;4;...}. Therefore 7 and 11 are natural numbers.
b) irrational numbers
Solution:
Remember that rational numbers can be written as ¢ where a and b are integers. Also remember that rational
numbers include terminating decimal numbers. Therefore —v/8 ; 3,32310809... ; 3+ /2 ; 7 are all irrational.
c) non-real numbers
Solution:
Any number that is a square root of a negative number is non-real. Therefore only v/—1 is non-real.
rational numbers
Solution:
Remember that rational numbers can be written as ¢ where a and b are integers. Also remember that rational

numbers include terminating decimal numbers. Therefore —3 ; 0; —82 ; 22 ; 7; 1,34; 95 ; 11 are all
rational numbers.

integers

Solution:

Check which of the numbers are in the set {...; —3; —2; —1;0;1;2; 3;...}. Therefore —3 ; 7 ; 11 are integers.
undefined

Solution:

Any fraction divided by 0 is undefined. Therefore only 4! is undefined.

=

e

-
=2

8. For each of the following numbers:

¢ write the next three digits and
* state whether the number is rational or irrational.
a) 1,15
Solution:
* Since there is a dot over the 5 we know that the 5 repeats. The next three digits are: 555
e Rational, there is a repeating pattern of digits.

b) 2,121314...
Solution:
* The number does not terminate (this is shown by the . ..). There is also no indication of a repeating pattern
of digits since there is not dot or bar over any of the numbers. The next three digits could be any numbers.
Note that while it looks like there is a pattern in the digits we do not know if this pattern continues on.
e Irrational, there is no repeating pattern.
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c) 1,242244246...
Solution:

* The number does not terminate (this is shown by the . ..). There is also no indication of a repeating pattern
of digits since there is not dot or bar over any of the numbers. The next three digits could be any numbers.

Note that while it looks like there is a pattern in the digits we do not know if this pattern continues on.
* Irrational, there is no repeating pattern.
d) 3,324354...
Solution:

* The number does not terminate (this is shown by the . ..). There is also no indication of a repeating pattern
of digits since there is not dot or bar over any of the numbers. The next three digits could be any numbers.

Note that while it looks like there is a pattern in the digits we do not know if this pattern continues on.
e Irrational, there is no repeating pattern.
e) 3,324354
Solution:

* Since there is a dot over both the 5 and the 4 we know that the pattern 54 repeats. The next three digits
are: 545

* Rational, there is a repeating pattern.

9. Write the following as fractions:

a) 0,1
Solution:
Ol =L
b) 0,12
Solution:
1 2
12=— 4 —
012 10 u 100
_10 2
~ 100 ' 100
_ 12
~ 100
3
25
c) 0,58
Solution:
5 8
0,58 = 0 = 100
_ 50, 8
~ 100 ' 100
_®
~ 100
_ 29
~ 50
d) 0,2589
Solution:
2 5 8 9
0.2589 = 75 150 * 7000 " 70000
_2000+ 500 n 80 n 9
~ 10000 ° 10 000 10000 10 000
2589
10 000
10. Write the following using the recurring decimal notation:
a) O,1111111...
Solution:

We see that only the digit 1 is repeated and so we can write this as: 0,1.

1.3. Rational and irrational numbers




b) 0,1212121212...

Solution:

There is a repeating pattern of 12 and so we can write this number as: 0,12
c) 0,123123123123...

Solution:

There is a repeating pattern of 123 and so we can write this number as: 0,123
d) 0,11414541454145...

Solution:

The pattern 4145 repeats and so we can write this number as: 0,114145.

11. Write the following in decimal form, using the recurring decimal notation:

a) 25
45
Solution:
45|25,0000 = 0 remainder 25
45|25,250000 = 5 remainder 25
45]25,2502°000 = 5 remainder 25
45|25,20%°02°00 = 5 remainder 25
25
== =0,5555...
45
=0,5
10
b) —
) T8
Solution:
18]10,0000 = 0 remainder 10
18]10,°0000 = 5 remainder 10
1810,'°0*°000 = 5 remainder 10
18|10,*°0'°0'°00 = 5 remainder 10
10
— — 0,5555.. ..
18
=05
7
C) ﬁ
Solution:

33|7,0000 = O remainder 7
33|7,70000 = 2 remainder 4
33/7,%0%000 = 1 remainder 7
33|7,70%0700 = 2 remainder 4

7
— =0,2121...
33 '

=0,21
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$-1(3)

=2(0,333333...)

= 0,666666...
=06
3
e) lﬁ
Solution:
3 1
17 =1+3 (ﬁ)
=1+ 3(0,090909...)
=1+0,27272727...
=127
5
f) 4—
) 6
Solution:
5 1
42 =4 =
P _4ts ( 6)
=4+ 5(0,1666666...)
=4+0,833333...
— 4,83
1
2,
g) 9
Solution:

2%:2+0,1111111...
=21

12. Write the following decimals in fractional form:

a) 0,5
Solution:
z = 0,55555... and
10z = 5,55555...
10z — z = (5,55555...) — (0,55555...)
9r =5
) 5
b) 0,63
Solution:

10z = 6,3333... and
100z = 63,3333...
100z — 10z = (63,3333...) — (6,3333...)

99z = 57
.x_ﬂ
90
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o 0,4

Solution:
x = 0,4444... and
10z = 4,4444...
10z — z = (4,4444...) — (0,4444...)
9 =4
g
LE=g
d) 5,31
Solution:
x =5,313131... and
1002 = 531,313131...
100z — z = (531,313131...) — (5,313131...)
99x = 526
_ 52
99
e) 4,93
Solution:
x = 4,939393... and
100z = 493,939393...
100z — = = (493,939393...) — (4,939393...)
992 = 489
_ 163
- 33
f) 3,93
Solution:
x = 3,939393... and
1002 = 393,939393...
100z — 2 = (393,939393...) — (3,939393...)
992 = 390
_ 130
- 33
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.

1. 2DBM 2. 2DBN 3a. 2DBP 3b. 2DBQ 3c. 2DBR 3d. 2DBS 3e. 2DBT 3f. 2DBV
4a. 2DBX 4b. 2DBY 4c. 2DC2 4d. 2DC3 4e. 2DC4 4f. 2DC5 4g. 2DC6 4h. 2DBZ
4i. 2DBW 5.2DC7 6.2DC8 7.2DC9 8a. 2DCB 8b. 2DCC 8c. 2DCD 8d. 2DCF
8e. 2DCG 9a. 2DCH 9b. 2DCJ 9c. 2DCK 9d. 2DCM  10a. 2DCN  10b. 2DCP  10c. 2DCQ

10d. 2DCR  11a.2DCS  11b. 2DCT  11c. 2DCV ~ 11d. 2DCW  11e. 2DCX 11f. 2DCY  11g. 2DCZ
12a.2DD2  12b.2DD3  12c.2DD4 12d.2DD5 12e. 2DD6 12f. 2DD7

]
www.everythingmaths.co.za m.everythingmaths.co.za
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http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DBT
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DBV
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http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DBY
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC2
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC3
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC4
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC5
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC6
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DBZ
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DBW
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC7
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC8
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DC9
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DCB
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DCC
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DCD
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DCF
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DCG
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2DCH
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1.4 Rounding off

Exercise 1 — 2:

1. Round off the following to 3 decimal places:

a) 12,56637061...
Solution:

Mark off the required number of decimal places: 12,566|37061 . ... The next digitis a 3 and so we round down:
12,566.

3,31662479...
Solution:

Mark off the required number of decimal places: 3,316|62479.... The next digit is a 6 and so we round up:
3,317.

0,2666666...
Solution:

Mark off the required number of decimal places: 0,266|6666.... The next digit is a 6 and so we round up:
0,267.

1,912931183...
Solution:

Mark off the required number of decimal places: 1,912|931183. ... The next digit is a 9 and so we round up:
1,913.

6,32455532...

Solution:

Mark off the required number of decimal places: 6,324|55532. ... The next digit is a 5 and so we round up:
6,325.

0,05555555...

Solution:

Mark off the required number of decimal places: 0,055|55555. ... The next digit is a 5 and so we round up:
0,056.

g

@

=

)

=

2. Round off each of the following to the indicated number of decimal places:

a) 345,04399906 to 4 decimal places.
Solution:

345,04399906 ~ 345,0440

b) 1361,72980445 to 2 decimal places.
Solution:

1361,72980445 ~ 1361,73

c) 728,00905239 to 6 decimal places.
Solution:

728,00905239 ~ 728,009052

1 .
d) > to 4 decimal places.

Solution:
We first write the fraction as a decimal and then we can round off.

1
7= 0,037037...

~ 0,0370

e) 3—2 to 5 decimal places.

Solution:

1.4. Rounding off




We first write the fraction as a decimal and then we can round off.

45 = 0,45454545...

99
~ 0,45455

1 .
f) — to 2 decimal places.

Solution:
We first write the fraction as a decimal and then we can round off.

1
o= 0,08333...
~ 0,08
3. Study the diagram below
A s B
™
E D o C

a) Calculate the area of ABDE to 2 decimal places.

Solution:
ABDE is a square and so the area is just the length squared.

A=1
= 71-2
= 9,86904...
~ 9,87

b) Calculate the area of BC'D to 2 decimal places.

Solution:
BCD is aright-angled triangle and so we have the perpendicular height. The area is:

5bh
1
T2

g
I

2
™

34802...

1
=49
~ 4,93

¢) Using you answers in (a) and (b) calculate the area of ABCDE.

Solution:
The area of ABC'DE is the sum of the areas of ABDE and BCD.

A=987+493
~ 14,80

d) Without rounding off, what is the area of ABC'DE?

Solution:
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Aascpe = AaBpe + ABcp

1
=1+ >bh
+ 2
1
=72 = 5712
= 14,8044...
o . T
4. Giveni = 500’ r=74;n=96; P= 200 000.
a) Calculate 7 correct to 2 decimal places.
Solution:
B b
~ 600
_ 74
~ 600
=0,01233
~ 0,01

b) Using you answer from (a), calculate A in A = P(1 +¢)".
Solution:

A=PQQ+d)"
=200 000 (1 + 0,01)%°
=519 854,59

c) Calculate A without rounding off your answer in (a), compare this answer with your answer in (b).
Solution:

A=P1+9)"
74\%
A =200000 (1 .
( + 600)
= 648 768,22
There is a 128 913,63 difference between the answer in (b) and the one calculated without rounding until the
final step.
5. If it takes 1 person to carry 3 boxes, how many people are needed to carry 31 boxes?
Solution:
Each person can carry 3 boxes. So we need to divide 31 by 3 to find out how many people are needed to carry 31
boxes.
31
— =10,3333...
3 !’

Therefore 11 people are needed to carry 31 boxes. We cannot have 0,333 of a person so we round up to the nearest
whole number.

6. If 7 tickets cost R 35,20, how much does one ticket cost?
Solution:
Since 7 tickets cost R 35,20, 1 ticket must cost R 35,20 divided by 7.

35,20
7
Therefore one ticket costs R 5,03. Money should be rounded off to 2 decimal places.

= 5,028571429

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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1.5  Estimating surds

Exercise 1 — 3:

1. Determine between which two consecutive integers the following numbers lie, without using a calculator:

a) V18

Solution:
4and 5 (4% = 16 and 5% = 25)

b) v29

Solution:

5 and 6 (52 = 25 and 6% = 36)
o V5

Solution:

1and 2 (1* = 1 and 23 = 8)
d) V79

Solution:

4and 5 (4% = 64 and 5° = 125)

e) V155

Solution:

12 and 13 (122 = 144 and 13% = 169)
f) V57

Solution:

7and 8 (72 = 49 and 82 = 64)
g V71

Solution:

8and 9 (8% = 64 and 9% = 81)
h) /123

Solution:

4 and 5 (4° = 64 and 5% = 125)
i) /90

Solution:

4and 5 (4° = 64 and 5° = 125)
j) V81

Solution:

4and 5 (4° = 64 and 5° = 125)

2. Estimate the following surds to the nearest 1 decimal place, without using a calculator.

a) V10

Solution:

Since 3% = 9 and 42 = 16, v/10 must lie between 3 and 4. But we note that 10 is closer to 9 than to 16 and so
v/10 will be closer to 3 than to 4.

3,1 or 3,2 are suitable estimates.
b) /82
Solution:

Since 9% = 81 and 102 = 100, v/82 must lie between 9 and 10. But we note that 82 is closer to 81 than to 100
and so v/82 will be closer to 9 than to 10.

9,1 is a suitable estimate.
o V15
Solution:

Since 3% = 9 and 4% = 16, v/15 must lie between 3 and 4. But we note that 15 is closer to 16 than to 9 and so
v/15 will be closer to 4 than to 3.

3,9 is a suitable estimate.

d) V90
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Solution:

Since 92 = 81 and 102 = 100, v/90 must lie between 9 and 10. But we note that 90 is about halfway between
81 and 100, so v/90 will be halfway between 3 and 4.

3,5 is a suitable estimate.

3. Consider the following list of numbers:
T3 V19; 215 045; 045; —/§; 65 —v8; V5L
Without using a calculator, rank all the numbers in ascending order.

Solution:

Remember that negative numbers are smaller than positive numbers. It may also be helpful to write the fractions as
decimals to help you estimate the number. For the surds you can estimate between which two numbers the surd lies
and use that to help you rank these numbers.

« ¥ ~3857
¢ /19 lies between 4 and 5

. 27~ 6,28

coyfi=-g=-15

o —+/8lies between —2 and —3

¢ /51 lies between 7 and 8
Also note that 0,45 < 0,45.

Therefore we get the following order: —v/8; —y/2; 0,45; 0,45; £ ; V/19; 6; 27 ; /51

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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1.6 Products

Multiplying a monomial and a binomial

Multiplying two binomials

Multiplying a binomial and a trinomial

Exercise 1 — 4:

1. Expand the following products:
a) 2y(y +4)
Solution:
2y(y +4) = 2y° + 8y

b) (y+5)(y+2)
Solution:
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o (2—1t)(1-2¢)
Solution:

d) (z —4)(z+4)
Solution:

e) —(4—z)(z+4)
Solution:

f) —(a+b)(b—a)
Solution:

g (2p+9)(Bp+1)
Solution:

h) (3k —2)(k + 6)
Solution:

i) (s+6)>
Solution:

) = (7T—2)(7T+2)
Solution:

(y+5)(y+2)=y°+2y+5y+10
=y’ +Ty+10

(2—t)(1—2t) =2 — 4t —t +2t°
=2t — 5t +2

(x—4)(z+4) =2° + 4z — 4z — 16
=z>—16

—(4—z)(x+4) = —(4z + 16 — 2° — 4x)
= —(16 — z%)
=-16+2"
=216

—(a+b)(b—a) = (a+b)(a—b)
=a®+ba—ba— 16

2 2
=a"—b

(2p+9)(3p+1) = 6p° +2p+27p+ 9
=6p° +29p+9

(3k — 2)(k + 6) = 3k* + 18k — 2k — 12
= 3k” + 16k — 12

(s+6)> = (s+6)(s+6)
=52 + 65+ 65 + 36
=%+ 125+ 36
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Bz —1)(3z + 1)
Solution:

(7k + 2)(3 — 2k)
Solution:

(1 — 4z)?
Solution:

(=3-y)(5—-y)
Solution:

(8 —z)(8+ )
Solution:

@+
Solution:

(—7y aF 11)(—12y ¢ 3)
Solution:

(9—5)
Solution:

—(T—z)(T+z) = —(49 + 7z — Tz — z°)
= —(49 — 2?)
=22 49

3z —1)(3z + 1) = 92 + 3z — 3z — 1
=9z° -1

(Tk +2)(3 — 2k) = 21k — 14k° + 6 — 4k
=14k + 17k + 6

(1—42)* = (1 — 42)(1 — 42)
=1— 4z — 4z + 162>
=16z -8z +1

(=3 —y)(5—y) = —15+3y — 5y +4°
=y —2y—15

(8—z)(8+z) =64+ 8z — 8 — 2°
= —2°+64

(9+2)°=(9+2z)(9+2)
81 + 9z + 9z + z°
=22 + 18z + 81

(=Ty + 11)(—12y + 3) = 84y" — 21y — 132y + 33
= 84y> — 153y + 33

(9-5)"=(9—-5)(g—5)
=g* —59—5g+25
=g° — 109+ 25
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s) (d+9)?
Solution:

(d+9)2 = (d+9)(d+9)
=d?+9d + 9d + 81
=d® +18d +81
t) (6d+7)(6d —7)

Solution:

(6d + 7)(6d — 7) = 36d*> — 42d + 42d — 49
= 36d° — 49
u) (bz+1)(bz—1)

Solution:

(52 + 1)(52 — 1) = 252° — 5z + 5z — 1
= 2522 — 1
v) (1—3h)(1+3h)

Solution:

(1—3h)(1+3h) =1+ 3h — 3h — 9h?
=1—9n
w) (2p+3)(2p+2)

Solution:

(2p+3)(2p+2) =4p° +4p+6p+6
=4p° +10p+6
X) (8a+4)(a+T7)

Solution:

(8a + 4)(a + 7) = 8a® + 56a + 4a + 28
= 8a” 4 60a + 28
y) (5r+4)(2r +4)

Solution:

(57 + 4)(2r + 4) = 101> 4 20r + 8 + 16
= 107> + 287 + 16

z) (w+1)(w—1)

Solution:

w+Dw—-1)=w+w—-—w-1

=w?-1

2. Expand the following products:
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(=3

Q

d

e

) (g+11)(g—11)
Solution:

) (4b—2)(2b—4)
Solution:

) (4b—3)(2b—1)
Solution:

) (6x — 4)(3z + 6)
Solution:

) Bw —2)(2w + 7)
Solution:

) (2t —3)°
Solution:

g (5p —8)*

Solution:

h) (4y +5)°

Solution:

(g+11)(g —11) = ¢g° + 11g — 11g — 121
=g* — 121

(4b — 2)(2b — 4) = 8b° — 16b — 4b + 8
=8b> — 200 + 8

(4b —3)(2b— 1) = 8b°> — 4b— 6b + 3
=8b> — 100+ 3

(6x — 4)(3x + 6) = 182> 4 36z — 12z — 24
= 182> + 24z — 24

(3w — 2)(2w + 7) = 6w’ + 21w — 4w — 14
= 6w’ 4 17w — 14

(2t — 3)% = (2t — 3)(2t — 3)
=4t> — 6t —6t+9
=4t — 12t +9

(5p — 8)* = (5p — 8)(5p — 8)
= 25p% — 40p — 40p + 64
= 25p° — 80p + 64

(4y +5)% = (4y + 5)(4y + 5)
= 169> + 20y + 20y + 25
= 16y° + 40y + 25
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D (2y° + 3y°)(=by — 12)
Solution:

(2y° + 3y°)(=5y — 12) = —10y" — 24y° — 15y° — 36¢°
= —10y" — 39y° — 36¢°
i) 9(8y* — 2y + 3)
Solution:
9(8y% — 2y + 3) = 72y* — 18y + 27
k) (—2y? — 4y + 11)(5y — 12)
Solution:
(—2y° — 4y + 11)(5y — 12) = —10y° — 205> + 55y + 24y> + 48y — 132
= —10y® + 4y” + 103y — 132
) (7Ty? — 6y — 8)(—2y +2)
Solution:
(Ty® — 6y — 8)(—2y +2) = —14y> + 12¢° + 16y + 14y> — 12y — 16
= —14y° + 26y° + 4y — 16
m) (10y + 3)(—2y* — 11y + 2)
Solution:
(10y + 3)(—2y° — 11y + 2) = —20y° — 110y° + 20y — 6> — 33y + 6
= —20y° — 116y> — 13y + 6
n) (—12y — 3)(2y* — 11y + 3)
Solution:
(—12y — 3)(2¢° — 11y + 3) = —244° + 132y> — 36y — 65> + 33y — 9
= 24y +1269° — 3y — 9
0) (—10)(2y* + 8y + 3)
Solution:
(—10)(2y° + 8y + 3) = —20y° — 80y — 30
p) (7y + 3)(7y* + 3y + 10)
Solution:
(7y + 3)(Ty* + 3y + 10) = 49y° + 213> + 70y + 21y> + 9y + 30
= 49y° + 42y* + 79y + 30

q) (a+ 2b)(a® + b* + 2ab)
Solution:

(a+ 2b)(a® + b* + 2ab) = a® + ab® + 2a*b + 2a°b + 2b° + 4ab®
=a° + 4a°b + 5ab? + 23
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(z+y)(z® —zy+y°)
Solution:

(+y)(a® —zy+y°) =2° -2’y + 2y’ + 2y — 2y’ +¢°
:m3+y3

3m(9m? + 2) 4 5m?(5m + 6)
Solution:

3m(9m® + 2) + 5m>(5m + 6) = 27m® 4 6m + 25m> + 30m>
= 52m° + 6m + 30m°

42%(102° 4 4) + 423 (22 + 6)
Solution:

422 (102° + 4) + 42° (22% + 6) = 402° + 162° + 82° + 242°
= 482° + 162° + 242

3k (K* + 3) + 2k*(6k° + 7)
Solution:

3k3 (K + 3) 4 2K%(6K° + 7) = 3k° + 9k> + 12K 4 14K°
= 15k° 4 9k 4 14K°

(32 + 2)(3z — 2)(92> — 4)
Solution:

(3z + 2)(3z — 2)(9z° — 4) = (92° — 4)(92° — 4)
= 81z* — 36z — 36z + 16
= 8lz* — 72z + 16

(—6y* +11y° + 3y)(y + 4)(y — 4)
Solution:

(=6y* + 11y° + 3y)(y + 4)(y — 4) = (=6y" + 11y° + 3y)(y° — 16)
= —6y° + 96y + 11y* — 176y> + 3¢° — 48y
= —6y° + 107y* + 3y® — 176y> — 48y

(x +2)(z — 3)(2* + 22 — 3)
Solution:

(x4 2)(x — 3)(z® +22 —3) = (2° —z — 6)(z° + 2z — 3)
=z' +22° — 32° — 2® — 207 + 3z — 62° — 12z + 18
=z 4+ 23— 112% — 92 + 18

(a+2)?— (2a — 4)2
Solution:

(a+2)° = (2a —4)*> = a® + 4a + 4 — (4a® — 16a + 16)
=a%+4a+4— 4a® + 16a — 16
= —3a® + 20a — 12
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3. Expand the following products:

a)

b)

(22 + 3)%> — (z — 2)?
Solution:

2z +3)° — (z —2)°> =42° + 1204+ 9 — (¢° — 42 + 4)
=42’ + 122 +9— 2% + 4z — 4
=322 +16z+5

(2a® —a —1)(a® + 3a + 2)
Solution:

(2a° —a —1)(a® + 3a 4 2) = 2a* + 66> + 4a® — 0® — 30> — 2a — a® — 3a — 2
— 20t L5 =55 =9

(W +4y—1)(1 -4y —¢?)
Solution:

W +ay— DA -4y —y>) =y’ -4’ —y' +4dy — 16y° — 4y’ — 1+ 4y + ¢
=yt -8y — 14> +8y—1

2(z — 2y) (¢ + zy + 3?)
Solution:

2z — 2y)(2® + zy + %) = 2(2° + 2y + 2y” — 20y — 221° — %)
=2(z" — 2’y —ay” — %)
=2z — 2x2y = 2xy2 = 2y3

3(a — 3b)(a® + 3ab — b?)
Solution:

3(a — 3b)(a® + 3ab — b*) = 3(a® + 3a°b — ab® — 3a°b — 9ab® + 3b%)
= 3(a® — 10ab® + 3b°)
= 3a® — 30ab® + 9b°

(2a — b)(2a + b)(2a* — 3ab + b%)
Solution:

(2a — b)(2a + b)(2a> — 3ab + b*) = (44 — b*)(2a° — 3ab + b*)
= 8a* — 12a®b + 4a%b? — 2a%b* + 3ab® — b*
= 8a* — 12a®b + 24%b* + 3ab® — b*

2(3z + y)(3x — y) — (3x — y)*
Solution:

2(3z + y)(3z — y) — (3z — y)* = 2(9¢” — y*) — 92° + 6y — o/
=18z% — 2y2 —9z% + 6y — y2
=9z° + 6y — 3y2

(z+y)(z - 3y) + 2z — y)?
Solution:

(@ +y)(x —3y) + 2z — y)* = 2° — 3zy + zy — 3y” + 42° — 4wy + o/
= 5z% — 6zy — 2y2
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Solution:

Tt e
227 3
“ntete
. 2 x 4
) (=-2)(5+2)
Solution:
<m_g)(x+é):mj+4_g_§
T 3 =z 3 3 x2
7 12 2 8
=373 37 =
_® 10 8
=3t3 =

k) %(10x —12y) + 1 (152 — 18y)

Solution:

1 1
5(1095 —12y) + g(ISz — 18y) = 5z — 6y + 5z — 6y
= 10z — 12y

) %a(lla + 6b) + %(8(1 + 12b)

Solution:

%a(éla + 6b) + i(&l +12b) = 2a® + 3ab + 2a + 3b

4. What is the value of b, in (z + b)(z — 1) = 2> + 3z — 4
Solution:

(x+b)(z—1)=a>—x+br—0b

From the constant term we see that b = 4. We can check the = term: —x + 4x = 3x.
5. What is the value of g, in (z — 2)(z + g) = 2° — 6z + 8
Solution:

(x—2)(x+g) =24 gz —2z—29
From the constant term we see that —2g = 8, therefore g = —4. We can check the z term: —4x — 22 = —6x.
6. In(z—4)(z+k)=2>+bx+c
a) For which of these values of k& will b be positive?
—3;—-1;0;3;5
Solution:

(x —4)(z + k) = 2° + kx — 4z — 4k

The z term is kz — 4z so for b to be positive k > 4. Therefore k = 5.
For which of these values of k will ¢ be positive?

—3;—-1;0;3;5

Solution:

g

1.6. Products




(€ —4)(x + k) = 2° + ke — 4o — 4k

The constant term is —4k so for ¢ to be positive k < 0. Therefore k = —3 or k = —1.
c) For what real values of k will ¢ be positive?
Solution:

From the previous question we see that k& < 0 will make c positive.
d) For what real values of k will b be positive?

Solution:

From earlier we see that & > 4 will make b positive.

7. Answer the following:

4 2
a) Expand <x+ ;) .

Solution:

(+2) = (=+2) (+2)

16
=z’ +8+—
T

2
b) Given that <m + é) = 14, determine the value of 2 + 1—3 without solving for x.
0 x

Solution:

2
oo

2

: . 1 : 4\?
Now we note that the above expression can also be written as z? + —S + 8. Since (m + 7) = 14 we get:
x o

1
14:x2+8+—§
x
14—8::524—1—2
T
1
6:x2+—2
x

8. Answer the following:

1 2
a) Expand: <a+ 5)
Solution:
2
(a-f—l) =a2+2+i2
a a

: 1 : 1\* :
b) Given that <a + 5) = 3, determine the value of (a + a) without solving for a.

Solution:

2
c) Given that <a — 1) = 3, determine the value of (a + l) without solving for a.
a a

Solution:
We note that:

Chapter 1. Algebraic expressions




. 1\? 1\°
Next we note that if we add 4 to (a - g> we get <a + E) . Therefore:

1\° 1
(a—i—f) :a2—2+—2+4
a a

=344
—9+4
=13

9. Answer the following:

1 2
a) Expand: <3y+ —)
2y

Solution:

L

1%
(3y+f> =9y +3+4y2

2y

. 1 . 1\ . .
b) Given that 3y + % = 4, determine the value of <3y + %> without solving for y.

Solution:
1\?
3y+— | =4
(y+%)
=16

10. Answer the following:

1 2
a) Expand: <a+ —)
3a

Solution:

3 9a?

: RE I -
b) Expand: <a+ 3a) (a 3 + 9a2)

Solution:

NS WOPSES S U WP URN IS SRR B
3a 3 9a2) 3° 9% 3 9a 27d?
1

_ 3

—at 27a3

. 1 . s 1 .
o) Given that a + — = 2, determine the value of a” + without solving for a.
3a 27a3

Solution:

1.6. Products




3 1
=2(3
@+ 27a3 (3)
=6
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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1.7 Factorisation

Common factors

Exercise 1 — 5:

Factorise:

1. 12z + 32y
Solution:

12z + 32y = 4(3x + 8y)
2. —2ab®> — 4a®b
Solution:

—2ab® — 4a°b = —2ab(b + 2a)

3. 18ab — 3bc
Solution:

18ab — 3bc = 3b(6a — c)
4. 12kj + 18kq
Solution:

12kj + 18kq = 6k(2j + 3q)

Chapter 1. Algebraic expressions
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5. —12a + 24a®
Solution:
—12a + 24a® = 12a(—1 + 2a°)
6. —2ab — 8a
Solution:
—2ab — 8a = —2a(b+4)
7. 24kj — 16k%j
Solution:
24kj — 16k*j = 8kj(3 — 2k)
8. —a’b—b%a
Solution:
—a’b — b’a = —ab(a +b)
9. 72b%q — 18b3¢?
Solution:
720°q — 18b°¢° = 18b%q(4 — bq)

10. 12525 — 532
Solution:

1252° — 5% = 5(252° — ¢/%)
= 5(52° — y)(52° + y)
11. 622 + 22 + 102®
Solution:
62> + 2z + 102° = 22(3z + 1 + 52°)
12. 2zy® + zy’z + 3zy
Solution:
2zy® + zy’z + 3y = zy(2y + yz + 3)
13. 12k%j + 24k% 52
Solution:
12k%5 + 24K%5% = 12k%5(1 + 25)
14. 3a® + 6a — 18

Solution:
3a® + 6a — 18 = 3(a” + 2a — 6)
15. 7Ta+4
Solution:
Ta+4
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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Difference of two squares

Exercise 1 — 6:

Factorise:

1. 4(y —3) + k(3 —vy)
Solution:

4y—3)+k(B—y)=4(y—3) —k(y—3)
=Wy-3)(4-k)

2. a*(a—1) —25(a — 1)
Solution:

a’(a—1) —25(a—1) = (a — 1)(a® — 25)

(a—1)(a—5)(a+5)

3. bm(b+4) — 6m(b+4)
Solution:

bm(b+4) — 6m(b+4) = (b+4)(bm — 6m)
=(b+4)(m)(b—06)

4. a*(a+17)+9(a+7)
Solution:
a’(a+7)4+90a+7) = (a+7)(a*>+9)

5. 3b(b—4) — 7(4 — b)
Solution:

3b(b— 4) — 7(4 — b) = 3b(b — 4) + 7(b — 4)
=b-4)Bb+7)
6. 3g(z+6) +2(6 + z)

Solution:

3g(z +6) +2(6 + 2) = 3g(2 + 6) + 2(z + 6)
=(2+6)(3g+2)

7. 4b(y 4+ 2) + 5(2 + v)

Solution:

4b(y +2) +5(2 +y) = 4b(y +2) + 5(y + 2)
= (y +2)(4b+5)

8. 3d(r+5) + 14(5 +r)

Solution:

3d(r +5) + 14(5 + r) = 3d(r + 5) + 14(r + 5)
= (r+5)(3d + 14)
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10.

12.

13.

14.

15.

16.

17.

. (6z+y)2—9

Solution:

(6 +y)> =9 = (6z+y —3)(6x+y+3)

42 — (4 — 3y)?
Solution:

42 — (4z — 3y)® = (2z + 4z — 3y) (2z — (4o — 3y))
= (6z — 3y)(3y — 27)
= 3(2z — y)(3y — 27)

. 16a® — (3b + 4c)?

Solution:

164 — (3b + 4c)® = (4a + 3b + 4c)(4a — (3b + 4c¢))
= (4a + 3b+ 4c)(4a — 3b — 4c)
(b—4)* —9(b—5)?
Solution:
(b—4)2—9(b—5)°=(b-4—-30b-5))(b—4+3(b-5))
= (—2b+ 11)(4b — 19)

4(a — 3)* — 49(4a — 5)

Solution:
4(a — 3)* —49(4a — 5)° = (2(a — 3) — 7(4a — 5))(2(a — 3) + 7(4a — 5))
= (2a — 6 — 28a + 35)(2a — 6 + 28a — 35)
= (29 — 26a)(30a — 41)
16k* — 4
Solution:
16k% — 4 = (4k — 2)(4k + 2)
a’b’c® — 1
Solution:
a’b’c® —1 = (abe — 1)(abc + 1)
%az — 4b?
Solution:
15 2 (1 1
g% 4b° = (311 2b> (3a+2b>
%xZ -2
Solution:

1.7. Factorisation




18. 4> —8
Solution:
Note that (\/g)2 =38

v —8=(y—V8)(y+V8)

19. y? — 13
Solution:
Note that (\/13)2 =13

y? —13 = (y — V13)(y + V13)
20. a*(a — 2ab — 15b%) — 9b*(a® — 2ab — 15b%)

Solution:
a’(a — 2ab — 15b%) — 9b%(a® — 2ab — 150%) = (a* — 2ab — 15b°)(a” — 9b*)
= (a — 5b)(a + 3b)(a — 3b)(a + 3b)
= (a — 3b)(a — 5b)(a + 3b)*
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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Factorising by grouping in pairs

Exercise 1 — 7:

Factorise the following:

1. 6d — 9r + 2t5°d — 3t°r
Solution:

6d — 9r + 2t°d — 3t°r = 3(2d — 3r) + t°(2d — 3r)
= (2d — 3r)(3 +t°)
2. 92 — 18m + b2 — 2b°m

Solution:

9z — 18m + b°z — 2b°m = 9(z — 2m) + b (2 — 2m)
= (z —2m)(9+b%)
3. 352 — 10y + 7c°z — 2c°y

Solution:

35z — 10y 4+ 7%z — 2%y = 5(7z — 2y) + (72 — 2y)
= (72— 2y)(5+ ¢°)

4. 6z +a—+ 2ax + 3

Chapter 1. Algebraic expressions
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10.

12.

Solution:

. % — 6z + 5z — 30

Solution:

. 5z + 10y — az — 2ay

Solution:

a®> —2a —az + 22
Solution:

. 5zy — 3y +10x — 6

Solution:

.ab—a®>—a+b

Solution:

14m — 4n + 7Tjm — 2jn
Solution:

. 28r — 20z + Tgr — 59z

Solution:

25d — 15m + 5yd — 3ym
Solution:

6x + a+ 2ax + 3 =6x + 3+ a + 2azx
=32z +1)+a(2z+1)
=B+a)(2z+1)

x? — 6z + 5z — 30 = z(z — 6) + 5(x — 6)
= (z+5)(z — 6)

5z + 10y — az — 2ay = 5(z + 2y) — a(z + 2y)
= (5-a)(z +2y)

a® —2a—azx + 2z =ala—2) — z(a —2)
— (a-2)(a-2)

5zy — 3y + 10z — 6 = y(5z — 3) + 2(5z — 3)
= (y+2)(5z — 3)

ab—a’—a+b=—-a>—a+ab+b
=—ala+1)+bla+1)
= (~a+B)(a+1)

14m — 4n + 7jm — 2jn = 2(Tm — 2n) + j(Tm — 2n)
= (Tm —2n)(2 + j)

287 — 20x + 7gr — bgx = 4(7r — 5z) + g(7r — 5x)
= (Tr —5z)(4 +9)

25d — 15m + 5yd — 3ym = 5(5d — 3m) + y(5d — 3m)
= (5d — 3m)(5 + v)

1.7. Factorisation




13. 45q — 18z + 5¢q — 2¢z
Solution:

45q — 18z + 5cq — 2cz = 9(5q — 22) + ¢(5q — 22)
— (5g—22)(9+¢)
14. 65 — 150 + 2yj — Syv

Solution:

67 — 15v + 2yj — byv = 3(2j — 5v) + y(25 — 5v)
=(2j —5v)(3+y)

15. 16a — 40k + 2za — 5zk
Solution:

16a — 40k + 2za — 5zk = 8(2a — 5k) + z(2a — 5k)
= (2a — 5k)(8 + 2)
16. ax — bx + ay — by + 2a — 2b

Solution:

ax —br+ay — by + 2a — 2b = z(a — b) + y(a — b) + 2(a — b)
(a—=b)(z+y+2)

17. 3ax + bz — 3ay — by — 9a — 3b

Solution:
3az + br — 3ay — by — 9a — 3b = z(3a + b) — y(3a + b) — 3(3a + b)
— (Ba+b)(@—y—3)
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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Factorising a quadratic trinomial
General procedure for factorising a trinomial

Exercise 1 — 8:

Factorise the following:

1. 22+ 8z + 15
Solution:

2 +8z+15= (z+5)(z+3)

Chapter 1. Algebraic expressions
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2. 2>+ 9z +8
Solution:

>+ 9z +8=(x+8)(x+1)

3. 22 4+ 12z + 36
Solution:

2 + 12z 4 36 = (z 4 6)(z + 6)
2

= (z +6)
4. 2h% + 5h — 3
Solution:
2h% + 5h — 3 = (h + 3)(2h — 1)
5. 322 + 4z +1
Solution:
3z’ +4r+1=(x+1)Bx+1)
6. 32 +s—10
Solution:

35> +5—10= (s +2)(3s — b)
7. 2% —2x—15

Solution:
a2 — 20 —15= (z + 3)(z — 5)
8. 2> +2zx—3
Solution:
2’ +2c-3=(z+3)(z—1)
9. x4+ —20
Solution:

>+ —20=(z+5)(x—4)
10. 2° —z — 20
Solution:
> —z—-20=(z—5)(z+4)

11. 222 — 222 + 20
Solution:

2z% + 22z + 20 = 2(z® 4 11z + 10)
= 2(z + 1)(z + 10)
12. 6a* + 14a + 8
Solution:
6a° + 14a + 8 = 2(3a® + 7a + 4)
=2(a+1)(3a+4)
13. 6v% — 27w + 27

Solution:

60> — 27v + 27 = 3(20% — v + 9)
=3(2v—-3)(v—13)

1.7. Factorisation




14.

15.

16.

18.

19.

20.

21.

22.

23.

24.

6g%> — 159 — 9
Solution:

322+ 19z + 6

Solution:

322 + 17z — 6
Solution:

T2 — 6z — 1
Solution:

62> — 152 — 9

Solution:

a® — Tab+ 12b

Solution:

3a? + 5ab — 125>
Solution:

98zt + 1422 — 4

Solution:

(z—2)2—7(z—2)+12
Solution:

(@=2) = M@ =2) =5
Solution:

(y+3)*-3(y+3)—18
Solution:

69> — 159 — 9 = 3(29° — 59 — 3)
=3(9—-3)(29+1)

3z® +19z + 6 = (3z + 1)(x + 6)

3z2 + 17z — 6 = (3 — 1)(x + 6)

70> —6x—1=(Tx+1)(z —1)

6z — 152 — 9 = 3(22> — 5z — 3)
=32z +1)(z —3)

a® — Tab+ 12b° = (a — 4b)(a — 3b)

3a® + 5ab — 12b° = (3a — 4b)(a + 3b)

98z* + 142° — 4 = 2(49z" — 72° — 2)
=2((Tz + 2)(7z — 1))

(—2°-7z—-2)+12=(z—2)—4)((x—2)—3)
=(z—6)(z—5)

(@a—2)%—4(a-2)-5=(a—2)-5)((a—2)+1)
=(a—"7)(a—1)

(y+3)°—3(y+3)—18=((y+3) —6)((y+3) +3)
=(y—3)(y+6)

Chapter 1. Algebraic expressions




25. 3(b* + 5b) + 12
Solution:

3(b> + 5b) + 12 = 3(b° + 5b) + 3(4)

= 3(b° + 5b +4)
=3(b+4)(b+1)
26. 6(a” + 3a) — 168
Solution:
6(a” + 3a) — 168 = 6(a” + 3a) — 6(28)
= 6(a” + 3a — 28)
=6(a+7)(a—4)
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.

1. 2DKY 2. 2DKZ 3. 2DM2 4. 2DM3 5. 2DM4 6. 2DM5 7. 2DM6 8. 2DM7

9.2DM8 10.2DM9 11.2DMB  12.2DMC  13.2DMD 14.2DMF  15.2DMG 16. 2DMH
17.2DMJ  18.2DMK  19.2DMM  20. 2DMN  21. 2DMP  22.2DMQ 23. 2DMR  24. 2DMS
25. 2DMT  26. 2DMV
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Sum and difference of two cubes

Exercise 1 — 9:

Factorise:
1. w*—8
Solution:
w' — 8 = (w— 2)(w® + 2w+ 4)
2. ¢° + 64
Solution:
¢ +64=(g+4)(g° — 49+ 16)
3. +1
Solution:
B +1=(h+1)(h —h+1)
4. 22 +8
Solution:
3 2 2
z” +8 = (z+2)[(z)" — (=)(2) + (2)7]
= (z+2)(z® — 2z +4)
5. 27 —m?
Solution:

1.7. Factorisation
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10.

11.

12.

13.

27— m® = (3 -m)[(3)* + (3)(m) + (m)?]
= (3—m)(9+ 3m +m?)

223 — 2y
Solution:
22 — 2% = 2(z® — 4°)
=2(z —y)[(2)” + (2)(v) +¥’]
=2(z —y)(=* + 3y +°)
. 3k 4 81¢°
Solution:
3k3 + 81¢% = 3(K* + 27¢°)
=3(k +39)[(k)> — (k)(39) + (39)°]
= 3(k + 3q)(k* — 3kq + 9¢°)
. 643 — 1
Solution:
64t — 1 = (4t — 1)[(4t)> + (4t)(1) + (1)?]
= (4t — 1)(16t° + 4t + 1)
. 64z — 1
Solution:
642°> — 1= 8z — 1)(8z + 1)
12523 + 1
Solution:
1252° + 1 = (52 + 1)[(5x)* — (52)(1) + (1)?]
= (5z 4 1)(252% — 5z + 1)
252% +1
Solution:

Note that (\3/%)3 = 25.

252° + 1 = (V25 + 1)[(V/25z)* — (V/25z)(1) + (1))
= (V252 + 1)((V/25)%z* — V/25z + 1)

z — 125z*
Solution:
z —1252* = (2)(1 — 1252°)
= (2)(1 = 52)[(1)* + (1)(52) + (52)°]
= (2)(1 — 52)(1 + 5z + 252%)
8mS + n?
Solution:

Chapter 1. Algebraic expressions




8m6 +7L9 _ (2m2)3 + (n3)3
= (2m® + n®)[(2m?)* — 2m*)(n®) + (n*)?]
= (2m? + n®)(4m* — 2m*n® 4 n®)
14. 216n° — k3
Solution:

216n° — k* = (6n — k)(36n> + 6nk + k%)
15. 125s% + d3
Solution:
1255° + d° = (55 + d)(25s° — 5sd + d°)
16. 8k> + r®
Solution:
8k + 1% = (2k + r)(4k” — 2kr + 1)
17. 853%k31% — b°

Solution:
852k 1% — b® = (2jkl — b)(45°k>1* + 2jklabe + b%)
18. 272%y® + w?
Solution:
272%y° + w® = (3zy + w)(92%y* — 3zyw + w°)

19. 128m® + 23

Solution:
128m® + 2% = 2(64m® + f°)
= 2(4m + f)(16m> — 4mf + f?)
1
20. pl5 — =12
0.p gY
Solution:
15 1 o1 5\3 (Ll 43
pe gy =) - (GY)
_ 5_1 4 5\ 2 5y (1 4 14
- (=) [077+00 (57) + G
(5 14 10,154 14
—<p 2?/)(17 +2py+4y)
2T
21. tis — S
Solution:
27 3 3 9 3s 2
w s =Gty )
1 3
22 o —h
Solution:
1 g 1 1 ko
64¢3 h _(4q h)(16q2 +4q+h)

1.7. Factorisation




1
23. 72¢% + gqﬁ

Solution:

72¢° + %v?’ = 2 (216g° +v°)

(6g + 1))(36g2 — 6gv + v2)

W= W

24. 1 — (z —y)®
Solution:

1—-(@-p)’=010-(z-y)1)’-D)@-y) +@=-y7
=(1l-z+y)(Q—-z+y+a’®—2ay+y°)
25. h*(8¢° + h®) — (8¢5 + h?)

Solution:

h*(8¢° + %) — (8¢° + 1) = (h* — 1)(8¢° + A%)
= (b = 1)(h* +1)(26° + h)(4g" — 29°h + h®)
= (h=1)(h+ 1)(A* +1)(29" + h)(4g" — 2¢°h + I?)

26. x(125w® — h®) + y(125w> — h®)
Solution:

z(125w° — h3) 4+ y(125w® — h®) = (z + y)(125w® — h?)
= (z +y) (5w — h)(25w” + Swh + h?)

27. x2(27p® + w?) — 52(27p* + w?) — 6(27p® + w?)

Solution:
22(27p° + w®) — 52(27p* + w®) — 6(27p° + w®) = (2® — 5z — 6)(27p° + w?)
— (2 — 6)(z + 1)(3p + w)(9” — 3pw + w?)
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.

1. 2DMW 2. 2DMX 3. 2DMY 4. 2DMZ 5. 2DN2 6. 2DN3 7. 2DN4 8. 2DN5

9. 2DN6 10.2DN7  11.2DN8 12.2DN9 13.2DNB  14.2DNC 15.2DND 16. 2DNF
17.2DNG  18. 2DNH 19. 2DN]J 20. 2DNK  21.2DNM  22. 2DNN  23.2DNP  24. 2DNQ
25.2DNR  26.2DNS  27. 2DNT
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1.8  Simplification of fractions

Exercise 1 — 10:

1. Simplify (assume all denominators are non-zero):
3a

15

Solution:

a)
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2a 4+ 10

4
Solution:

5a + 20
a+4
Solution:

a’® —4a
a—4
Solution:

3a® — 9a
2a — 6
Solution:

9a + 27

9a + 18
Solution:

Note restriction: a # —2.
6ab + 2a

2b
Solution:

Note restriction: b # 0.

3a

15 5
2a+10 _ 2(a+5)
4 4

a+5
2
5a+20 5(a+4)
a-+4 a-+4
5
a®—4a _ ala—4)
a—4  a—4
a
3a®> —9a  3a(a — 3)
2a —6  2(a—23)
3a
2
9a+27  9(a+3)
9a+18  9(a+2)
a—+3
T a+2
6ab+2a  2a(3b+1)
2b 2b
_a(3b+1)
B b

1.8. Simplification of fractions




16z%y — 8zy
122 — 6
Solution:

h)

4xyp — 8xp
122y
Solution:

Note restriction: y # 0.

922 — 16
6x — 8
Solution:

j)

b? — 81a>
18a — 2b
Solution:

k)

£2 _ g2

) 82 — 2st + 2
Solution:

Note restriction: s # ¢
xz? — 22— 15

5z — 25
Solution:

m)

1622y — 8zy _ 8xy(2z — 1)
120 —6  6(2z—1)

8xy

6

4xy

3

dzyp — 8xzp  dap(y — 2)
12zy B 122y
_py—2)
3y

92° —16  (3z —4)(3z +4)

6z —8 23z —4)
3z +4
)

b2 —81a®> (b—9)(b+9)

18a—2b  2(9-0)
b+9
T2
t?—s>  (t—s)(t+s)
s2—2st+t2  (s—t)2
_—(s=t)(+s)
EEDE
_ —(t+s)
C s—t

2 —22—-15 (z—5)(xz+3)
50—25  5(x—5)
T+ 3

5
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22+ 2z —15

2 + 8z + 15
Solution:
2’ +2c—-15 (z+5)(xz—3)
22 +8z+15  (z+3)(z +5)
r—3
T z4+3
Note restriction: = # —3.
o) 22—z —6
3 — 27
Solution:
?—z—-6  (z—3)(z+2)
z3—27  (z—3)(z2+3z+9)
_ T+ 2
T 22432 +9
) a’® + 6a — 16
P a® —8
Solution:
a®>+6a—16  (a+8)(a—2)
a3 -8  (a—2)(a%+2a+4)
___a+38
a2+ 2a+4
) a® — 4ab — 12b°
q a? + 4ab + 4b?
Solution:

a® —4ab— 126> (a — 6b)(a + 2b)

a? +4dab + 42 (a+ 2b)2
__a—6b
T a+2b
Note restriction: a # —2b.
" 6a> —7a —3
3ab+ b
Solution:

6a> —7a—3 (2a—3)(3a+1)
3ab+b bBa+1)
_ 2a-—3

b

Note restriction: b # 0.
22—z —1

3 —x
Solution:

202 —x—1 (2z+1)(xz—1)

B—z  zlz—1(=z+1)
2z +1

T z(z+1)

Note restrictions:  # —1 and x # 0.

1.8. Simplification of fractions




qz + qr + 16z + 167
2+
Solution:

t)

qz+qr+16z+16r _ q(z+7)+16(z + 1)

(z+7r) a (z+7)
_ (z+r)(g+16)
(z+7)
=q+ 16
u Pz —pg + 5z — 5¢q
Z2—q
Solution:
pz—pg+52—5¢  p(z—q)+5(x—q)
(z—q) a (z—q)
_ (=9(@+5)
- (-9
=p+5
V) hx — hg + 13z — 13g
r—g
Solution:
hx —hg+ 13z —13g _ h(z — g) + 13(z — g)
(z—g) a (z—9)
_ (@—g)(h +13)
- (-9
=h+13
W) f2a_fa2
f—a
Solution:

fa—fa® _ af(f - a)
f—a ~ (f-a
:af

2. Simplify (assume all denominators are non-zero):
b +10b+21 . 2b° +14b

3(62—9) 3062 — 90b
Solution:

a)

b +10b+21 , 20" +14b _ b +10b+21 3067 — 90b
3(b2—9)  30b2 —90b 3(b2 —9) 2b2 + 14b
_ (b+7(b+3)  30b(b—3)
3b—3)(b+3) " 2b(b+7)
130

—3772
5

¢ +172 470 | 32”421z
5(x2 —100) 4522 — 450z
Solution:

b)
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2+ 172470 | 32°+2lx  2°+ 172 +70 _ 452° — 450z
5(z2 —100) = 45x%2 —450c  5(z2 — 100) 3z2 + 21z
_ (z+T7)(z+10) 45z (x — 10)
~ 5(x—10)(z +10) © 3x(z+7)
1,45
5 3
=3
o 2 2SO 6 2 Z e 0
3(22 —121) =~ 2422 — 264z
Solution:
224172+66 | 222 +122 224172466 2427 — 2642
3(22 —121) © 2422 — 264z 3(22 — 121) 222 + 12z
(z+6)(z+11) 24z(z — 11)
T 3(z—11) (2 + 11) 22(z + 6)
1 24
=3%3%
=4
d) 3a+9 o Ta + 21
14 a+3
Solution:
3a+9 7a+21 3(a+3)  7(a+3)
14 ° a+3 14  a+3
_ 3(a+3) . .
14
_3(a+3) 1
14 7
3(a+3)
- 98
o) a® —5a 4a
2a+10 3a+15
Solution:
c12—5a>< da  a(a—05) « 4a
2a+10 © 3a+15 2(a+5)  3(a+5)
_laa—5)]4a]
[2(a +5)][3(a + 5)]
_ 4a*(a—5)
" 6(a+5)2
Note restriction: a # —5.
f 3zp+4p | 12p?
8p " 3r+4
Solution:
3zp+4p | 12p°  p(Bz+4) | 12p?
8 " 3zx+4 8  3x+4
_3zx+4 3x+4
-8 12p?
_ [3z + 4][3z + 4]
(8][12p?]
3z +4)?
- 96p?

1.8. Simplification of fractions




Note restriction: p # 0.
24a — 8 . 9a — 3

g

12 ’ 6
Solution:
24a—8 9a—3 8(3a—1)  3(a—1)
2 - 6 12 i 6
_ 2(3a—1) « 2
3 a—1
_ 2Bz - D)2
(3)[a — 1]
_ 4(3a—1)
~ 3(a—1)
Note restriction: a # 1.
h) a’ + 2a . 2a + 4
5 20
Solution:

a*+2a  2a+4 ala+2)  2a+2)
5 20 5 20
a(a+2)>< 10

5 a+2
_ la(a+2)][10]
-~ Blla+2]
10a
5
=2a

i p’+pg 2lq
p 8p + 8¢q
Solution:

2
p+pg 21q p(p+q) . 2lq

7p 8p+8  Tp 8(p+q)
_ [p(p + 9)][214]
[7p][8(p + q)]
_ 21pq
56p
_ 34
T8

5ab—15b . 6b°

4a—12 "~ a+b
Solution:

5ab—15b = 66>  5b(a—3) . 6b°
46—12 “a+b 4@—-3) a+b
_ibxa+b
4 " 6b2
_ [5b][a + b]
- [4]f6b?]
~30p°
" 4(a+b)

Note restriction: a # —b.
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16 — z2 z+3

k) xz—w—12xw+4
Solution:
16 — 22 X:B+3_(4—w)(4+m)xx+3
22—z—12 z+4 (z—-4)(z+3) z+4
=-1
0 a® +0v® 5a + 5b
a’ a? + 2ab + b?
Solution:
a?’—&—b3>< 5a + 5b _(a+b)(a2—ab+b2)x5(a+b)
ad a? +2ab+ b2 ad (a+0)?
a® — ab + b?
=———>—— X5
a
_ 5(a® —ab+b°)
==
Note restrictions: a # 0.
m) a—4 ><(12—i—2a—&—1
a+5a+4 a?—3a—4
Solution:
a—4 Xa2+2a+1_ a—4 o (a+1)2
a+5a+4" a2—3a—4 (a+4)(a+1) " (a—4)(a+1)
1
Ca+t4
Note restrictions: a # —4.
3z + 2 r—2
n — X
22 —6x+8 322+8x+4
Solution:
3z + 2 9 =2 _ 3z + 2 » =2
22 —6x+8 322+8x+4 (z—4)(z—2)  (Bz+2)(z+2)
1
C(z—4H(z+2)
Note restrictions: x # 4 and x # —2.
a®>—2a+8 a*+a—-12 3
o) X — =
a? + 6a + 8 3 2
Solution:
a2—2a+8xa2+a—12_§_(a—4)(a—|—2) (a+4)(a=3) 3
a? + 6a + 8 3 2 (a+2)(at4) 3 2
_(@-4)@-3) 3
- 3 2
_ 2(a—4)(a—3)—9
- 6
_2(a®—Ta+12)—9
- 6
_ 2a® —14a + 15
- 6
0 42> —1 | 6z +5zx+1 922+ 6z +1

322 + 10213 422 +75—3 822 —6z +1

1.8. Simplification of fractions




Solution:

4 -1 62’ +5x+1  9x®+6zx+1
3224+ 10z +3 ~ 422 +T7xr—3  8x2—6x+1

2z —-1)(2z+1)  (z+3)(4x—1) (3z +1)?
= X X

(z+3)Bz+1)  (2z+1)Bz+1) (2z—1)(4z—1)
=1

x+4 _z— 2
3 2
Solution:

q)

z+4 z-2_ 2x+4)-3=-2)

3 2 6
_ 2x+8—-3x+6
- 6
_14—95
T 6
) p3+q3x3p—3q
2 2 2
p p?—q
Solution:
P+¢® 3p-3¢_ (p+a@* —pitd) 3(—q)
p? p? — ¢? p? p—a)(p+q
_+o@ —pi+q) 3
p? p+gq
30" —pa+q°)
==

Note restriction: p # 0.

3. Simplify (assume all denominators are non-zero):

a)x—3_:c+5
3 4
Solution:
z—3 x+5 4(xz—-3)—3(x+5)
3 4 12
_4r—12 -3z —15
B 12
oz =27
12
20 —4 -3
b) 9 T 1 +1
Solution:
2x—4_a:—3+1_4(2x—4)—9(m—3)+36
9 4 36
8z — 16— 9z + 27436
- 36
47—z
~ 36
3r—4 zx+2
o 1+ T 3
Solution:
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1+3x—4_a:—|—2: 12+ 3Bz —4) —4(z+2)
4 3 12
12492 —12— 42— 8
B 12
5 —8
o112
11 8
a—|—11+a—8
Solution:
11 8 11(a — 8) + 8(a + 11)
+ =
a+11 a-—38 (a+11)(a —8)

Note restrictions: a # —11 and a # 8.
12 6

t—12 -6

Solution:

12

11a — 88 4 8a + 88
(a+11)(a—38)
. 19a
" (a+11)(a —8)

6 12(x — 6) — 6(z — 12)

r—12 x-6

Note restriction: = # 12 and z # 6.
12 8

r+12 + r—38

Solution:

12

T (@-12)(z-6)
122 — 72 — 6z 4 72
(z —12)(x — 6)
6x
(z —12)(z — 6)

8 12(r — 8) + 8(r + 12)

r+12+r

Note restriction: r # —12 and r # 8.

2 4 3
g —+ —+—
Ty T2 Yz
Solution:
2 4
_ _|_ _
Ty xZ
Note restrictions: x # 0; y # 0 and z # 0.
5L
t—2 t—3
Solution:

—8

(r+12)(r — 8)
12r — 96 + 8r + 96
(r+12)(r — 8)
207
(r+12)(r — 8)

3 _ 22

Yyz

4y
G ==aF
TYyz = TYZ
2z + 4y + 3x
TYz

3x
TYz
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5 1 (B)(t—3) 1(t —2)
t—2 t—3 (t—-3)(t—2) (t—2)(t—3)
_5(t-3)—-(t-3)

i)

(t—2)(t—3)

_ Bt —15—t43

T (t—2)(t—23)

412

 (t—2)(t—23)
Note restrictions: ¢ # 2 and ¢ # 3.
k+2 1
K2+2 k42
Solution:

k42 1 (k+2)(k+2) 1(k* +2)

R+2 k+2 (B2+2)k+2) (*2+2)(k+2)
(k+2)2 — (k2 +2)
(k2 +2)(k +2)
K 4dk+4-K -2
(k2 +2)(k +2)
4k +2
(k2 +2)(k +2)
2(k +2)
(k2 +2)(k +2)

Note restrictions: k # —2 and k2 # +/2.
t+2 t+1

3q + 2q
Solution:

j)

t+2  t+1 (t+2)(2q) (t+1)(3q)
3q 2q (39)(29) (39)(29)
(2tq + 4q) + (3tq + 3q)
6q2
_q(5t+7)
= 52
B4 7
= 5

Note restriction: g # 0.

3,2
pP—4 (p—-2)?

Solution:

k)

3 2 3(p —2)? 2(p® — 4)
P-4 (»-27 @-490@-2? @ -490@-2)
_3-2)p—2)+2(p—2)(p+2)
(p+2)(p-2)°
_ [p=2B(r—2) +2(p +2)]
(r+2)(p—2)°
_3p—6+2p+4
~ (p+2)(p—2)?
5p — 2
(r+2)(p—2)°

Note restriction: p # £2.
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X $2

vty Y-z’
Solution:

z_ z? __® z?
r+y Y- zty (r+y)(r-y)
z(x —y) + 2°
(@+y)(z—y)
:c2—:cy+m2
(z+y)(z—y)
. 22 — xy
(et y)(z—vy)

Note restriction: = # +y.
1 3mn

m+n  m3+nd

Solution:

m)

1 3mn 1 3mn
m+n+m3+n3 B m—l—n+ (m + n)(m2 — mn + n?)
~ 1(m? — mn +n?) + 3mn
~ (m+n)(m2 — mn +n2)
m? + 2mn + n?
(m + n)(m2 — mn + n?)
m+n
m? — mn + n?

h 1
h3— f3  R2+hf+ f2
Solution:

n)

h 1 B h 1
RS —f3 h2+hf+f2 (h—f)(B2+hf+f2) h2+hf+f?
h—h+f
(h+ f)(h? + hf + f?)
/
~ (b N+ hf+F?)

Solution:

(z? —1)(2) 3z —3
23z —3)  2(3z —3)
222 —2-3z+3
a 6z — 6
_(z— 1)(2z — 1)

6(x —1)
_ 2¢ — 1

6

m2—2w+1_m2+m+1
(x—1)3 z3 —1
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Solution:

x2—2x+1_:v2+w+1_(w—1)2_w2+w+1

(z—1)3 z3—1 (z—1)3 z3—1
1 2’ +z+1
(x—1) (z—1)(22+z+1)
1 1
“&-D -1
=0
1 2z
Y oo T B
Solution:

1 2z 1 2z
(x—1)2 3-1 (z-12 (z—1)(a2+z+1)

Ptz +1-—2z(z—1)

T (- 1222zt 1)
2+ +1— 2z 4 2z
(z—1)2(x24+z+1)

. —z? + 3z +1

T (z—1)2(z2 4z +1)

2 +2t—8 1 +t+1
2+t—6  t2—9  t—3
Solution:

r)

>+ 2t —8 1 t+1:(t+4)(t—2)+ 1 +t—|—1
2+t—6  2—-9 t—-3 (t+3)t—-2) (t—-3)(t+3) t-3
t+4 1 t+1
T i 3 T t=3)+3) i-3
(= 3)(t+4) F 1+ (t+1)(E+3)
(t—=3)(t+3)
Pt — 1241+t +4t+3
- (t—3)(t+3)
_ 22 +5t-8
 (t—3)(t+3)
_ 2> +5¢—8
2 -9
Note restriction: ¢ # +3.
22 —3z+9 T —2 1
g 3 4+ 27 +m2+4x+3_m—2
Solution:
22 —3z+9 T —2 1 22 —3z+9 xr—2 1

x3 + 27 2+4dz+3 z-2 (z+3)(z2—-3z+9) + (z+3)(z+1) z-—2

_(@+DE-2)+(@-2° - (2+3)(z+1)
(z+3)(z+1)(z—2)
22—z —24+22—4dzx+4—22—42—3
(z+3)(z+1)(z—2)
. x> -9z —1
(z+3)(z+1)(xz—2)

Note restrictions: z # —3;  # —1 and x # 2.
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1 a2+2ab—|—b2_ 1

t
) a? — 4ab + 4b? u a3 — 8b3 a2 — 4b2
Solution:
1 n a® + 2ab + b? _ 1
a? — 4ab + 4b2 a® — 8b3 a2 — 4b2
_ 1 a® + 2ab + 4b° 1

= la—20)(a—26) T (a—2b)(a® 1 2ab + 4%  (a — 2b)(a 1 20)
_ (a+2b) + (a — 2b)(a + 2b) — (a — 2b)
(a — 2b)%(a + 2b)
a+2b+a® —4b> —a+2b
(a — 2b)?(a + 2b)
_a®+4b—4b?
"~ (a—2b)2(a + 2b)

Note restriction: a # £2b.

4. What are the restrictions in the following:

a) !
r—2
Solution:
We need to find the value of = that will make the denominator equal to 0. Therefore:
r—2#0
)
3z —9
b
) 4z +4
Solution:
First simplify the fraction:
3z —9 3(x—-1)
dr+4  4(z+1)
Now we can determine the restriction:
4xz+1)#0
z+1#0
T #—1
c) 3__1
z x2-1
Solution:
First simplify the fraction:
s L s 1
z 22—1 =z (z—1(z+1)
Now we can determine the restrictions. There are three restrictions in this case:
x#0
xr—1#0
x+1#0
Therefore:  # 0 and = # +1
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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la.2DNW  1b.2DNX 1c.2DNY  1d.2DNZ  Te. 2DP2 1f.2DP3  1g. 2DP4  1h.2DP5
1i.2DP6  1j.2DP7  1k. 2DP8 1.2DP9  1m.2DPB  1n.2DPC  10.2DPD 1p. 2DPF
19.2DPG  1r.2DPH  1s. 2DP) 1t.2DPK  1u.2DPM  1v.2DPN  1w.2DPP  2a. 2DPQ
2b.2DPR  2c.2DPS  2d.2DPT  2e.2DPV  2f.2DPW  2g 2DPX  2h.2DPY  2i. 2DPZ
2j.2DQ2  2k.2DQ3  2.2DQ4 2m.2DQ5  2n.2DQ6  20.2DQ7  2p.2DQ8  2q. 2DQY
2r.2DQB  3a.2DQC  3b.2DQD  3c.2DQF  3d.2DQG  3e.2DQH  3f.2DQJ  3g. 2DQK
3h.2DQM  3i.2DQN  3j.2DQP  3k.2DQQ  3L.2DQR  3m.2DQS  3n.2DQT  3o.2DQV
3p.2DQW  3q.2DQX  3r.2DQY  3s.2DQZ  3t.2DR2  4a.2DR3  4b.2DR4  4c. 2DR5

]
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1.9 Chapter summary

End of chapter Exercise 1 — 11:

1. The figure here shows the Venn diagram for the special sets N, Ny and Z.

7
No

D

a) Where does the number 2,13 belong in the diagram?

Solution:

2,13 is in its simplest form, therefore it is not in N, Ny or Z). It is in the space between the rectangle and Z
b) In the following list, there are two false statements and one true statement. Which of the statements is true?

* Every natural number is an integer.
* Every whole number is a natural number.
e There are fractions in the integers.
Solution:
Consider each statement:

* Integers are natural numbers and negative natural numbers. Therefore this statement is true.
* 0 is not a natural number, therefore this statement is false.
* Integers are natural numbers and negative natural numbers, no fractions. Therefore this is false.

The only true statement is (i).

2. State whether the following numbers are real, non-real or undefined.
a) —v/-5
Solution:
This is the square root of a negative number and so is non-real.

V8
b)T

Solution:
We are dividing by 0 and so this is undefined.
o —V15
Solution:
This is the square root of a positive number and so is real.
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d)

e)

f)

-7

Solution:

This is the square root of a positive number and so is real.
V=i

Solution:

This is the square root of a negative number and so is non-real.
V2

Solution:

This is the square root of a positive number and so is real.

3. State whether each of the following numbers are rational or irrational.

a)

V4

Solution:

Irrational. It cannot be simplified to a fraction of integers.
457

Solution:

Irrational. It cannot be simplified to a fraction of integers
V9

Solution:

V=3

Rational. Can be simplified to an integer

/8

Solution:

V8 =2

Rational. Can be simplified to an integers.

4. If a is an integer, b is an integer and c is irrational, which of the following are rational numbers?

a)

—b

a

Solution:

We have a fraction of integers and so this is rational.
c—c¢C

Solution:

When we divide a number by itself we get 1 and so this is rational.
a

@
Solution:

We are dividing an integer by an irrational number and so this is irrational. However if a = 0 then the fraction
is equal to 0 and the number is rational.
1

(&
Solution:
We are dividing an integer by an irrational number and so this is irrational.

5. Consider the following list of numbers:

a)

b)

V26 ; g; \/—24;v39;7,ii;7r2; g;7,12; —V24; ?;37r;\/78;9;7r

Which of the numbers are non-real numbers?

Solution:

Only v/—24 is non-real as it is the square root of a negative number.

Without using a calculator, rank all the real numbers in ascending order.

Solution:

We exclude v/—24 from the list as it is non-real. We also exclude % as it is undefined. Then we note that:

o /26 lies between 2 and 8
e 32=15
2 —

* /39 lies between 6 and 7
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« 1~ 9,8696
I ~1,5708

s —/24 lies between —4 and —5

e 37~ 9,4248

» /78 lies between 8 and 9

e m~3,1416

Therefore the ordering is: —v/24; £; Z; V/26; 7; v39; 7115 712; V78; 9; 3m; n°

c) Which of the numbers are irrational numbers?
Solution:
Any number that cannot be written as a fraction of integers is irrational. Therefore

—V24; 5 ; V26 ; 7 /39 ; V78 ; 3n; w2 are all irrational.
Which of the numbers are rational numbers?
Solution:

All numbers that can be written as a fraction of integers are rational numbers. Therefore g 07115 712 ; 9are
all rational numbers.

Which of the numbers are integers?

Solution:

Only 9 is an integer.

f) Which of the numbers are undefined?

Solution:

Any fraction that has a denominator of 0 is undefined, therefore only % is undefined.

=

L

6. Write each decimal as a simple fraction.

a) 0,12
Solution:
1 2
0.12= 15 * 100
_ 12
~ 100
_3
25
b) 0,006
Solution:
6
0,006 = 1000
_ 3
~ 500
c) 4,14
Solution:
r=4,141414. ..
100z = 414,141414. ..
100z — x = (414,141414...) — (4,141414 .. )
99x = 410
_ 410
99
d) 1,59
Solution:
5 9
1 =14+ —=4+ —
29 - 10 i 100
199
~ 100
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e) 12,277

Solution:
z=12277
10z = 122,7
100z = 1227,7
. 100z — 10z = 90z = 1105
1105
T 90
_ 221
T 18
f) 0,82
Solution:
0,82 = 0,82222,..
z = 0,8222...
10z = 8,222...
100z = 82,222...
100z — 10z = 82,222 — 8,222...
90z = 74,000
90x = 74
R
T 45
g 7,36
Solution:
x = 7,363636...

100z = 736,363636...

100z — = = (736,363636...) — (7,363636...)
99z = 729

-8l

7. Show that the decimal 3,2118 is a rational number.
Solution:

z =3,2118
1000z = 32 118,18
.10 000z — 2 = 9999z = 32 115

32115
~ 9999

This is a rational number because both the numerator and denominator are integers.
8. Write the following fractions as decimal numbers:

1
18
Solution:

a)
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18|1,0000 = O remainder 0

18/1,50000 = 0 remainder 0
18]1,°0'000 = 5 remainder 10
18]1,°00%00 = 5 remainder 10

1
8= 0,05555...

= 0,05

b) 11
Solution:

13
1- ==
272

2/3,0000 = 1 remainder 1
2|3,10000 = 5 remainder 0
—15

9. Express 0,78 as a fraction & where a, b € Z (show all working).
Solution:

x=0,78
100z = 78,78
. 100z — z =99
; 78
L T= s

10. For each of the following numbers:

e write the next three digits;
 state whether the number is rational or irrational.

a) 1,11235...
Solution:
e The number does not terminate (this is shown by the . ..). There is also no indication of a repeating pattern
of digits since there is not dot or bar over any of the numbers. The next three digits could be any numbers.
e Irrational, there is no repeating pattern.

b) 1,1
Solution:
* Since there is a dot over the 1 we know that the 1 repeats. The next three digits are: 111
 Rational, there is a repeating pattern of digits.

11. Write the following rational numbers to 2 decimal places.

a) 1

2
Solution:
To write to two decimal places we must convert to decimal: § = 0,50.
b) 1
Solution:
To write to two decimal places just add a comma and two 0's: 1,00.
0,111111
Solution:
We mark where the cut off point is, determine if it has to be rounded up or not and then write the answer. In
this case there is a 1 after the cut off point so we do not round up. The final answer is: 0,111111 = 0,11.
0,999991
Solution:

We mark where the cut off point is, determine if it has to be rounded up or not and then write the answer. In
this case there is a 9 after the cut off point so we round up. The final answer is: 0,999991 = 1,00.

@

&
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12. Round off the following irrational numbers to 3 decimal places.

a) 3,141592654...

Solution:

3,142 (round up as there is a 5 after the cut off point).
b) 1,618033989...

Solution:

1,618 (no rounding as there is a 0 after the cut off point).
c) 1,41421356...

Solution:

1,414 (no rounding as there is a 2 after the cut off point).
d) 2,71828182845904523536...

Solution:

2,718 (no rounding as there is a 2 after the cut off point).

13. Round off the number 1523,00195593 to 4 decimal places.
Solution:
1523,00195593 ~ 1523,0020
14. Round off the number 1982,94028996 to 6 decimal places.
Solution:
1982,94028996 ~ 1982,940290
15. Round off the number 101,52378984 to 4 decimal places.
Solution:
101,52378984 ~ 101,5238
16. Use your calculator and write the following irrational numbers to 3 decimal places.

a) V2

Solution:

V2 & 1,414213562... ~ 1,414
b) v3

Solution:

V3 & 1,732050808... ~ 1,732
o V5

Solution:

V5 =~ 2,236067977... ~ 2,236
d) V6

Solution:

V6 ~ 2,449489743... ~ 2,449

17. Use your calculator (where necessary) and write the following numbers to 5 decimal places. State whether the
numbers are irrational or rational.

a) V8
Solution:
V8 & 2,828427125... ~ 2,82843
Irrational number.
b) V768
Solution:
V768 ~ 27,71281292... ~ 27,71281
Irrational number.
o /0,49
Solution:
/0,49 = 0,70000
Rational number.
d) +/0,0076
Solution:
/0,0016 = 0,04000

Rational number.

e) 0,25
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Solution:
/0,25 = 0,50000
Rational number.
f) V36
Solution:
v/36 = 6,00000
Rational number.
g /1960
Solution:
V1960 ~ 44,27188724... ~ 44,27189
Irrational number.
h) 1/0,0036
Solution:
1/0,0036 = 0,06000
Rational number.
i) —8y/0,04
Solution:
—84/0,04 = —8(0,20000) = —1,60000
Rational number.
j) 5v/80
Solution:
5v/80 = 5(8,94427191...) ~ 44,72136
Irrational number.

18. Round off:

a) g to the nearest 2 decimal places.
Solution:

~ 0,7071...

o|S

~ 0,71

b) /14 to the nearest 3 decimal places.
Solution:

V14 = 3,741657...
~ 3,742

19. Write the following irrational numbers to 3 decimal places and then write each one as a rational number to get an
approximation of the irrational number.
a) 3,141592654...
Solution:

3,141592654... = 3,142
142

1000
1571
~ 500

=

b) 1,618033989...
Solution:

Q

1,618033989... ~ 1,618

L
1000

809

~ 500
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c) 1,41421356...
Solution:

1,41421356... ~ 1,414
414

1000
_ 707

~ 500

d) 2,71828182845904523536...
Solution:

2,71828182845904523536... ~ 2,718
718

1000
1359

~ 500

=~ 2

20. Determine between which two consecutive integers the following irrational numbers lie, without using a calculator.

a) V5

Solution:

2and 3 (22 =4 and 32 = 9)
b) V10

Solution:

3 and 4 (32 = 9 and 4> = 16)
o V20

Solution:

4and 5 (4% = 16 and 5% = 25)
d) v/30

Solution:

5and 6 (52 = 25 and 6% = 36)
e) V5

Solution:

l1and 2 (1* =1 and 2° = 8)
f)y V10

Solution:
(2® =8 and 3* = 27)

R
%M
N R
=]
OQ_
w

Solution:
(2® =8 and 3* = 27)

=5
ﬁl\’
W]
5]
&l 2
w

olution:
and 4 (3% = 27 and 4° = 64)

w w»n

w
°_§
c o
(=2
=)
=J

9 and 10 (9% = 81 and 10% = 100)

5
[N}

Solution:
8 and 9 (82 = 64 and 9% = 81)

=
w

ot

1)

Solution:

3and 4 (3% = 27 and 4® = 64)
) /118

Solution:

4 and 5 (4° = 64 and 5° = 125)

1.9. Chapter summary




21. Estimate the following surds to the nearest 1 decimal place, without using a calculator.

a) V14
Solution:
V/14 lies between 3 and 4. Since 32 = 9 and 42 = 16 it lies closer to 4 than to 3.
Therefore 3,7 or 3,8 are suitable estimates.
b) V110
Solution:
V/110 lies between 10 and 11. Since 10% = 100 and 112 = 121 it lies almost exactly between 10 and 11.
Therefore 10,5 is a suitable estimate.
o V48
Solution:
\/48 lies between 6 and 7. Since 62 = 36 and 7% = 49 it lies closer to 7 than to 6.
Therefore 6,9 is a suitable estimate.
d) V57
Solution:
V/57 lies between 7 and 8. Since 72 = 49 and 82 = 64 it lies almost exactly between the two numbers.
Therefore 4,5 or 4,6 are suitable estimates.

22. Expand the following products:

a) (a+5)°
Solution:
(a+ 5)2 =(a+5)(a+5)
:a2+5a+5a+25
=a’®+10a + 25
b) (n+12)2
Solution:
(n+12)° = (n+ 12)(n + 12)
=n’+12n + 12n + 144
=n’+ 24n + 144
o (d—4)>
Solution:

(d—4)* = (d—4)(d—4)
=d?>—4d — 4d + 16
=d?>—8d+ 16

d) (Tw+ 2)(Tw — 2)
Solution:
(Tw + 2)(Tw — 2) = 49w® — 14w + 14w — 4
= 49w° — 4
e) (12¢+1)(12¢ — 1)

Solution:

(12¢+ 1)(12¢ — 1) = 144¢® — 12 +12¢ — 1
= 144¢*> — 1
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f) —(—z—2)(z +2)
Solution:

—(—z—-2)(z+2)=(x+2)(z+2)
=224+ 22+2x+4
=% 44z +4

g) (5k —4)(5k +4)
Solution:

(5k — 4)(5k + 4) = 25k> + 20k — 20k — 16

= 25k> — 16
h) (5f +4)(2f +2)
Solution:
(5f +4)(2f +2) =10f% +10f +8f + 8
=102 +18f +8
i) (3n+6)(6n+ 5)
Solution:

(3n 4 6)(6n + 5) = 18n* + 15n + 36n + 30
= 18n° 4 51n + 30

j) (29 +6)(g +6)
Solution:

(29 4 6)(g + 6) = 2¢° + 129 + 6g + 36
=29 +18g + 36

k (4y +1)(4y + 8)
Solution:

(4y + 1)(4y + 8) = 16y° + 32y + 4y + 8
=16y° + 36y + 8

l) (d—3)(7d+2)
Solution:

(d—3)(7d+2) = 7d* +2d — 21d — 6

=7d>—19d — 6
m) (6z —4)(z —2)
Solution:
(62 —4)(z —2) = 62" — 122 — 42 +8
=622 — 16z +8
n) (5w —11)32
Solution:

(5w —11)> = (5w — 11)(5w — 11)
= 25w”> — 55w — 55w + 121
= 25w* — 110w + 121
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o) (bs —1)?

Solution:
(55 —1)% = (55 — 1)(5s — 1)
=255> —B5s—5s+1
=255 — 10s + 1
p) (3d—8)?
Solution:

(3d — 8)? = (3d — 8)(3d — 8)
= 9d* — 24d — 24d + 64
= 9d? — 48d + 64

Q) 5f2(3f +5)+ Tf(3f2 +7)
Solution:

5F2(3f +5)+ 7f(3f2 +7) = 15f% + 2572 + 21 1% + 49f
=36f% 4+ 25f% + 49f

r 8d(4d® + 2) + 6d*(7d* + 4)
Solution:

8d(4d® + 2) + 6d*(7d* + 4) = 32d* + 16d + 42d* + 24d°
= 74d" + 16d + 24d°

s) 5222z + 2) + 7x(72% + 7)
Solution:

52°(2z 4 2) + 72(72° + 7) = 102> + 102° + 492> + 49z
= 592° 4+ 102® + 49z

23. Expand the following:

a) (W43 +y)y+ 1y —2)
Solution:

W' H3 )+ Dy -2 =@ +3° +9)° -y -2)
=y’ -y’ -2t 3yt =3’ —6y" + 07— -2y
=y~ +yt -2 -T2y

b) (z+1)% — (z —1)?
Solution:

(z+1)°—(z-1)2=2"+22+1— (> -2z +1)
=2’ +2+1-2"4+2c -1
=4z

o (z2+22+1)(2? — 2z +1)
Solution:

(®+2c+1) (2 — 22+ 1) =a* —22° +2® +22° —4® + 2x + 2> — 2z + 1
4 2
=z —2z° +1

Chapter 1. Algebraic expressions




d) (4a — 3b)(16a> + 12ab + 9b%)
Solution:

(4a — 3b)(16a” + 12ab + 9b°) = 64a° + 48a°b + 36ab” — 484a°b — 36ab” — 27b°
= 64a” — 270°

e) 2(z + 3y)(z* — zy — v*)
Solution:

2(z + 3y)(2® — ay — y®) = 2(2° — 2%y — 2y® + 32y — 3zy® — 3y°)
=22° + 4w2y — 8:/L'y2 = 6y3

f) (3a — 5b)(3a + 5b)(a® + ab — b?)
Solution:

(3a — 5b)(3a + 5b)(a® + ab — b°) = (9a° — 25b%)(a® + ab — b°)
= 9a* + 9a® — 9a%b* — 25a°b> + 25ab° — 25b
= 9a* + 9¢® — 344%b” + 25ab® — 25"

(-

Solution:

_y—?
a 3 a 3
h(2_2 a2
)<3 a><3+a>
Solution:
a_3\(a 3y_a _ , ;.3
3 a 3 a) 9 a?
_a 3
9 a?
L1 1
i) §(12x —9y) + 6(1230 + 18y)
Solution:

1
(12z — 9y) + 6(1295 + 18y) = 4z — 3y + 2z + 3y

Wl =

= 6x

) (@+2)(z—2)—(z+2)°
Solution:

(x+2)(x—2)— (x+2)° =2°—4— (2 + 4z + 4)
= —4x -8

24. What is the value of e in (z — 4)(z + e) = x> — 162
Solution:

(x—4)(x+e) =2 +ex— 4z —4e

From the constant term we see that 4e = 16, therefore e = 4.
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25. In (z+2)(z + k) = 2> + bz +c:

a) For which of these values of £ will b be positive?
—6; —-1;0;1;6
Solution:

(x+2)(z + k) =2° + kx + 2z + 2k
=z’ + (k+2)x+2k

The b term is k + 2 and so any value greater than —2 will make the b term positive.
Therefore —1; 0; 1; 6

b) For which of these values of k will ¢ be positive?
—6; —-1;0;1;6
Solution:
From above we see that the ¢ term is 2k. Therefore any positive value of k£ will make ¢ positive.
Therefore 0; 1; 6
c) For what values of k will ¢ be positive?
Solution:
From above we see that the c term is 2k. Therefore any positive value of k£ will make ¢ positive.
Therefore k > 0
d) For what values of k will b be positive?

Solution:
From above we see that any value greater than —2 will make the b term positive.
Therefore k > —2.

26. Answer the following:

1 2
a) Expand: <3a — —)
2a

Solution:
1\? 1
<3a— —) =9a"+3+ —

2a 4a/
' 1 2, 3, 1
b) Expand: <3a 2@) <9a + 5 + 4a2>

Solution:

1 2, 3 1 3,9 3 9 3 1
_ Sh =) =2 Epae 2L B & 5
(3a 2a> <9a + 2 + 4a2> o+ 2a—|— 40 2" 4a 8a®

1
—27a° — —
Ta a5

. 1 . 1 . .
c) Given that 3a — %= 7, determine the value of 27a® — 33 without solving for a.

Solution:

3 i_ _i 2 § i
27a 8@3—(3(1 Qa) (9(1 +2+4a2>
3
7 2
2+
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27. Solve by factorising:

a) 172 — 152
Solution:
17% —15% = (17 — 15)(17 + 15)
= 2(32)
= 64
b) 132 — 122
Solution:

13% — 122 = (13 — 12)(13 + 12)
=25

c) 1200452 — 1200352

Solution:
120045 — 120035° = (120045 — 120035) (120045 + 120035)
= 10(240080)
= 2400800
d) 262 — 242
Solution:

26% — 24 = (26 — 24)(26 + 24)

= 2(50)
= 100
28. Represent the following as a product of its prime factors:
a) 143
Solution:

143 =144 — 1
=(12-1)(12+1)
=11x13

b) 168
Solution:

168 = 169 — 1
=(13—-1)(13+1)
= 12(14)
=3x2°x2x7
=2°x3x7

c) 899
Solution:

899 =900 — 1
= (30— 1)(30 + 1)
=29 x 31

1.9. Chapter summary




d) 99

Solution:
99 =100 — 1
= (10— 1)(10+ 1)
=32 x11
e) 1599
Solution:

1599 = 1600 — 1
= (40 — 1)(40 + 1)
= 39(41)
=3 x 13 x 41

29. Factorise:
2

a) a“—9
Solution:
a®>—9=(a—3)(a+3)
b) 952 — 81
Solution:
96> — 81 = 9(b> — 9)
=9(b—3)(b+3)
o) m? — é
Solution:
w2 L (1Y (o L
9 3 3
d) 5—5a%b°
Solution:

5 —5a°b° = 5(1 — a’b°%)
=5(1 — ab®)(1 + ab®)

e) 16ba* — 81b
Solution:

16ba* — 81b = b(16a* — 81)
= b(4a” — 9)(4a> +9)
= b(2a — 3)(2a + 3)(4a” +9)

f) a® — 10a + 25
Solution:

a® —10a+ 25 = (a — 5)(a —5)

g) 166 + 56b + 49
Solution:

16b% + 56b + 49 = (4b+ 7)(4b + 7)
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h) —4b% — 144b° + 48b°

Solution:
—4b® — 144b° + 48b° = —4b%(1 + 36b° — 12b°)
= —4b*(6b° — 1)(6b° — 1)
= —4b°(6b° — 1)°
i) 16 — z*
Solution:

16 —z* = (4 — 2°)(4 + z%)
= (4+x2)(2+x)(2—x)

j) Tx? — 14z + Txy — 14y

Solution:
72 — 14 + Toy — 14y = 7(x® — 2z + zy — 2y)
= T(z(z - 2) + y(z - 2))
=T7(z - 2)(z+y)
2
k) y* — 7y — 30
Solution:

y> — Ty —30 = (y — 10)(y + 3)

D1—z—2>+23
Solution:

m) —3(1—p*)+p+1
Solution:

—3(1-p)+p+1=-3(1-p)(l+p)+(1+p)
=1 +p)[-3(1-p)+1]
= (1+p)(—=2+3p)

n) x2—2x+1—y4
Solution:
m2—2x+1—y4 :x(a:—2)—|—(1—y2)(1+y2)
= oo~ 2) + (151~ 9)(A +97)

4b(z® — 1) + 2(1 — %)
Solution:

)

4b(z® — 1)+ z(1 — 2®) = («® — 1)(4b — z)
=@-1)@*+z+1)4b—x)
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p) 3m(v—7) +19(=7+v)
Solution:

3m(v—"7)+19(=74+v) =3m(v —7) + 19(v — 7)
= (v—"T7)(3m +19)

q) 3f(z+3)+19(3+ 2)

Solution:
3f(z+3)+19(3+ 2) = 3f(z + 3) + 19(z + 3)
= (Bf+19)(z+3)
n3p’— 3
Solution:
s_ Y _gp_ Ly 2 1
-5 =3-3) +3+7)

s) 85 — 125¢°
Solution:

8z°% — 125y° = (2% — 5y%)(4z* + 102%y® + 25¢°)

) (2+p)°-8(p+1)°
Solution:

2+p)°-8(+1)°=[p+2) -2+ ]l(p+2°+2(p+2)(p+1) +4(p+ 1)
=[p+2-2p—2)[p> +4p+4+2p° +6p+4+4p° +8p+4]
= (—p)(12 + 18p + 7p°)

u) %a3 — a?b + 2a°b — 6ab? + 3ab® — 9>

Solution:

%a3 — a’b + 2a°b — 6ab’ + 3ab® — 9b° = %a2(a — 3b) + 2ab(a — 3b) + 3b°(a — 3b)

= (%a2 + 2ab + 3b°)(a — 3b)

_ (a® + 6ab + 9b*)(a — 3b)
- 3

_ (a+ 3b)2(a — 3b)

- 3

v) 6a2 —17a+5
Solution:
6a®> — 17a+5 = (2a — 5)(3a — 1)
w) s +2s—15
Solution:
2 +25—15=(s—3)(s+5)

X) 16v + 24h + 2550 + 35°h
Solution:

16v + 24h + 25°v + 35°h = 8(2v + 3h) + j° (20 + 3h)
= (2v+3h)(8 +;°)
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y) 18h — 45g 4 2m3h — 5m?g
Solution:

18h — 459 4+ 2m*h — 5m®g = 9(2h — 5g) + m>(2h — 59)
= (2h — 59)(9 + m3)

7) 63d — 18s + Tu’d — 2u’s
Solution:

63d — 185 + Tu’d — 2u’s = 9(7d — 2s) + u*(7d — 2s)
= (7d — 25)(9 + u®)
30. Factorise the following:

a) 6a’ + 14a + 8
Solution:

60> 4 14a + 8 = 2(3a® + 7a + 4)
=2(a+1)(3a+4)

b) 6¢g% — 159 — 9

Solution:
2 2
6g9° — 159 — 9 = 3(2g9° — 5g — 3)
=3(9—-3)(29+1)

o 125¢° —

Solution:

125¢° — r® = (59 — 7)(259> + 5gr + r°)

d) 82+ 23

Solution:

8r° +2° = (2r + 2)(4r® — 2rz + 2°)

e) 1dm —4n+ 7jm — 2jn
Solution:

14m — 4n + 7jm — 2jn = 2(Tm — 2n) + j(7Tm — 2n)
= (Tm — 2n)(2 + j)

f) 25d — 15m + 5yd — 3ym

Solution:
25d — 15m + 5yd — 3ym = 5(5d — 3m) + y(5d — 3m)
= (5d — 3m)(5 + )

g g’ —27

Solution:

9> —27=(9-3)(g*+39+9)

h) 2*+125

Solution:

22 +125 = (2+5) (2> — 5z + 25)
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i) b — (3a — 2b)?
Solution:

) 9 — (4z +2y)*
Solution:

k) 16z5 — 3y®
Solution:

1
) Za? — 24b*
) 6%
Solution:

m) 4(a — 3) — 81z%(a — 3)
Solution:

n) (2+b)% —11(2+b) — 12
Solution:

o) 2x? 4 Tay + 5y°

Solution:

p) z? — 2zy — 1542
Solution:

q) 4z* 4+ 112> +6
Solution:

b* — (3a — 2b)° — (3a — 2b))(b + 3a — 2b)
3b—3a)(3a —b)

=3(b—a)(3a—0)

=
=

9y — (4z + 2y)* = (3y + 4z + 2y)(3y — (4= + 2y))
= (4z + 5y)(y — 4x)

162° — 3y° = 4(42° — 9¢°)
= 4(42° — 9¢°)
= 4(42® — 3y*) (42 + 3y*)

12_ 4_1 2 _ 4
g0° — 24" = & (a® — 144")

= & (0= 126%) (a+120?)

4(a —3) — 81z*(a — 3) = (a — 3)(4 — 81z%)
=(a—3)(2—-9z)(2+ 9x)

(2+b)%—11(24+b) —12 = ((2+b) + 1)((2+b) — 12)
= (b+3)(b - 10)

22> + 7oy + 5y° = (2z + 5y) (z + v)
x? — 2zy — 15y° = (z — 5y)(z + 3y)

4zt +112° + 6 = (42° + 3) (= + 2)
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N 6z* — 3822 + 40
Solution:

6z — 38z° + 40 = 2(3z" — 192° + 20)
=2(3z% — 4)(z® - 5)

s) 9a’x + 9a’y + 27a> — b2z — b2y — 3b°
Solution:

9a’z 4 9’y + 27a° — b’z — b*y — 3b° = (9a® — b°)(z + y + 3)
= (3a+b)(3a —b)(z+y + 3)

) 2(2y> — 5y) — 24
Solution:

2(2y° — 5y) — 24 = 2(2y° — By) — 2(12)
2(2y° — 5y — 12)
22y +3)(y —4)

1
u =z — %1’—255’2-1—18

2
Solution:
18 9. o 15— x® — 9z — 45° + 36
2 2 - 2
_ 2¥(z—4) -9z —4)
- 2
_ (z—=4)(=*-9)
- 2
(z—4)(z—3)(z+3)
- 2
v) 27r3s% — 1
Solution:
27353 — 1= (3rs — 1)(9r%s® + 3rs + 1)
1 3
W) Tosms T 7
Solution:

L _|_ 7’3 — i _|_ r 1 — L _|_ 7.2
125h3 ~ \5h 25h2  5h
X) 7(64n® — b®) + k(64n> — b%)
Solution:

§(64n° — b%) + k(64n° — b*) = (j + k) (64n° — b%)
= (j + k)(4n — b)(16n° + 4dnb + b%)
31. Simplify the following:

a) (a—2)%—a(a+4)
Solution:

(a—2)°—ala+4)=a®>—4a+4—a*>—4a
=—8a+4
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b) (5a — 4b)(25a® 4 20ab + 16b?)
Solution:

(5a — 4b)(25a” + 20ab + 16b*) = 125a° + 100a°b + 80ab> — 100a’b — 80ab® — 64b°
= 125a° — 64b°

o (2m — 3)(4m> + 9)(2m + 3)
Solution:
(2m — 3)(4m® + 9)(2m + 3) = (4m> — 9)(4m> +9)
= 16m" — 81
d) (a+2b—c)(a+2b+c)
Solution:
(a4 2b—c)(a+2b+c) = a’® + 2ab + ac + 2ab + 4b° + 2bc — ac — 2bc — ¢*

=a® + 4ab+ 40> — 2

m?> +11lm +18 _ 3m? +27m

e)

4(m? —4)  24m2 —48m
Solution:
m?+11m+18 | 3m®>+27m _ m® + 1lm + 18 » 24m? — 48m
4(m? —4)  24m? —48m 4(m? — 4) 3m? +27m
(m+9)(m+2) _ 24m(m — 2)
T im-_2)m+2) " 3m(m+09)
124
473
=2
p UHO+18  4C 424t
5(t2—9) 1002 — 300t
Solution:
2 +9t+18 | 4°+24t _ *+9t+18  100£* — 300t
5(t2—9)  100£2 — 300t  5(t2 —9) 4¢2 4 24t
(t+6)(t+3)  100t(t —3)
T 5(t—3)(t+3)  4t(t+6)
_ 1, 100
57 4
=
4 -0
T
Solution:
4-b>  (2-b)(2+0D)
3b—6 3(b-2)
2+b
T3
h) x> —1;2:5 +4
TH—'8
Solution:
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z2—|—2x—|—4_ 2% + 2z + 4

3-8  (z—2)(z2+2z+4)
1
)
22 — 5z — 14
3x+6
Solution:

d>+23d+132  4d*>+48d

) TB@ =121y * 100a% — 11004

Solution:
d®+23d+132 | 4d®>+48d  d® +23d+132 _ 100d> — 1100d
5(d2 —121)  1004% —1100d _ 5(d® —121) . 4d? +48d
_ (d+12)(d+11)  100d(d - 11)
5(d—11)(d+11) = 4d(d + 12)
_ 1, 100
57 4
—5
a—2 ;(a—l)(a+1)xa2—2a—15
a®+4a+3 ° a—1 a—2
Solution:
a—2 ;(a—l)(a+1)xa2—2a—15
a?2+4a+3 ° a—1 a—2
_ a—2 ;(a—l)(a+1)x(a+3)(a—5)
(a+1)(a+3) ° a—1 a—2
_ a—2 « a—1 ><(a—|—3)(a—5)
(a+1)(@a+3)  (a—1)(a+1) a—2
_a—5
" (a+2)2
a+6 Xa2+14a+33;a3+216
a?+12a + 11 a+3 T oa+1
Solution:
a+6 a® +14a +33 _ a®+ 216
a? + 12a + 11 a+3  a+1
a+6 (a+11)(a+3) a+1
Tar1)@+D) " a+3 " (a+6)(a+6a+ 36)
1
" a2+ 6a+36

atb b? — ba — 6a’ " a? —b— 2b*
a-+2b a? — 4b? 3a—0b
Solution:

m) 2+

5. Gtb ><b2—m—6a2Xaﬁ—b—2b2

T a+2b a? — 4b2 3a—b

a+2b 9 (b —3a)(b+ 2a) " (a—2b)(a+0)
a+b  (a—2b)(a+2b) 3a—b

= —2(2a +b)

=2 %
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st + sb + 31t + 31b

t+b
Solution:

n)

ny + nqg + 8y + 8¢

y+q
Solution:

o)

P-4 . pty
P p? — pq
Solution:

p)

2 3
Solution:

2 T 2
T

q)

1 _a+t 7
a+7 a?-—49
Solution:

x + 2
213
Solution:

s) + 16

st +sb+ 31t +31b _ s(t+b) + 31(t +b)

(t+0b) . (t+0b)
_ (t+Db)(s+31)
(t+0b)
=s+31

ny +nq+8y+8q _ n(y +q) +8(y + q)
(y+9q) (y+a)
_@ron+8)
(y+aq)
=n+8

—¢ . p+ta _(P-ad@+q prP—aq)

p P —pqg p p+gq
=(p-q)°
=p° —2pg+q°

2z 2r  12+32° —42°
2727 3" 6z
_12—3:2
T 6z
1 a+7 1 a+7
a+7 a®2—49 a+7 (a+7)(a—7)
_ 14
T a+N(a-T1)
x + 2 (x + 2) + 16(22°)
213 D= 213
322+ +2
a 213
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1-—2a a—1 1

t — —
)4a2—1 202 —-3a+1 1—a

Solution:
1—2a a—1 1 1—2a a—1 1
4a2—1_2a2—3a+1_1—a_(2a—1)(2a+1)_(2a—1)(a—1)+a—1
o @a-p 1 1
(2a—1)2a+1) 2a—-1 a-1
_ 4a — 1
" (2a+1)(2a—1)(a—1)
u) %m+m;2+4
Solution:
1x+m—2+4:3x+2(m—2)+(2)(3)(4)
2 3 6
3z +2x—4+24
-y
52420
6
V) 1 4o —x -3
2 4+2x  x2+4+2x -3
Solution:
1 42° —x —3 1 (42 +3)(z — 1)
22+2z  224+22-3 =z(z+2) (z-1)(z+3)
. 1 4o + 3
T x(z+2) x+3
x4+ 3+ x4z +3)(z+2)
a z(x 4+ 2)(z + 3)
_ z+3+x(42® + 11z +6)
- z(x + 2)(z + 3)
_ 42® 4+ 112° + Tz + 3
 z(z+2)(z+3)
b’ +6b+9  b*—6b+38 1
w) 4
B2 —9 b-2)(b+3)  b+3
Solution:
b2+6b+9+ b*> — 6b+8 Lo (b+3)? +(b—4)(b—2)+ 1
B2—9 b—2)(b+3)  b+3 (Bb+3)(b—3)  (b—2)(b+3)  b+3
:b—|—3+b—4+ 1
b—3 b+3 b+3
_ (b+3)*+(b-3)(b—4)+b-3
- (b—3)(b+3)
b4+ 6b+9+b°—Th+12+b—3
(b—3)(b+3)
2 +18
~ (b-3)(b+3)
2(6% +9)
= G-90+9
%) z? 4 2z z® 4+ 2z +1

224+xz+6 243+ 2
Solution:
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z? 4+ 2z Xm2+2w+1_ z(z + 2) ><(36—!—1)(964—1)
22+x+6 22+3x+2 z22+z2+6 (z+2)(z+1)

_ z(z+1)
T 22446
12 5
) z+12  z-5
Solution:
12 5 12(z — 5) + 5(z + 12)
412 z-5  (z+12)(z—5)
122 — 60+ 52 + 60
(z+12)(z — 5)
. 17z
" (2+12)(2 - 5)
y 14
w—11 w—4
Solution:

11 4

w—11 w-—4

11(w —4) — 4(w — 11)
(w—11)(w — 4)
11w — 44 — 4w + 44
(w—11)(w — 4)
. Tw
T (w—11)(w — 4)

32. Show that (22 — 1)® — (z — 3)? can be simplified to (z + 2)(3z — 4).
Solution:

2z-1)>*-(z-3)>2=2c-1)2z—-1)— (z—3)(z—3)
=42® —2¢ — 2z +1— (2° — 3z — 3z — 9)
=327 +2z -8
=8z —4)(z+2)
33. What must be added to 2® — = + 4 to make it equal to (x 4 2)*?

Solution:
Suppose A must be added to the expression to get the desired result.

@z + A= (x+2)?
A=z +2)(z+2) - (2°—z+4)
=z +2+24+4—2>+z-4
= oz

Therefore 5z must be added.

22 +1

34. Evaluate P — if z = 7,85 without using a calculator. Show your work.

Solution:
First simplify the expression:

?+1 (z+ 1)@ —z+1)
2—xz+1 2 —x+1
=x+1

Now substitute the value of z: 7,85 + 1 = 8,85.
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35. With what expression must (a — 2b) be multiplied to get a product of (a® — 8b%)2
Solution:

(a — 2b)(a® + 2ab + 4b°) = a® — 8b°
So, the expression is a® + 2ab + 4b.

36. With what expression must 272% + 1 be divided to get a quotient of 3z + 12
Solution:

272° +1 = 3z 4+ 1)(92° — 3z + 1)
(32 4+ 1)(9z% — 32 + 1)

=3 1
922 — 3z + 1 o

Therefore the expression is 922 — 3z + 1.

37. What are the restrictions on the following?
Qg 4
312 + 2z — 1

Solution:
4 4

322+2c—1 (Bz—1)(z+1)
x#%andx#—l

a
b) 3(b—a)+ab—a?
Solution:

a a
3(b—a)+ab—a2 3(b—a)+alb—a)
a

“(b—a)(a+3)
a#banda # -3
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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2 Exponents

2.1 Introduction

¢ Content covered in this chapter includes the laws of exponents from grade 9 and simplifying expressions with expo-
nents as well as solving simple exponential equations.

¢ The content in this chapter will be used in exponential equations later on as well as in grade 11 for financial calcu-
lations.

¢ Note that the rational exponent law is not covered in this chapter, this is only introduced in grade 11.

2.2 Revision of exponent laws

Exercise 2 — 1:

Simplify without using a calculator:

1. 16°
Solution:
16° =1
2. 16a°
Solution:
16a° = 16(1)
=16

3. 119 x 11%®
Solution:

-I-I‘:')w X -I-IZz _ 119z+2z

— -I-llla:

4. 10%% x 10%®

Solution:
1069\6 % 10290 _ 106x+2x
_ 108a:
5. (6¢)®
Solution:
(6c)® = 6°¢
=216¢
6. (5n)°
Solution:
(5n)® = 5°n°
= 125n°
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(5

Solution:

a2

CL_l
Solution:

xy73

zty
Solution:

m2m3t+1

Solution:

3 x 3% x 32
Solution:

32

E

7
w
-|en

L= ™= oy
O =

X
—| oo

H\Cﬂm‘
&

I
IS
(en)

/N
w N
~_

|

w

Il

<N
w w

1 27
= — X —
8 1
27
8
02 3
— =a
a1
zy 3 1
$4y IIJ’3y4
2 3t+1 _ 2 3t 1
r T =TT x
_ I2+1x3t
_ x3x3t
_ x3t+3
3 % 32(1 % 32 _ 31+2a+2
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32a+3




m+20
14. 2

2m+20
Solution:
2"”'20 — o(m+20)—(m+20)
2m+ 0
_ 2m+20—m—20
— 20
=1
x+4
15 2
2z+3
Solution:
2m+§ — o(@td)—(z+3)
2ot
_ 2z+47173
=2!
=2

16. (2a*)(3ab?)
Solution:

(2a*)(3ab*) = 6a°b°

17. (Tm*n)(8m°n?®)
Solution:

(7m*n)(8m°n®) = 56m'°n’

18. 2(—a"b®)(—4a%b%)(—9a°b?)
Solution:

2(_a7b8)(_4a3b6)(_9a6b2) _ _72a7+3+6b8+6+2

— 7941616
1 1
19. (—92%y°) (§x8y7> (gm3y6)

Solution:
(_9x3y6) 1x8y7 1x3y6 _ _1x14y19
9 5 5
3z
20. &
aa:
Solution:
ﬁ — a3x % a—ac
al‘
3x—x
=a
2x
=a
10 4
21 20x "a
42903
Solution:

2.2. Revision of exponent laws




22.

23.

24.

25.

26.

27.

18010}78
9cbpS

Solution:

6m8a10

2m3a®

Solution:

2 2 g

Solution:

7((13)3
a7
Solution:

9(ab*)®
a3bd
Solution:

22
62
Solution:
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20z'q*
42903
— 5,,(10-9) ,(4-3)

= Sax

1 8C1 0p8
9C6p5
_ 20(10_6)]7(8_5)

= 264}

6mda'®
2m3a®
— 3,83 ,(10-5)

5 5
=3a’m

= 3¢

=27
7(a®)®  7a°
a’ a’
=7a?

9(ab*)®  9a%b*?

adbd  a3bd
_ 9a5627
D 22
62 <6)
1
T 32
_1
9




as °
2 ()

Solution:
ab 5 B a3°
) T b
29. (2t%)°
Solution:
(2t4)3 _ 23t(4)(3)
— 8t12
30. (3"*%)?
Solution:
(3n+3)2 _ 3(n+3)(2)
_ 32n+6
3n9n—3
31. 71
Solution:
3n9n—3 B 3n32(n—3)
o7n—1 —  33(n—1)
3n32n76
= 33n-3
3n+2n76
= 3803
3371,76
= 33n-3
_ 3(3n—6)—(3n—3)
— 33n—6—3n+3
=g
_1
a7
13¢ 4 13¢+2
32 —M—
3 x 13°—13°
Solution:
13°+13°72  13°(1 4 13?)
3x13°—13°  13°(3-1)
(14+13%)
- B-1)
_1+169
T 3—1
_ 170
)
_85
T
=85
5z 5z 3
33, 3’7 x 81°* x 3

2.2. Revision of exponent laws




Solution:

35 % 815" x 3° 3% x (3%)%" x 3°

98z (32)81
359: % 320z % 33
= 316:(:
3514—2014—3
= 316ac
325z+3
= 316z
_ 325z+3—16z
_ 39z+3
z b
34, 16 14:1
4% — 12
Solution:
167 — 144 (4)" - (122)"
A — 2P A — 2P
_ @ -2y’
47120
(4% —12°) (4% +12°)
n A — 2
=4 4+12°
2y—3dy+4
35, S0
10— y+5
Solution:
52y7324y+4 52y73 . 24y+4
10-59F5  — (5 x 2)-bv+s
52y—324y+4
= 5—5y+5)—by+5
— 5(2y=3)=(=5y+5) o o(4y+4)—(-5y+5)
_ 57y—8 % 29y—1
4 3 5
36. 6" x 12° x 4
303 x 36
Solution:
60 x 123 x 4% (3% x 2%) x (3% x 4%) x 4
303 x 36 (33 x 103) x 36
3t x 2t x 3% x 20 x 210
33 x 23 x 53 x 36
34+3—3—6 94+6+10-3 53
917
~ 3258
3 2
37 9° x 20
4 x 52 x 35
Solution:

Chapter 2. Exponents




93 x 202 364252

4x52 %35 4x 5235

362152
T 225735
— 36—524—252—2
=3x2°
=12
b mb—2
38. L
4xT04+3xT7b
Solution:
7b +7b72 _ 7b(1 _"_772)
4x T —3xT " T7(4—23)
_a+7
B 1
_ 14 45
1
5t
49
12¥ — 96Y
39 ——
39 + 6v
Solution:
12¢ —96Y  (4.3)Y —(2°.3)"
3v+6v  3v4(2.3)Y
B 3Y (4y _ 25y)
- 3¥(2+1)
4Y — 95Y
== —
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.

1. 2DZG 2. 2DZH 3.2D7Z] 4. 2DZK 5. 2DZM 6. 2DZN 7. 2DZP 8.2DZQ

9.2DZR  10.2DZS  11.2DZT 12.2DZV  13.2DZW 14.2DZX 15.2DZY 16.2DZZ
17. 2F22 18. 2F23 19. 2F24  20. 2F25  21. 2F26 22.2F27 23.2F28  24.2F29
25.2F2B  26. 2F2C 27.2F2D  28.2F2F  29.2F2G 30. 2F2H  31. 2F2) 32. 2F2K
33.2F2M  34.2F2N  35.2F2P  36.2F2Q 37 2F2R 38. 2F2S 39. 2F2T

2,
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2.3 Rational exponents

According to CAPS, the rational exponent law is introduced in Grade 11 but you may choose to introduce learners to the
rational exponent law a™ = {/a™ at this stage.

Exercise 2 — 2:
Simplify without using a calculator:

1 7
1. t2 x 3t%
Solution:

Rational exponents
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1 7
t1 x 3t4 =3
— 3%
= 3¢2
2
2 16z i
(4z2)2
Solution:
162> 4%2°
wn)h 100
4242
- 4%90
_42—% 2271
3
_ (22) 2 p
=2%z
=8z
3. (0,25)2
Solution:
N
1
0,25)2 = (=
025} = (3)
1
1 2
-3)
= (@7)"
=g~ 1
_1
2
4. (27)°3
Solution:

=g
_1
"3
1 1
5. (3p2)2 X (3p4)2
Solution:
(3p2)% X (3p4)% = S%p X 3%102
= 3%""% X p1+2
= 3p3

6. 12(a4b8)% X (512a3b3)%
Solution:

Chapter 2. Exponents




1 1
12(a4b8)2 x (512a3b3)3 = 12a?b? x (512)3a3b3
1
= 12a%* x (83) oy
= 12a°b* x 8a'D'

= 96a°p°

7. ((=2)*att?)?

Solution:
4 6,2\% 2, 3
((=2)%a’") 2 = (—2)*(a’b)
= 4a%b
1
8. (a=21°)*
Solution:
1
(a—QbG) 2 _ a—le
b3
T
9. (162293
Solution:
1 1
(162'2b%)% = ((8 x 2)2'%p%) 3
=2.25¢%?
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.

1.2F2W 2. 2F2X  3.2F2Y 4.2F2Z 5.2F32 6.2F33 7. 2F34 8.2F35 9.2F36

“
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2.4 Exponential equations

Learners may find Worked Example 13 much easier using the k-substitution method. You may choose to return to this
example once the k-substitution has been taught.

The solution using k-substitution is as follows:

9% _ 94—w _
27— 2 27" =
29”—;;:0
Let2” =k
k—zki:o

2.4. Exponential equations
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(k—4)(k+4)=0
k=—4 ork =

2" =22 =4
xr=2
Exercise 2 — 3:
1. Solve for the variable:
a)l 2Z0° =32
Solution:
275 — 39
2w+5 — 25
x+5=5
=0
1
2z+2 .~
b) 5 =195
Solution:
1
2z+2 -
o T 125
1
20+2
S — 55
52z+2 _ 5—3
s 2r+2=-3
2r = =5
P
T2

o) 64vt! = 162¥*5
Solution:

64y+1 _ 162y+5
96(y+1) _ 94(2y+5)
9Bu+6 _ o8y+20
.6y 46 =8y + 20
2y =—14
y=-7

d) 39272 =27
Solution:

Chapter 2. Exponents




Solution:

25 =54
52:5274
2=2z—4
24+4==2
6=z

f) —1.6%+3=-18
Solution:

g) 81k +2 — orkta
Solution:

g1F+2 — g7k+4
34(k+2) _ g3(k+4)

4k +8=3k+12

k=4
h) 251722 54 =0
Solution:
251—2z _ 54 _ O
52(1721) 54
52741 54
S 2—4x =4
dory = —2
b 1
)
i) 27 x 9272 =1
Solution:
27 x 9*7% =1

3333 % 32(:(:—2) -1
33:c+2a:—4 _ 30

or—4=0
Sr =4
4

75

j) 28 4 20%2 = 40
Solution:

Exponential equations




2t + 212 — 40
21(1 4+ 2%) = 40

2(5) = 40
2t =8
2! =93
. t=3

k) (7% —49)(3* —27) =0
Solution:

(7" —49)(3° —27) =0
(7" =7)(3" =3*) =0
TP =T =00r3"-3=0
STt =T0or3*=3%
sx=2o0rx=3

D (2.2%—16)(3°"t —9) =0
Solution:

(2.2° —16)(3"T"' —9) =0
(21+1 _24)(3;c+1 _32) -0
2t ot —gor3®tt —32 =9
r+1=4orz+1=2
sx=3o0orx=1

m) (10° — 1)(3° —81) =0
Solution:

(10° —1)(3° —81) =0
(10° —10%) (3" = 3*) =0
210" —10°=00r3"—3*=0
s.x=0o0rz =14

n) 2x52°% =545

Solution:

2x5°"=5+5"
2(5%)(57%) = 5 + 5”

2(5%) .
—5-5"=0
5z
<§—S>X5m—5x5x—5xx5x20

50 — 5(5%) — (5%)° =0
(5 —5) (5" +10) =0
5 —5=00r5"+10=0
5% =5o0r5* = —10
x = 1 or undefined
=1

0) 9™ +3372m =28

Chapter 2. Exponents




Solution:

9™ + 3% = 28
3%m 4 33.372m — 28

27
32’”+32—m—28:0

(3%™)* — 28 (3*™) +27 =0
(37 —27) (3> -1) =0
3¥" —27=00r3"" -1=0
3?7 =3 or3’m =3°

2m =3 or2m =0

3
m=—=o0r0
m=g or
1
p) y—2y2 +1=0
Solution:
Yy — 2y% +1=0
1 1
(1) 2 -1) =0
1
y2 —1=0
1
2 =1
y%w —q1x2
y=1°
sy=1
q) 4" =05
Solution:
41—0—3 0,5
22:c+6 1
2
92u+6 _ o1
S 2x4+6=—1
2r = —7
oo 1
)
r 2 =0,125
Solution:
2% =0,125
1
2° = =
8
2* =27°
a=—3
s) 10” = 0,001
Solution:

2.4. Exponential equations




1
10° = ——
0" = 7000
10° = 1073
T=-3

t) 2:62—230—3 =1
Solution:

2902—290—3 =1
2x2—2w—3 —90
2’ —2z—-3=0
(z—3)(z+1)=0
x=3o0r —1
8% —1

2z —1
Solution:

u) =82°+9

8% — 1
27 — 1
2 =1l
2@ — 1
(27 — 1)(2% + 27 + 1)
27 — 1
227 42" 411 =82"+9
2%% 4 9% —8.2% 4+ 8
2727 42" = 8(2° + 1)
27(27 +1) = 8(2” + 1)
2% = 23

sx=3

=82 +9

=82"+9

=82%+9

27° -1 _ 8
9¢ +32+1 9
Solution:

V)

27" -1
9*+3+1
3330_1 .
9z +3= +1
(B*-1)(9"+3°+1)
9% 43¢ + 1

8
3" —1=-—2
9

8
9
8

9
8
9

3" =

3" =

c[g‘,_.@\»—l

3% =372
Sx==2

2. The growth of algae can be modelled by the function f(t) = 2°. Find the value of ¢ such that f(¢) = 128.
Solution:
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f(t)=2"=128
2t =97
=T

3. Use trial and error to find the value of = correct to 2 decimal places
27 =7
Solution:

22 =4and 2% =8
s0 2 <z < 3 but closer to 3

Test

2% = 7,464

228 — 6,964
28! = 701
27805 — 6 989
2289 — 7007

cLx = 2,81

4. Use trial and error to find the value of x correct to 2 decimal places

5% =11
Solution:
5' = 5 and 5° = 25
sol <x <2
Test
5" = 11,180
5" =9,51
5% = 10,31
5" = 11,001
sr~ 1,49
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.

la. 2F37  1b. 2F38 1c. 2F39  1d. 2F3B  1e. 2F3C  1f. 2F3D
1g. 2F3F  1h. 2F3G 1i. 2F3H 1j. 2F3) 1k. 2F3K  11. 2F3M

Tm. 2F3N  1n. 2F3P lo.2F3Q  1p. 2F3R  1qg.2F3S  1r. 2F3T
1s. 2F3V. 1t. 2F3W  1u. 2F3X  1v. 2F3Y 2.2F3Z 3. 2F42
4. 2F43

%
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1. Simplify:

a) (8xz)®
Solution:

2.4. Exponential equations
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(8z)* = 8°z°
= 5122°

b) 3 x 2¢°

Solution:

2 x 2t° = * x 2(1)
=2

C) 52x+y % 53(:c+z)

d)

e)

-
=

©

Solution:

52z+y x 53(z+z) _ 521+y+3z+32

_ 551+y+3z
157 x 15127
Solution:
153$ X 15121 — 153z+12z
— 15151
7y+7
7y+6
Solution:
7‘”1 _ S+~ +6)
7?!
7+ =(y+6) _ y+7-y—6
=7
=7
3(d*)(7d®)
Solution:
3(d*)(7d*) = 21d”
(£a°b”)(6a°b*)(—3a"b)

Solution:
(%a2b9> (6a°b%)(—3a"b) = —1—78a15b12

Gl
Solution:
k 2
(bk-H) kit
24c8m”

6c2m®
Solution:

24c8m’
6c2m®
— 482,75

6 2
=4c’'m

Chapter 2. Exponents




2(%4)3

) 2
Solution:
2(x4)3 » 2‘,1:12
T R )
=3
615
K a’b
7(a8b3)2
Solution:
a®b® a®b®
7(a8b3)2 T 71606
1
" 7al0

b ()

Solution:

6°P
o
Solution:
60 _ 2°0.3%

9p 3%
= 2°P 3% %

=2°7.3%

n) m=2 x (3mt)3

Solution:
m72t » (Smt)S _ m72t y 33m3t
_ m—2t+3t.27
=27m!
3z 3
0) 5
(3z)
Solution:
373 _ gl-2 ;=32
(3z)*
=37tg7"
_ b
T 325
5b—3
p) 5b+1
Solution:

2.4. Exponential equations




2a—23a+3

6a
Solution:
2a—23a+3 2a—23a+3
6« (2.3)°
2a—23a+3
2= 3"
_ 2a727a.3a+37a
— 272 33
_
T4
3n9n73
r
27n—1
Solution:
3n9n—3 » 3774. (32)’”73
2711—1 — (33)7171
3n.32n—6
= T 33n-3
_ 3n+2n—6—3n+3
=g=2
_1
T27
33
S) %
Solution:
3®3)\°
93~ \9
1
T3
_1
Y
=1
0
Ty~
Solution:
Zlf_l _ y2
zhy=2 5
_1\4
u) (=1)
(=2)-3
Solution:

(v _ 1

2 D
(2"
—8

21,211 3
Y ( y=° )

Solution:
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(zﬁ“)3::f(w%)3

y (y=)°
» 23(E6a
y—Sb
— 23x6ay3b
8$6ay3b
23z—l8z+1
W) 4290—2
Solution:
231—1814—1 23z—1.23(z+1)
q2c—2 92(2z—2)
— g3w—1+3z+3—dz+d
— 22w+6
— 4a:+3
621112z
2229:—1329:
Solution:
627112 (3.2)*" . 11%®
9292z—132x _ (2 ) 11)2:1:—1 32
_ 32:c . 22w . 1121?
T 92z-1  {12z-1 32z
— 32w—2w 22w—2x+1 112w—2x+1
=3%.2" 11!
= W)
, D7y
(=3)~"
Solution:

M (_3)—3+2+4

(-3)~*
= (-3)°
— 97
2 37 427!
Solution:
(3 14+27H) 7" = L -
3 2
_ (2. 3\
“\6 6
5\ L
-
=l
=
_6
5
2. Simplify:
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9n—1 273—2n
a) =

812—n
Solution:
91171'2737271 32(7171).33(37277,)
812—n = 34(2—n)
_ 32(n71)+3(372n)74(27n)
_ 32n72+976n78+4n
_1
3
23n+2 . n—3
g 2 BT
43n—2
Solution:
23n+2 ) 8n—3 » 23n+2 ) 23(n—3)
43n—2 o 22(3n—2)
— 93n+2+3(n—3)-2(3n—2)
— 93n+2+3n—9—6n+4
1
8
3t+3 + 3t
) —
2 x 3t
Solution:
3t+3 | gt 5 3t.33 4 gt
2x3 23t
3533+ 1)
2.3t
341
)
_ 28
)
=14
2% 11
2P +1
Solution:

2P L1 (P+1)(2% -2 +1)
2» 4+ 1 (27 +1)
=" =0

&) (ambs) 3
Solution:

f) (9m8y4) z

Solution:
1
(9x8y4) 7 _ 3x4y2
) 13% 4 13912
& 6x13% —13°
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Solution:

h) 96z

Solution:

121° — 167
11° + 4P
Solution:

i)

11 7467444673

2276c72
Solution:

j)

382 % 2787 x 32

13% + 1372 13%(1+413?)

6x 13 —13°  13%(6—1)
_(1+13%)
- (6-1)
_1+169
T 61
170
T 5
34
1
=34

387 % 275% x 32 3% x (3%)% x 32
96z (32)6z

3Bz X 324z X 32
3122

382+24z+2
312z
3322+2
312z
. 3322+2—122

_ 3202+2

121 — 162 (112)° = (4%)”
Mo r47 1114
(11%)% — (47)?

T ya
(11° — 47) (11° + 47)
11° + 47
(117 — 47) (11° + 47)
11° + 42

=11 — 4P

11 7467444673

1174C74 22 4c—3
22—66—2 = ( )

(11 x 2)702
1174C7428C76

11—66—2276672
_ 11(—40—4)—(—60—2) % 2(80—6)—(—60—2)

112c—2 % 214c—4
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124 x 24

¢ 166 x 10
Solution:
129 x 2 (3 x2%)* x2*
166 x 10~ (24)5 x (2 x 5)
3t x 28 x 2t
224 x 2 x5
34
BPERE
b 56 x 316 x 27
108 x 96
Solution:
56 % 316 X 27 5631627
105 x 96 2858312
34
T 2x52
_81
50
m) (0,81)2
Solution:

(0,81)

Il
N\
-
(o)
3| %
[N

N|=
I
7 N\
-
3|
~—
(S

Il
| —
7/ N
—
Sle
~_
"
N

3l

n) 12(a1°b2°)% X (729a12b15)%
Solution:

wil—

1020
5pH5

1
12(a‘°b2°) ><(729a]2b]5)3:12a b5 x (729)3a T b7

1
— 126%" x (93) 3 o'
= 124%b" x 9a*b°

= 108a°p’

0) 2(p30q20)% X (1331p]2q6)%
Solution:

il

1
2<p30q20>5 x (1331p‘2q6) = 2p%¢% x (1331)3p¥F g}
1
_ 2p6q4 X <”3) 3 p4q2
_ 2p6q4 % 1—]p4q2

— 22p10q6
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al—b7t
a—>b
Solution:

p)

0 (@)

Solution:

()0

Solution:

s) (a% +a7%)2 - (a% - a7%)2
Solution:
(a® +a7%)’ — (af —a73)* = (a? 407 — (e} —073))(a¥ +a7P + (a¥ —a7H))
= (2a7%)(2a?)
:4a%_%
= 4q°
=4
3. Solve:
e 1
a 3" =7
Solution:
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b) 121 =11m"!

Solution:
121 =111
112 =11""1
S 2=m-1
24+1=m
3=m
o 5t l=1
Solution:
5t—1 — 1
5t—1 _ 50
S t—1=0
t=1
d) 2x 73 =08
Solution:
2 x 737 =98
737 = 49
73m — 72
c.3r =2
.
~ 3
) = =i
Solution:

16 =275+
2t =9 51!
C
4=—2+1
o
—9=c¢c

fy —36 " °=-18
Solution:

67" =36
67n73:62
.—n—3=2
n=-5

g 2" = (05"
Solution:
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m+1=2—m
—
T2
h) 3ytl — gy+l
Solution:
gyl — gyt
Sy+1=0
y=-1
) 2% =64
Solution:
3
z2 =64
z% =43
() =@
2= 42
z =16
j) 1622 —4=0
Solution:
1
1622 —4 =0
1627 = 4
T 16
T4
0?2 (1
() =z
oL
T 16
kk m®+m=t=0
Solution:
m’+m =0
1+m =0
m™=-1
(m71)71 _ (_1)71
m=—1

) t2 —3ti +2=0
Solution:
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1 1
t7 — 37 +2=0
(t%—l) (t%—z)zo
1 1
t1 —1=0orti —2=0
1 1
ti =lorts =2
4 4
(t%) = (1)* or (t%) = (2)*
t=1or16

m) 3P + 3P + 37 =27
Solution:

3P +3P 4+ 3P =27

3.3F =27
T =g
Spt1=3
p=2

n k' —7k"3 —18=0
Solution:

We check both answers and find that & = 8% is the only solution.

1 1
0) 2 +3x2 —18=0
Solution:

i46=0o0rzi —3=0
1 1
rt =—6orxt =3
4 4
(mi) = (—6)* or (x*) = (3)*
x = 1296 or 81

We check both answers and find that = = 81 is the only solution.
16° —1

422 +1

Solution:

p)
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16" — 1
0 =3

420 4+1
(4%° — 1)(4** +1) .
42z 4]
4%* _1=3
421241
s 2xr =1
1
=3

Q) (2°—8)(3°—9)=0
Solution:

(2" —8)(3* —9) =0
(2" -2°)3" =3%) =0
2" —22=00r3"-3*=0
x=3o0orx =2

N (6% —36)(16 — 4%) = 0
Solution:

(6" — 36)(16 —4”) =0
(6" —6°)(4°> —4") =0
6" —6°=00r4>—4"=0

S =2
x2+1
s) 5.2 =20
Solution:

525t — 90

23:2+1 _ 4

2r2+1 _ 92

Lt +1=2

22 —1=0

(z+1)(z—1)=0

sx=lorx=-1
t) 271‘—2 _ 92z+1
Solution:
27172 _ 92z+1
(33)1—2 — (32)2z+1
g3e—6 _ gdat2
c3r—6=4x+2
r=—8
8% —1
=7
W ey
Solution:
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8 -1

2z—1*7
(2% -1 _
2 — 1 =7
(27 -1 _
2¢ — 1 =7
@ -n(E)’+27+1) _ .

(2= - 1)
@ +2° +1)=7
227 4197 _6=0
(2" +3)(2°—2)=0
S 2°4+3=00r2"—-2=0
2% £ —30r2*—2=0

2% =2
r=1
V) ﬁ = 1
52 7
Solution:
357 _ 1
5 7
775" 1
52 7
7a: _ 7—1
r=—1
3z 1
a’® . a=
W= =t
Solution:
a*®.av 1
a—t
a3m+%+4 -
1
S 3r+—4+4=0
T

322 +14+42=0
Bz+1)(z+1)=0

1
wx=——orz=—1
Sz 5 e

X) 2x% +1=—=x
Solution:

Qx%—i—l:—ac
x—|—29:%+1=0
(x%)2+2x% +1°=0

(z2 +1)2 =0
1
r2 = —1
=1

However 2(1)% +1=2=# —(1) ..no solution exists

Chapter 2. Exponents




4. Use trial and error to find the value of x correct to 2 decimal places
4% =44
Solution:

4% = 16 and 4° = 64

s02 <x <3
Test
4%° = 32
4%75 = 45 255
427 — 42224
4773 = 44017
47 = 43,713
cx 2,73

5. Use trial and error to find the value of z correct to 2 decimal places
37 =30
Solution:

3% =27and 3* =81

so3 <x <4
Test
3% = 30,014
339 = 28,525
3398 — 29 480
3*99 = 29,806

330% = 29 970

330% — 30,003
cx 3,10

6. Explain why the following statements are false:

1
a) m—(l'ﬁ‘b

Solution:
The sum of two powers of the same degree is not the power of the sum of the bases

1 1

atb= (a+0b)—1 7 al+b-1

b) (a+b)? =a® +b°
Solution:
The sum of two powers of the same degree is not the power of the sum of the bases

(a+0b)* =a® +2ab+b° #a® + b°

O (&)F =ab
Solution:
A negative sign is missing, when a power is moved from the denominator to the numerator, the sign of the
exponent changes.

From the question we must note that a # 0
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d) 2.3% = 6"
Solution:
We cannot multiply bases unless they are raised to the same power

6" = (2 x 3)" =2°.3° £2.3°

Solution:

The sign of a base is not changed when an exponent is moved from the denominator to the numerator in a
fraction

f) (3584@/2)3 — 3x12y6
Solution:
The power of a product is the product of all the bases raised to the same power

(Bz'y*)’ = (3)*(«")*(v*)?
= 27220 £ 34128

7. If 22013 52015 s written out in full how many digits will there be?
Solution:

2013 2015 2013 201342
92013 52015 _ 92013 52013+

2013 2013 -2
=2"""5"".5

_ 25(22013.52013)
= 25(10°°*%)
= 25 x 10213

10%°13 has 2014 digits therefore 25 x 10%°1% 2015 digits.

gl g gl o ge
8. Prove that on _ogn-1 _ 3n _gn-1

Solution:
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2n+1 +2n _ 3n+1 +3n
on _ 9n—1 _ 3n _ 3n—-1

Fr e g
3n _3n-1
_3"(3'+39)
T 3n(30—3-1)
4

R.H.S =

—_
|
W=

S M‘Sw\m\»&

2ntt 4 on

on _on-1

2" (2 +29)

2n(20 — 2-1)
3

Il I
D=

D vl o —

S RHS=LH.S

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.

1a. 2F45 1b. 2F46 1c. 2F47 1d. 2F48 Te. 2F49 1f. 2F4B
1g. 2F4C  1h. 2F4D 1i. 2F4F 1j. 2F4G 1k. 2F4H  11. 2F4)
Tm. 2F4K  1n. 2F4M 1o. 2FAN  1p. 2F4P 1g. 2F4Q  1r. 2F4R
1s. 2F4S 1t. 2F4T Tu. 2F4V Tv. 2FAW  1w. 2F4X  1x. 2F4Y
1y. 2F4Z 1z. 2F52 2a. 2F53 2b. 2F54 2c. 2F55  2d. 2F56
2e. 2F57 2f. 2F58 2g. 2F59 2h. 2F5B 2i. 2F5C  2j. 2F5D
2k. 2F5F 2. 2F5G 2m. 2F5H  2n. 2F5) 20. 2F5K  2p. 2F5M
2q. 2F5N 2r. 2F5P 2s. 2F5Q  3a. 2F5R 3b. 2F5S  3c. 2F5T
3d. 2F5V  3e. 2F5W 3f. 2F5X 3g. 2F5Y 3h. 2F5Z 3i. 2F62
3j. 2F63 3k. 2F64 3l. 2F65  3m. 2F66 3n. 2F67  3o. 2F68
3p. 2F69 3qg. 2F6B 3r. 2F6C 3s. 2F6D 3t. 2F6F  3u. 2F6G
3v. 2F6H  3w. 2F6) 3x. 2F6K 4. 2F6M 5. 2F6N  6a. 2F6P
6b. 2F6Q  6¢. 2F6R 6d. 2F6S 6e. 2F6T 6f. 2F6V 7. 2F6W
8. 2F6X

“,
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CHAPTER

Number patterns

3.1 Introduction

3.2 Describing sequences

3.3 Chapter summary




3 Number patterns

¢ This chapter covers investigating number patterns that involve a common difference and the general term is linear.
* Arithmetic sequences are only covered in grade 12 so do not use T, = a + (n — 1)d here.
¢ The focus of this chapter is more about investigating patterns in numbers and diagrams rather than on formulae.

3.1 Introduction

3.2 Describing sequences

Some learners may see example 3 as 2!;22;2%; ... and see a pattern with the powers. You may choose to discuss this in
class as a precursor to geometric series which will be introduced in Grade 12.

Common difference

Exercise 3 — 1:

1. Use the given pattern to complete the table below.

JANWAVAVAVANIAVAVS

Figure number 11234 ]n
Number of dots
Number of lines

Total
Solution:
Figure number 1127 3 4 n
Numberofdots | 3 | 4 | 5 6 n+2
Number of lines | 3 | 5 | 7 9 2n + 1
Total 691215 ] 3n+1)

2. Consider the sequence shown here: —4; —1; 2; 5; 8; 11; 14; 17; ...
If T,, = 2 what is the value of T;,_;?
Solution:

T3 =2
ST =—1

3. Consider the sequence shown here: C; D; E; F; G; H; I; J; ...
If T,, = G what is the value of T},_4?
Solution:

Ts =G
.'.Tn—4 =C

4. For each of the following sequences determine the common difference. If the sequence is not linear, write “no
common difference”.

a) 9; —7; —8; —25; —34; ...
Solution:

3.1. Introduction




d=T,—Th = (=7) - ():_
d=Ts—Tp = (=8) — (=7) =
d=Ty— T = (—25) — (—8) = —17

You can see that the results are not the same - the difference is not ‘common.” That means that this sequence
of numbers in not linear, and it has no common difference.

b) 5;12; 19; 26; 33;
Solution:

d=Ty, — T, = (12) — (5) =
d=Ts — T, = (19) — (12) =
d=T,—Ts = (26) — (19) =

All of the results are the same, which means we have found the common difference for these numbers: d = 7.
0 2,93;199; 1,14; 0,35 ; ...
Solution:

d=T, — Ty = (1,99) — (2,93) = —0,94
d=Ts — T, = (1,14) — (1,99) = —0,85

In this case the sequence is not linear. Therefore the final answer is that there is no common difference.
d) 2,53; 1,88 1,23 0,58 ;

Solution:
d=T,—Ti = (1,88) — (2,53) = —0,65
d=Ts— Ty = (1,23) — (1,88) = —0,65
The common difference is d = —0,65.

5. Write down the next three terms in each of the following sequences:

a) 5; 15; 25;
Solution:
The common difference is:

d=T,—T
=15-5
=10

Therefore we add 10 each time to get the next term in the sequence. The next three numbers are:
35, 45 and 55
and the sequence becomes:
5;15; 25; 35; 45; 55
b) —8; —3; 2;
Solution:
The common difference is:

d=T, - T
——3-(-8§)
=5

Therefore we add 5 each time to get the next term in the sequence. The next three numbers are:
7,12 and 17

and the sequence becomes:

—8; —-3;2;7;12; 17,
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c) 30; 27;24; ...
Solution:
The common difference is:

Therefore we subtract 3 each time to get the next term in the sequence. The next three numbers are:
21,18 and 15
and the sequence becomes:
30; 27;24; 21; 18; 15; ...
d) —13,1; —18,1; —23,1:...
Solution:

d:TQ—Tl OFT3—T2
= (=18,1) — (=13,1) or (—23,1) — (—18,1)

=5

Therefore Ty, = —28,1
Ts = —33,1

Ts = —38,1

e) -9z ;192 ;—29z ;...
Solution:

d=T2—T1 0I’T3—T2
= (—19z) — (—9z) or (—29z) — (—19z)

= —10x

Therefore Ty = —39x
T5 = —49x

Te = —59x

f) —15,8; 4,2; 24,2 ;...
Solution:

d=T2—T1 0]’T3—T2
= (4,2) — (—15,8) or (24,2) — (4,2)

=20
Therefore Ty = 44,2
Ts = 64,2
T = 84,2

g) 30b;34b ;380D ;...

Solution:
d:TQ—Tl OrTg—Tg
= (34b) — (300b) or (38b) — (34b)
=4b
Therefore Ty = 42b
Ts5 = 46b
Te = 50b
6. Given a pattern which starts with the numbers: 3; 8 ; 13; 18 ; ... determine the values of Ts and Ty.
Solution:
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3;8; 13; 18; 23; 28; 33; 38; 43; ...

Te = 28 and Ty = 43
7. Given a sequence which starts with the letters: C'; D ; E; F ; ... determine the values of T5 and Tk.
Solution:

C;D; E;F; G H T J5 ..

Ts =Gand Tz = J
8. Given a pattern which starts with the numbers: 7; 11 ; 15; 19 ; ... determine the values of T5 and Ts.
Solution:

7;11;15;19;23; 27;31; 35; ...

T5 =23 and Tg =35
9. The general term is given for each sequence below. Calculate the missing terms (each missing term is represented by
2.
A 0;3;...;15;24 T,=n-1
Solution:
The third term is:

T, = n?—1

T3 = (3)° -1
=9—1
=8

The fourth term is:

T,=n>-1

Ty = (4)% -1
=16—1
=15

Therefore the only missing term is the third one, which is 8. The full sequence is:
0;8;15; 24
b) 3;2;1;0;...;-2 T.=-n+4
Solution:
The fifth term is:

T, =-n+4
Ts = —(5) + 4
=-1
The sixth term is:
T, =-n+4
Ts = —(6) +4
=—-2

Therefore the only missing term is the fifth one, which is —1. The full sequence is:
3;2;1;0; —1; =2
c —11; ...; =7; ...; =3 T, = —13+2n
Solution:
The second term is:
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T, =—-134+2n
T = —13+2(2)
—13+4
-

The third term is:

T, =-13+2n
Ts = —13 + 2(3)
=_13+6

=7

The fourth term is:

T, =—-13+2n
Ty = —13 +2(4)
=—-13+8

=-5

The fifth term is:

T, =—-13+2n
Ts = —13 + 2(5)
=—-13+10

=-3

Therefore the two missing terms are the second and fourth ones, which are —9 and —5. The full sequence is:
—11; -9; —-7; =5; =3

d 1;10;19; ...; 37 T, =9 —8
Solution:
w=9n —8
T, =9(4)—8
=28
e 9;...;21;...; 33 T, =6n+3
Solution:

To find the two missing terms, we use the equation for the general term:

T, = 6n+3
T, = 6(2)+3
=15
Ty = 6(4)+3
=27

10. Find the general formula for the following sequences and then find 710, T50 and Thoo

a) 2;5;8;11;14;...
Solution:
We first need to find d:

d=T> -1
=5-2
=3
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Next we note that for each successive term we add d to the last term. We can express this as:

T1:a:2

Th=a+d=2+3
=2+1(3)

T3=T4+d=2+4+3+3
=2+2(3)

Ty=T34+d=2+3+3+3
=2+3(3)

To=Ty14+d=2+3(n—1)
=3n—-1

The general formula is T}, = 3n — 1.
TIO, T50 and T100 are:

Tio = 3(10) — 1
=29

Ts50 = 3(50) — 1
= 149

Tioo = 3(100) -1
=299

b) 0;4;8;12;16;...
Solution:
We first need to find d:

d=T> -1
=4-0
=4

Next we note that for each successive term we add d to the last term. We can express this as:

Ti=a=0
To=a+d=0+4
=4(1)
Ts=To+d=0+4+4
= 4(2)
Ty=T3+d=0+4+4+4
= 4(3)
Th=Th1+d=0+4(n~-1)
=4n —4
The general formula is T,, = 4n — 4.
Tl(), T5o and T100 are:
Tio = 4(10) — 4
= 36
T50 = 4(50) —4
=196
T100 = 4(100) —4
= 396

Q) 25— —4s—7:—10; ...
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Solution:
We first need to find d:

d=T, - T
=-1-2
=-3

Next we note that for each successive term we add d to the last term. We can express this as:

T1:a:2
To=a+d=2+(-3)
=2+ (-3)(1)
T3 =To+d=2+(—3) + (—3)
=2+ (-3)(2)
Ta=Ts+d=2+(-3)+ (=3) + (-3)
=2+ (-3)(3)
Tp=To1+d=2+(-3)(n—1)
=5—-3n

The general formula is 7, = 5 — 3n.
TlO, T50 and T100 are:

Tio =5 — 3(10)
= —25

Tso = 5 — 3(50)
= —145

Tioo =5 — 3(100)
= —295

11. The diagram below shows pictures which follow a pattern.

a) How many triangles will there be in the 5 picture?

Solution:

5;7;9;11; ...

Therefore two triangles are added each time and the fifth picture will have 13 triangles.
b) Determine the formula for the n™ term.

Solution:

The general term of the pattern is:

T.=Ti+d=5+(2)(n—1)
=2n+3

) Use the formula to find how many triangles are in the 25" picture of the diagram.
Solution:
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T, =2n+3
Tos5 = 2(25) + 3 +— substitute n = 25
=53

12. Study the following sequence: 15; 23 ; 31; 39; ...
a) Write down the next 3 terms.
Solution:
We note that we add 8 to each term to get the next term. Therefore the next three terms are 47 ; 55 ; 63.
b) Find the general formula for the sequence
Solution:

T, =Ty +d(n—1)

=15+8(n—1)
=8n—+7
¢) Find the value of n if T;, is 191.
Solution:
191 =8n+7
184 = 8n
n =23

13. Study the following sequence: —44 ; —14; 16 ; 46 ; ...

a) Write down the next 3 terms.

Solution:

We note that we add 30 to each term to get the next term. Therefore the next three terms are 76 ; 106 ; 136.
b) Find the general formula for the sequence

Solution:

= —44+30(n — 1)
=30n — 74
¢) Find the value of n if Tj, is 406.
Solution:
406 = 30n — 74
480 = 30n
n =16

14. Consider the following list:

—2—5; —4z—5; —62—2; —82—-5; —10z—5; ...

a) Find the common difference for the terms of the list. If the sequence is not linear (if it does not have a common
difference), write “no common difference”.

Solution:

d=T,—Ty =(—42—-5)— (—2—5) = -3z
=T5—T,=(—62—2)— (—42z—5)=—22+3
=Ty~ T3=(—82—5)— (—62—2)= 223

—_

No common difference.
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b) If you are now told that z = —2, determine the values of 77 and 7.
Solution:

T1=—Z—5
= —(=2)—5
=-3
To=—-42z—-5
= —4(-2) -5
=3

15. Consider the following pattern:

2n+4;1; 2n—2; —4n—-5; —6n—8; ...

a) Find the common difference for the terms of the pattern. If the sequence is not linear (if it does not have a
common difference), write “no common difference”.

Solution:
d=T, — T} :(1)—(2n+4) =—-2n—3
=Ty —Tho=(—2n—-2)— (1) = —2n—-3
=Ty—Ts=(—4n—5)— (-2n —2) = —2n— 3
The common difference for these numbers: d = —2n — 3.
b) If you are now told that n = —1, determine the values of T} and T5.
Solution:

Ty, =2n+4
=2(-1)+4
=7

T3 =—-2n—2
=-2(-1)—2
=0

16. a) If the following terms make a linear sequence:

k 5k 2k
So1; -2 42, 22410 ..
g LTy T2img 10

Determine the value of k. If the answer is a non-integer, write the answer as a simplified fraction.
Solution:

T —Ty =13 —T5

(30)-(-)-(Fo0)- (39
(0) (3 -5(Fow) (50

—5k 46 — (k — 3) = —2k + 30 — (—5k + 6)
—6k +9 =3k + 24
—15 =9k
5
k=-3

b) Now determine the numeric value of the first three terms. If the answers are not integers, write your answers as
fractions.
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17.

Solution:

First term: Th = g —1
e
3
_
9
k
Second term: T = —% + 2
5(=3)
= 2
3 ar
_ 43
9
Third term: T5 = —% + 10
2(-3)
= 10
3 +
_ 100
9
The first three terms of this sequence are: —1t, 4% and 12°.
a) If the following terms make a linear sequence:
3T o 15
Y 9 Yy 57 Yy 5 7

find y. If the answer is a non-integer, write the answer as a simplified fraction.
Solution:

7 3 15 7
2{—y— L) —2(y—2)=2(-m—2)—2(-y-£
(0-2)-2(-3) =2 (7v-%) 2(-3)

—2y—T—(2y—3)=—14y — 15— (—2y —7)

—4y —4=—-12y -8

8y =—-4
_ 1
¥=73

b) Now determine the numeric value of the first three terms. If the answers are not integers, write your answers as
fractions.

Solution:
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First term: Th =y — 3

2

1 3
-(4)-2
=2

Second term: T, = —y — ;
1 7
()
=-3
Third term: T3 = —Ty — %

The first three terms of this sequence are: —2, —3 and — 4.

18. What is the 649™ letter of the sequence:
PATTERNPATTERNPATTERNPATTERNPATTERNPATTERNPATTE............. ?
Solution:

The word “PATTERN” is 7 letters long, so:

649
— =92r5
7 r

The remainder of 5 shows us that the 649" letter is the 5" letter in the word, which is E

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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3.3  Chapter summary

End of chapter Exercise 3 — 2:

1. Analyse the diagram and complete the table.

Figure number (n x n) 1x1[2x2[|3x3|4x4 | nxn
Number of horizontal matches
Number of vertical matches
Total number of matches
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Solution:

Figure number (n x n) 1x1]2x2][3x3]|4x4 nxn
Number of horizontal matches 2 6 12 20 n(n+1)
Number of vertical matches 2 6 12 20 n(n+1)
Total number of matches 4 12 24 40 | 2n(n+1)
2. Given a list of numbers: 7; 4; 1; —2; —5; ... determine the common difference for the list (if there is one).
Solution:
d=Ty— Ty = (4) — (7) = -3
=T5—To=(1)—(4) =-3
=Ty—T5=(-2)— (1) =-3
All of the results are the same, which means we have found the common difference for these numbers: d = —3.
3. For the pattern here: —0,55; 0,99 ; 2,49 ; 3,91 ; ... calculate the common difference.
If the pattern is not linear, write “no common difference”. Otherwise, give your answer as a decimal.
Solution:

d=T,— T =(0,99) — (—0,55) = 1,54
d=Ts—T,=(249) — (0,99) = 1,5

In this case the sequence is not linear. Therefore the final answer is that there is no common difference.
4. Consider the list shown here: 2; 7; 12; 17; 22; 27; 32; 37; ...

If T5 = 22 what is the value of T},_3?

Solution:

Ts =22
T3 =17
5. Write down the next three terms in each of the following linear sequences:

a) —10,2; —29,2; —48,2; ...
Solution:

d:Tg—Tl OrTg—TQ
= (=29,2) — (=10,2) or (—48,2) — (—29,2)

=-19
Therefore Ty = —67,2
T5 = —86,2
Ts = —105,2
b) 50r ; 467 ; 42r ; ...
Solution:
d:T2—T1 OI'T3—T2
= (467) — (50r) or (42r) — (467)
= —4r
Therefore Ty = 38r
T5 = 34r
TG = 30r
6. Given a sequence which starts with the numbers: 6 ; 11 ; 16 ; 21 ; ... determine the values of Ts and Ts.
Solution:

6; 11; 16; 21; 26; 31; 36; 41; ...
Ts =31 and Tg =41
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7. Given a list which starts with the letters: A; B; C ; D ; ... determine the values of T and T1o.
Solution:

A;B;C; D E;FE; G Hy I J5 ...
TG:FandTlo:J
8. Find the sixth term in each of the following sequences:
a) 4;13;22; 315 ...
Solution:
We first need to find d:

d=T>, - T
=13-4
=9

Next we note that for each successive term we add d to the last term. We can express this as:

T =a=4
To=a+d=4+9
=4+9(1)
T35 =T0+d=44+9+9
=4+9(2)
Tp=Tu1+d=4+9(n—1)
=9n -5
The general formula is T, = 9n — 5.
TGiSI
Ts = 9(6) — 5
=49
T = 49
b) 5;2; —1; —4; ...
Solution:
We first need to find d:
d:TQ_T]_
=2-5
=-3

Next we note that for each successive term we add d to the last term. We can express this as:

Ti=a=5
To=a+d=5+(-3)
=5+ (=3)(1)
T3=T2+d:5+(—3)+(_3)
=5+(-3)(2)
Tn=Tw1+d=5+(-3)(n—1)
=7—-3n
The general formula is 7, = 7 — 3n.
Te is:
Ts =7 — 3(6)
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o 74;97;12;143; ...
Solution:
We first need to find d:

d=T, - Ty
=97 74
=23

Next we note that for each successive term we add d to the last term. We can express this as:

Th=a=74

Tho=a+d=74+23
=744 2,3(1)

T5=T,+d=74+23+23
=74+23(2)

Tp=Tw1+d=74+23n-1)
=74+423n—23=23n+5,1

The general formula is T}, = 2,3n + 5,1.
Ts is:

Ts = 2,3(6) + 5,1
=18,9
T6 = 18,9
9. Find the general formula for the following sequences and then find Tyo, T15 and T3

a) —18; —22; —26; —30; —34; ...
Solution:

Next we note that for each successive term we add d to the last term. We can express this as:

T =a=—18

To=a+d=—18+ (—4)
=—18+ (—4)(1)

Ts=To+d=—18+ (—4) + (—4)
=—18+ (—4)(2)

Tp=Th1+d=—18+ (—4)(n — 1)
=—4n— 14

The general formula is T;, = —4n — 14.

Ti0o = —4(10) — 14

= —54
Tys = —4(15) — 14
=74
Tso = —4(30) — 14
=134
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b) 1;—6;—13; —20; —27;...
Solution:

d=T>—-T

=(-6) — (1)
=-7

Next we note that for each successive term we add d to the last term. We can express this as:

T1 =a=1
Ty=a+d=1+(-7)
=1+ (=7)(1)
Ts=To+d=1+(=7)+(-7)
=1+ (-7)(2)
T,=Th1+d=1+(-T)(n—1)
=-Tm+8
The general formula is 7,, = —7n + 8.

Tio = —7(10)+8

= —62

Tis = —7(15) + 8
=-97

T30 = —7(30) +8
= —202

10. The general term is given for each sequence below. Calculate the missing terms (each missing term is represented by

).

a) 10; ... ; 14; ...; 18 T,=2n+38
Solution:

T =2n+8
T, =2(2)+8
=12
Ty =2(4)+8
=16
The missing terms are 12 and 16
b) 2, -2; —6;...; —14 T,=—-4n+6
Solution:
Tn=—-4n+6
Ty = —4(4)+6
=-10
c)8;...;38;...;68 Tn=15n—17
Solution:
T, =15n—7
T =15(2) — 7
=23
T, =15(4) — 7
=53
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11. Find the general term in each of the following sequences:

a) 3;7;11; 155 ...
Solution:
We first need to find d:

d=T> —T1
=7-3
=4

Next we note that for each successive term we add d to the last term. We can express this as:

Th=a=3
Tho=a+d=3+14
=3+4(1)
Ts5=To+d=3+4+4
=3+4+4(2)
Tn=Th1+d=3+4(n—-1)
=4n —1
The general formula is T, = 4n — 1.
b) —2;1;4;7;...
Solution:
We first need to find d:
d=T, - T
—1-(-2)
= 3

Next we note that for each successive term we add d to the last term. We can express this as:

lea:—2
To=a+d=-2+3
=-2+3(1)
Ts3=To+d=-2+3+3
=—-2+3(2)
Th=Th-1+d=-24+3(n-1)
=3n-5
The general formula is T,, = 3n — 5.
c 11;15; 19; 23; ...
Solution:
WEe first need to find d:
d=T>—T
=15-11
=4

Next we note that for each successive term we add d to the last term. We can express this as:

T1=a:11

Th=a+d=11+4
=11+4(1)

Ts=To+d=11+4+4
=11+4(2)

Tn=Ty1+d=114+4(n—1)
=4dn+7
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The general formula is T, = 4n + 7.

d) %; %; 1;1%;...
Solution:
We first need to find d:

d=T - T
2 1
3 3
1
E]

1
T1 =a= g
1 1
To=a+d= g ar g
1 1
S 41
33
1 1 1
Ts=To+d=>+>+-
3 2+d 3 4 3 I 3
1 1
S -2
3732
Tn— n71+d:§ g(n_].)
1,11
3 3 3
1
3
The general formula is T, = %n
12. Study the following sequence —7 ; —21; —35; ...
a) Write down the next 3 terms:
Solution:
—49; —63; 77
b) Find the general formula for the sequence.
Solution:
T, =—7—14(n— 1)
T, =—-7—14n+ 14
Th=—14n+7
c) Find the value of n if T}, is —917.
Solution:
—917=7— 14n
—924 = —14n
n = 66
13. What is the 346" letter of the sequence:
COMMONCOMMON............. ?
Solution:
The word “COMMON" is 6 letters long, so:
346 =57r4

The remainder of 4 shows us that the 346" letter is the 4th™ letter in the word, which is M
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14. What is the 1000" letter of the sequence:
MATHEMATICSMATHEMATICSMATHEMATICSMATHE ............. ?
Solution:
The word “MATHEMATICS” is 11 letters long, so:
% =90r10
The remainder of 10 shows us that the 1000" letter is the tenth letter in the word, which is C
15. The seating of a sports stadium is arranged so that the first row has 15 seats, the second row has 19 seats, the third
row has 23 seats and so on. Calculate how many seats are in the 25" row.
Solution:
We start by writing the given information as a sequence:

15;19;23;. ..
Now we can calculate d:
d=T, — T}
=19-15
= 4l

Next we note that for each successive term we add d to the last term. We can express this as:

Ti=a=15

Tho=a+d=15+4
=15+4(1)

Ts=To+d=15+4+4
=15+4(2)

Tn=T, 1+d=15+4(n—1)
=4n + 11

The general formula is T, = 4n + 11.
The 25" row is represented by Ts. The number of seats in this row is:

Tos = 4(25) + 11
=111

There are 111 seats in the 25™ row.
16. The diagram below shows pictures which follow a pattern.

a) How many boxes will there be in the sixth picture?
Solution:
2;5;8;11; ...
Therefore three boxes are added each time and the sixth picture will have 17 boxes

b) Determine the formula for the n'" term.
Solution:
The general term of the pattern is: T,, = 3n — 1.

) Use the formula to find how many boxes are in the 30" picture of the diagram.
Solution:
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T, =3n-—1
T30 = 3(30) — 1 «— substitute n = 30
=389

17. A single square is made from 4 matchsticks. Two squares in a row need 7 matchsticks and three squares need 10
matchsticks.

Answer the following questions for this sequence.

a) Determine the first term.
Solution:
We begin by writing a sequence to represent this:

4;7;10; ...
We see from this that the first term is 4.
T, =4
b) Determine the common difference.
Solution:
The common difference (d) is:
d=T, — T
=7—-4

(@

Determine the general formula.
Solution:

To determine the general formula we note that for each successive term we add d to the last term. We can
express this as:

T1:a:4

To=a+d=4+3
=4+43(1)

Ts5=To+d=4+3+3
=4+43(2)

Tn=Th-1+d=4+3(n—-1)
=3n+1

The general formula is T}, = 3n + 1.
d) A row has twenty-five squares. How many matchsticks are there in this row?
Solution:
We note that a row with twenty-five squares is represented by T55. The number of matchsticks in this row is:

Tos = 3(25) + 1
=176

There are 76 matchsticks in the row with twenty-five squares.

18. You would like to start saving some money, but because you have never tried to save money before, you decide to
start slowly. At the end of the first week you deposit R 5 into your bank account. Then at the end of the second week
you deposit R 10 and at the end of the third week, R 15. After how many weeks will you deposit R 50 into your bank
account?

Solution:

We begin by writing down a sequence to represent this:
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5;10; 15; ...

Next we need to find d:

d=T, — Ty
=10-5
=5

Now we note that for each successive term we add d to the last term. We can express this as:

Ti=a=5

To=a+d=5+5
=5+5(1)

Ts3=T0+d=5+5+5
=5+4+5(2)

Th=Th-1+d=5+5(n—1)
=5n

The general formula is T}, = 5n.
Now we need to find n such that 7,, = 50:

T, =5n
50 = 5n
.on=10

After the 10" week you will deposit R 50 into your bank account.

19. Consider the following list:
—4y—3; —y; 2y+3;5y+6;8y+9; ...

a) Find the common difference for the terms of the list. If the sequence is not linear (if it does not have a common
difference), write “no common difference”.

Solution:

d=Ty—Tr = (—y) — (—4y —3) =3y +3

d=Ts—T> = (2y+3)— (-y) =3y +3

d=Ty—Ts=(5y+6)— (2y+3) =3y +3
The common difference for these numbers: d = 3y + 3.

b) If you are now told that y = 1, determine the values of 71 and T%.
Solution:

T =—-4y —3
=—4(1)-3
= -7

T =—y
=—(1)
=-1

20. a) If the following terms make a linear sequence:

1 5 11
M+ = =y =...
n+2,3n+2,7n+2 ;
Determine the value of n. If the answer is a non-integer, write the answer as a simplified fraction.
Solution:
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To —Ty =T5 — T
5 1 11 )

5 1 11 5
2<3n+§> —2<2n+§) —2(7n+? —2<3n+§>
6n+5— (4n+1) =14n+ 11 — (6n + 5)
2n+4=8n+6

—2 =6n
1
n=-3
b) Now determine the numeric value of the first three terms. If the answers are not integers, write your answers as
fractions.
Solution:

First term: 17 = 2n + %

The first three terms of this sequence are: —%, 3 and £2.

21. How many blocks will there be in the 85" picture?
Hint: Use the grey blocks to help.

Solution:
The grey blocks can be represented by n? and there are always 2 white blocks.

T, = n? +2
Tss = 85% + 2
Tss = 7227 blocks

22. Analyse the picture below:
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a) How many blocks are there in the next picture?
Solution:
Picture 1: 22 + 1
Picture 2: 32 + 2
Picture 3: 4> + 3
Picture 4: 52 4 4 = 29 blocks
b) Write down the general formula for this pattern.
Solution:
Look at:
Picture 1: 22 +1  (n=1)

T,=m+1)7°+n

c) How many blocks will there be in the 14th picture?
Solution:

T,=Mn+1)°+n
Ty = (14+1)° 4+ 14
T4 = 239 blocks

23. A horizontal line intersects a piece of string at 4 points and divides it into five parts, as shown below.

If the piece of string is intersected in this way by 19 parallel lines, each of which intersects it at 4 points, determine
the number of parts into which the string will be divided.

Solution:
We need to determine a pattern for this scenario.
The first line divides the string into five parts. We can redraw the diagram to show the string with 2 and 3 lines:
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From this we see that the two lines cut the string into 9 pieces. Three lines cut the string into 13 pieces. So for each
line added we cut the line into 4 more pieces.

So we can write the following sequence:

5;9;13; ...

The common difference is 4.
Next we note that for each successive term we add d to the last term. We can express this as:

Ti=a=25

To=a+d=5+4
=5+4(1)

Ts =T +d=5+4+4
=5+4(2)

Tn=Th-1+d=5+4(n-1)
=4n+1

The general formula is T}, = 4n + 1.
When there are 19 lines we are working with T}9:

Tig = 4(19) +1
=177

Therefore the string will be cut into 77 parts.
24. Use a calculator to explore and then generalise your findings to determine the:

a) units digit of 32007
Solution:
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3t =3 |3°=243 | 3% =19683
32=9 |[35=1729 |319=759049
3% =27 | 37" =2187 | 311 = 177147
3% =81 | 3% = 6561 | 3'2 = 531441

2007 =501r3
Therefore 32°°7 will follow the same pattern as the third row
therefore the units digit is 7
b) tens digit of 72°°8
Solution:

=07 70 =16807 | 7° = 40353607

72 =49 75 = 117649 | 7'° = 282475249
73 =343 | 77 = 823543 | 7! = 1977326743
7 =2401 | 78 = 576801

2008 —502r0
Therefore 72°°® will follow the same pattern as the fourth row
therefore the tens digit is O

©) remainder when 72°° is divided by 5

Solution:
% : Remainder = 2 ? : Remainder = 2 ‘
72 . 76 .
= : Remainder = 4 | % : Remainder = 4 ‘
? : Remainder = 3 7?7 : Remainder = 3 ‘
7 : 7 :
= : Remainder = 1 | % : Remainder = 1 ‘
20 —62r0
Therefore 225° will follow the same pattern as the second row

therefore the remainder is 4

25. Analyse the diagram and complete the table.

The dots follow a triangular pattern and the formula is 7, = w

3n(n—1)

The general formula for the lines is T, = =3

Figure number 112 |13[4]5|20|n
Number of dots
Number of lines
Total

Solution:

We are given the general formula for both the lines and the dots. We can determine the general formula for the sum
of the lines and dots by adding the general formula for the lines to the general formula for the dots.
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===+ 2
_ n?+n+3n2—3n
- 2
an? — 2n
2
=2n° —n

31 4] 5 20 n
6 | 10| 15 | 210 | 2ntD
9

2
18 | 30 | 570 | 2zl

Figure number 112
Number of dots | 1 | 3
Number of lines | 0 | 3

1|6

Total 15 | 28 | 45 | 780 | 2n® —n
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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4 Equations and inequalities

4.1 Introduction

This chapter covers linear, quadratic and simultaneous linear equations as well as word problems, literal equations
and linear inequalities.

¢ Linear equations were covered in earlier grades and are revised here.
Word problems can include any of linear, quadratic and simultaneous equations.
For linear inequalities learners must know interval notation and be able to represent the solution graphically.

4.2  Solving linear equations

Method for solving linear equations

Exercise 4 — 1:

Solve the following equations (assume all denominators are non-zero):

1.2y—3=7
Solution:
20—3=17
2y =10
y=>5
2. 2c=c—8
Solution:
2c=c—8
c=—8
3.3=1-2¢
Solution:
3=1-2c
2c=1-(3)
2c=—2
P
T2
=-1
4. 4b+5=-T
Solution:
4b+5= -7
4b=—7—(5)
4b = —12

4.1. Introduction




10.

11.

5. —3y =0
Solution:

6. 16y +4 = —10

Solution:

7. 12y 40 = 144

Solution:

. T+ by =62
Solution:

. 55=>5x+3

Solution:

S5x = 2x + 45
Solution:

23x — 12 =6+ 3x
Solution:

Chapter 4.

—3y =0
y=0
16y +4 = —10
16y = —14
14
¥="1p
7
-8
12y + 0 = 144
12y = 144
y =12
7+ 5y =62
5y = 55
y=11
3
55:5x+1
220 =20z + 3
20x = 217
217
20
5x = 2x + 45
3z =45
r =15

23x — 12 =6+ 3x
20x = 18

Equations and inequalities




12. 12 — 6x + 34x = 2z — 24 — 64
Solution:

12 — 6x + 34x = 2x — 24 — 64
12 + 28x = 2x — 88

26z = —100
100
T
50
13

13. 6z + 3z =4 — 52z — 3)
Solution:

6x + 3z =4 — 5(2x — 3)
9r =4 — 10z + 15

19z =19
=1
14. 18— 2p=p+9
Solution:
18—2p=p+9
= 3p
p=3
4 16
15. — = —
p 24
Solution
4_16
p 24
(4)(24) = (16)(p)
16p = 96
p =

16. —(—16 —p) = 13p — 1
Solution:

—(-16—p)=13p—1
16+p=13p—1
17=12p

_
P=13

17. 3f—10=10
Solution:

3f—10=10
3f =20

20
I=3
18. 3f +16 = 4f — 10
Solution:

3f+16 = 4f — 10
f =26
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19. 10f +5=—2f —3f +80
Solution:

10f +5=—2f — 3f + 80
10f +5= —5f + 80
15f =75
=5
20. 8(f —4) =5(f —4)
Solution:

8(f—4)=5(f—4)
8f—32="5f—20
3f =12
f=4
21. 6 =6(f +7)+5f
Solution:

6=6(f+7)+5f
6=6f+42+5f

—36=11f
36
F=-1
22. =Tz =8(1 —x)
Solution:
—Tr =8(1—=z)
—7x =8 —8x
r =8
7 2(b+4)
23. 5 3= b
Solution:
T 2(b+4)
b b
5b—7  2b+8
b b
50— 7=2b+8
3b=15
b=5
T+ 2 r—6 1
24, = ==
4 3 2
Solution:
x—|—2_x—6_1
4 3 2
3(z+2)—4(x—-6) 1
12 T2
3z+6—4r+24 1
12 2
(—z+30)(2) =12
—2x + 60 = 12
—2x = —48
T =24
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_3a—4

T 2a+6
Solution:

Note thata # — — 3

25. 1

1_311—4
" 2a+6
2a+6 =3a—4
a =10
2—b5a 4a
26. —6=—+2—
3 6 3+ a
Solution:
2 —b5a 4a
— 6= — 4+2—
3 g t2-a
2—5@_4£+a_8
3 3 -
2 —5a — 4a + 3a
- =38
3
2 —6a =24
6a = —22
0= _22
6
4 3b
27. 2 — —— = ——
b+5 b+5
Solution:
Note b # —5
__4 _ 36
b+5 b+5
_ 3b+4
T b4+5
2b+10=3b+4
b==6
y— 2
28. 3 — =4
4
Solution:
Yy — 2
_ <2 _ 9y
g 4
_y—2_
=
—y+2=4
y=-2

29. 1,52 + 3,125 = 1,25z
Solution:

1,5z + 3,125 = 1,25x
1,52 — 1,252 = —3,125
0,25z = —3,125

z=-—125

30. 1,327z +1)=41—x
Solution:

Solving linear equations




1,327z +1)=41—=x
351z+1,3=4,1—=x

451z = 2,8
28

= 451
280

~ 451

31. 6,50 — 4,15 = 7+ 4,25z
Solution:

6,50 — 4,15 =7+ 4,252
2,25z = 11,15
11,15
= 2,25
1115

225
223

T 45

32. eP 3P 10=0
Solution:

3PP -10=0

3
2435 _ 10

5P = 60
P =12

33.13(z—1) - 113z +2) =0
Solution:

i

1
1;(e—1)—~15(32+2) =0

Zm—g—g(w)—g@):o
5 5.9 6,
4 4 2 2
5—18 —5—12
1 x+ 1 =0
~13 17
4Ty
—13z =17
a7
T

34 H(z—-1)=1(z—-2)+3
Solution:
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%(1—1) - %(m—2)+3
1112,
5 5 37 3
1 2 2
_— 42 _3="°2
573 15"
__ A
15 15
p— 38
)
z=—19
5 1 3
35, — 4 — — =2
2a + 6a a
Solution:
5 1 3
e
2¢  6a a
5(3) +1-3(6) _,
6a B
154+1-18 —9
6a
—_
6a
—2=12a
1
6
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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4.3 Solving quadratic equations

Method for solving quadratic equations

Exercise 4 — 2:

1. Write the following in standard form

a) (r+4)(5r—4)=-16
Solution:

(r+4)(5r—4)=—16
502 — 4r+20r — 16+ 16 =0
502 — 4r+20r — 16+ 16 =0
572 +16r =0
b) (3r —8)(2r —3) = —15

4.3. Solving quadratic equations
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Solution:

(3r —8)(2r —3) = —15
6 —9r —16r+24+15=0
6r° —9r —16r+24+15=0

6r° — 25r +39 = 0

¢ (d+5)(2d+5)=38
Solution:

(d+5)(2d+5) =8
2d°+5d+10d+25—-8=0
2d%+5d+10d+25—-8=0

2d*> +15d +17 =0

2. Solve the following equations:

a) 22 +22—15=0
Solution:

22 +2—15=0
(z—3)(xz+5)=0
Sx=-5orx=3

b) p2—Tp—18=0
Solution:

pPP—Tp—18=0
(p—9)(p+2)=0
Sp=—2orp=9

0 922 —6x—8=0

Solution:

92% — 6z —8=0
Bz +2)(3z—4)=0

3r+2=0
2
=3
or
3z —4=0
_4
T=3
=D s
3 3

d) 522+ 21z —54=0
Solution:
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522 4+ 21z — 54 =0
5z —9)(x+6)=0

50 —9=0
9
=3
or
z+6=0
r=—6
:vz%orx:—G

e) 422 4+122+8=0
Solution:

42> +122+8=0

22+3z+2—0
(z+1)(z+2) =
z=—-2o0rz=-1

f) =2 4+7b—12=0
Solution:

B’ +76—-12=0

B—7b+12=0

(b—4)(b—3)=0
b=3orb=4

g) —3a® +27a—54=0

Solution:
—3a®+27a—54=0
a>—9a+18=0
(a—6)(a—3)=0
a=3ora=6.
h) 44> —9=0
Solution:

42 —9=0
2y —3)(2y +3) =0
2y—3=0
3
¥=3
or
204+3=0
3
¥=73
'.1/:§ory:—3
2 2

i) 422 4+ 162 —9=0
Solution:

Solving quadratic equations




j) 4z? — 122 = —9
Solution:

k) 20m + 25m? =0
Solution:

) 222 — 52 —12=0
Solution:

m) —75z% 4 290z = 240
Solution:

422 + 162 —9=0
2z —1)(2c+9) =0

20 —1=0
1
=3
or
2c+9=0
9
v="3
1 9
.x—gorx:—i

422 — 122 = —9
422 —1224+9=0
(2z—3)(2z—3)=0

20 —3=0
L3
T2

20m + 25m> = 0
5m(4+5m) =0

5m =0
m =0
or
4+5m =0
4
m=TF
4
m=00rm——g

222 — 52z —12=0
(2z+3)(x—4)=0

20 +3=0
3
2
or
r—4=
T =
r=——o0orx=
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—75z% + 290z = 240
—75z% 4+ 290z — 240 = 0
—152° 4+ 58z — 48 = 0
(5z —6)(3z —8) =0

50 —6 =0
6
z=3
or
3r—8=0
r=2
3
z=dors=2
’ 5 3
n 2z = iz’ — 3z + 142
Solution:
23::%332—3304—14;
6z =z — 9z + 44
#? — 150 4+44=0
(z—4)(z—-11)=0
r—4=0
=4
or
r—11=0
z =11
sx=4orx =11
o) 2° — 4o = —4
Solution:

22 —dx = —4
2 —4r+4=0
(z—2)(xz—2)=0
z—2=0
T =2

p) —z% +4z —6=4z> — 14z +3
Solution:

—2? + 4z — 6 = 42% — 14z + 3
52° — 18z +9 =0
5z —3)(z—3)=0

50 —3=0
b3
5
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q) t> =3t
Solution:

n z? — 10z = —25
Solution:

s) z? =18
Solution:

) p>P—6p="T
Solution:

u) 422 — 17z — 77 =0
Solution:

t? =3t
2 —3t=0
t(t—3) =0
t=0
or
t—3=0
t=3
St=0ort=3

z? — 10z = —25
22— 10z +25=0
(x—5)(x—5)=0

r—5=0
w=0
22 =18

s.x=V18orx = —v18

pP—6p=T
pP—6p—T7=0
p-7(+1)=0

p—7=0
p="7T
or

p+1=0
p=-—1

p=Torp=-—1

4z — 172 — 77 =0
(4z +11)(z—7)=0
4r+11=0
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v) 142% + 52 =6
Solution:

142> + 5z =6
142> + 52 —6=0
(7 +6)(2z —1) =0
Tx+6=0

w) 222 — 2z =12
Solution:

2z% — 2z = 12
22 —z—-6=0
(z—=3)(z+2)=0
r—3=0
=3
or
z+2=0
= =2
srx=3orx=—-2

X) (2a —3)2 —16 =0
Solution:

(20— 3)> =16 =0
(20 —3+4)(2a—3—-4)=0
(2a+1)(2a—T7)=0

1
.:a:—i ora=3,5

y) (x—6)>—24=1
Solution:

(x—6)°—24=1
(x—6)°—25=0
(x—6—-5)(x—6+5)=0
(z—11)(z—1)=0
sx=1lorz=1

3. Solve the following equations (note the restrictions that apply):

Solution:
Note y # 0

4.3. Solving quadratic equations




10z 1
by —=1-— —
) 3 3z
Solution:
Note z # 0

18

Qz+2=—-1
T

Solution:
Note x #£ 0

d) y—3=

e)

| ot
S

Solution:
Note y # 0

Lo-n-3

Solution:
Note b # 0

2
—+4
b+

)

2
3y* =27
y? =9

¥ =—9=0

102 1
L1 =
3 3z
1022 =32—1

102> —32+1=0
(5z+1)(2z2—1)=0

LE=—porz=g
1
m+2=—8—1
i

2 +2r=18—=
> +3x-18=0
(z—=3)(z+6)=0

sx=3orx=—6
5 1
_y=2_ =

Yy iy
4y2—12y=5y—4

4> — 1Ty +4=0

(dy—1(y—-4)=0
,',y:iory:4
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%(b—l):%<%+4)
3(b—1):2(%+4)

4
b— _—*+

3b> —3b =4+ 8b
32 —11b—4=0
(3b+1)(b—4) =

1
“b=—-borb=4
0o 3 or

f 3(y+1)=§+2

Solution:
Note y # 0

4
3(y+1)=§+2

3y+3:§+2

3y +3y=4+2y
3y +y—4=0
By+4)(y—1)=0

4
Sy 3ory

g (z+1)2—-2x+1)—15=0

Solution:
(x+1)°-2@z+1)—-15=0
(z+1)=5)((z+1)+3)=0
(z—4)(xz+4)=0
sx=4orx=—4
h) z—1=0
Solution:
Z2—1=0

(Z>-1)(2+1)=0

(z—1)(z+1)(Z*+1)=0
sz=lorz=-1

Note that z2 + 1 has no real solutions.
i) b* — 130> +36 =0

Solution:
b — 136> +36 =0
(b —4)(b* —9) =0
b=2)b+2)b-3)(b+3)=0
b==+2o0rb==£3
a+1 9 2a+3

j) 0

3a—4+2a+5+2a+5_

4.3. Solving quadratic equations




Solution:

a+1 9 2a—|—3_0
3a—4  2a+5 2a+5
(a+1)(2a+5) +9B8a —4) + (2a + 3)(3a — 4) _0

(3a — 4)(2a + 5)
20> +Ta+5+27a— 36+ 6a° +a—12 =0
8a® + 35a — 43 = 0
(8a+43)(a—1) =0

8a+43 =0
a3
-8
or
a—1=0
a=1
43
a=——ora=
2?2 —2z—3
kf ————— =0
) r+1
Solution:
Note z # —1
2_ p—
T 2x 3:0
r+1
(z+1)(x—3) _
z+1
=&
|)x+2=6x_12
r—2
Solution:
Note = # 2
w+2:6x—12
r—2

(z+2)(x—2) =6x—12
z® —4 =06z —12
2 —6x+8=0
(x—2)(x—4)=0
sx=4

3(a®> + 1) + 10a
3a+1

Solution:

Note a # —3%

=

3(a® + 1) + 10a
3a+1
3(a®> +1)+10a =3a+1
36 +3+10a—3a—1=0
3a>+7a+2=0
Ba+1)(a+2)=0
cLa=—2

=1
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3 3a+4 1

N S —3atl 2@ 1 91
Solution:
3 3a+4 1
9a> —3a+1 27a®+1 9a2—1
3 3a+4 1
9a2—3a+1 (3a+1)(9a%>—3a+1) (3a—1)(3a+1)
3(9a® —1) — (3a — 1)(3a + 4) 94> — 3a + 1
(B3a+1)(3a—1)(9a% — 3a + 1) - (B3a—1)(3a+1)(9a? — 3a + 1)
27a°> — 3 —9a° —9a+4 =9a° — 3a + 1
9a® — 6a =0
3a(3a—2) =0
3a=0
a=0
or
3a—2=0
2
“=3
2
sa=0o0ra= 3
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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This section can be included in the chapter on functions and graphs with graphs of linear equations. Before beginning this
section it may be necessary to revise plotting graphs of linear equations with your learners.

It is also important that learners are either given the graphs or are encouraged to draw accurate graphs on graph paper to
help them solve simultaneous equations graphically. Graph sketching software can be used in this section to ensure that
graphs are accurate.
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Exercise 4 — 3:

1. Look at the graph below

Yy
y=2zx+1
1 b
t x
1 2 3
\ Yy=-—-xr—5
Solve the equations y = 2z + 1 and y = —z — 5 simultaneously
Solution:
From the graph we can see that the lines intersectat z = —2 and y = —3

2. Look at the graph below

Solve the equations y = 2z — 1 and y = 2z + 1 simultaneously

Solution:

The lines are parallel. Therefore there is no solution to z and y.
3. Look at the graph below

h
-3 42 N

—il

e

3]

—4 | y=—z—1

—5 | y=—2x+1
Solve the equations y = —2x + 1 and y = —z — 1 simultaneously
Solution:
From the graph we can see that the lines intersect at z = 2 and y = —3

4. Solve for z and y:
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a) —10z = —1 and —4z + 10y = —9.
Solution:
Solve for z:

Substitute the value of z into the second equation and solve for y:

—4x + 10y = -9
1
—4( =) +10y=-—
(1()) + 10y 9
—4
110y = —
10 + 10y 9
100y = —90 + 4
86
Y= To0
43
- 50
_ 1 _ _ 43
Therefore z = {5 and y = —%3.
b) 3z — 14y =0andz —4y+1=0
Solution:
Write x in terms of y:
3z — 14y =0
3z = 14y
L,
Substitute value of « into second equation:
T—4y+1=0

14
Ey—4y—|—1:()

14y — 12y +3=0

2y = =3
3
Y= D)
Substitute value of y back into first equation:
14 (-3
e)
3
=7
Therefore z = —7 and y = —3.
¢ z+y=28and3z+ 2y =21
Solution:
Write z in terms of y:
z+y=38
T=8—1y

Substitute value of z into second equation:

4.4. Solving simultaneous equations




3x 4+ 2y =21
38—y)+2y=21
24 — 3y + 2y = 21

y=3
Substitute value of y back into first equation:
=5
Therefore x = 5 and y = 3.
dy=2x+landz+2y+3=0

Solution:
Write y in terms of x:

y=2x+1
Substitute value of y into second equation:

z+2y+3=0

z+22x+1)+3=0
r+4r+2+3=0

5 = —5
7= =l
Substitute value of 2 back into first equation:
y=2(-1)+1
=1
Therefore z = —1 and y = —1.
e) 5x — 4y = 69 and 2z + 3y = 23
Solution:
Make z the subject of the first equation:
5z — 4y = 69
5z = 69 + 4y
_ 69+4y
T
Substitute value of x into second equation:
2x + 3y = 23
4
2<@;'y)+3y:23

2(69 + 4y) + 3(5)y = 23(5)
138 4 8y + 15y = 115

23y = —23
Sy =-—1
Substitute value of y back into first equation:
69+ 4y
T
69 +4(—1)
B 5

Therefore x = 13 and y = —1.
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f) x+3y =26 and 5z + 4y = 75
Solution:
Make z the subject of the first equation:

z 4+ 3y = 26
r = 26— 3y
Substitute value of z into second equation:
5z + 4y = 75

5(26 — 3y) + 4y = 75
130 — 15y + 4y = 75

—11ly = —55
SY=95
Substitute value of y back into first equation:
r=26—3y
=26 — 3(5)

=11

Therefore z = 11 and y = 5.
g) 3z —4y =19and 2z — 8y = 2
Solution:
If we multiply the first equation by 2 then the coefficient of y will be the same in both equations:

3z —4y =19
3(2)z — 4(2)y = 19(2)
6z — 8y = 38

Now we can subtract the second equation from the first:

6r—8y = 38
- (2z2—-8y = 2)
dr+0 = 36
Solve for z:
p 3
]
=9
Substitute the value of z into the first equation and solve for y:
3z —4y =19
3(9) — 4y = 19
19— 3(9)
LA —
=2

Therefore x = 9 and y = 2.
a a b

h) §+b—4andz—1—1
Solution:

Make a the subject of the first equation:
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2 ib=4

2
a+2b=28
a=8—2b
Substitute value of a into second equation:
a b
Z_2=1
4 4
a—b=1414
8—2b—-b=14
3b=14
4
b= -
3

Substitute value of b back into first equation:

Therefore a = % and b = 3.
i) =10z +y=—1and =10z — 2y =5
Solution:
If we subtract the second equation from the first then we can solve for y:

—10z+y = -1
— (-10z—2y = 5)
0+ 3y = —6
Solve for y:
3y=—6
Sy=-2

Substitute the value of y into the first equation and solve for x:

—10z+y=-1
—10z —2= -1
—10z =1
1
T
Therefore z = 71 and y = —2.
j) —10z — 10y = —2 and 2z + 3y = 2
Solution:

Make z the subject of the first equation:

—10z — 10y = —2

5 +5y =1
5z =1-—by
o 1
..l’——y+g

Substitute the value of z into the second equation and solve for y:
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2043y =2

1
2<—y+5)+3y=2

2
—2y—|—g—|—3y:2

_8
Y=5
Substitute the value of y in the first equation:
5+ 5y =1
8
5 5(=-) =1
T + <5>
5x +8 =1
51 = —7
P
5
Therefore z = —I and y = £.
1 1 1 1
kk =4+ =-=3and = — = =11
r oy r oy
Solution:
Rearrange both equations by multiplying by zy:
1 1
—4+-—_3
r y
Y+ =3xy
1 1_q
r Yy
y—z=1lzy
Add the two equations together:
y+z = 3zy
+ (y—=z = llay)
204+0 = ldzy
Solve for x:
2y = ldxy
y =Txy
1="Tx
L1
7

Substitute value of  back into first equation:

Ty+1=3y
4y = —1

1

¥="7

Therefore z = = and y = —
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2(z* +2)—3 3

I) yzwandy:2—x2+2
Solution:
Let
2z +2) -3 3

z2 4 2 N z2 42
22° +4—-3=2(z>+2) -3
2z +1=22"+1
0=0
Since this is true for all z in the real numbers, z can be any real number.
Look at what happens to y when z is very small or very large:
The smallest z can be is 0. Whenz =0,y =2 — 3 = 1.
If = gets very large, then the fraction xzi” becomes very small (think about what happens when you divide

a small number by a very large number). Then y =2 — 0 = 2.
From this we can see that % <y<2

Therefore z can be any real number, 3 <y < 2.

m) 3a+b:£and3a2:3—ab
2a

Solution:
Note a # 0
Look at the first equation

3a—|—b:2£

a

6a> + 2ab = 6
6a> = 6 — 2ab
3a> =3 —ab

Note that this is the same as the second equation
a and b can be any real number except for 0.

5. Solve graphically and check your answer algebraically:

a) y+2x=0andy—2x—4=0
Solution:
First write the equations in standard form:

y+2x=0
y = —2x
y—2x—4=0
y=2x+4
Draw the graph:
g y=2cr+4
4
3
2
i
-3 /> 12 ‘
-1 Y= —2T
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The graphs intersect at (—1;2) soz = —1 and y = 2.
Checking algebraically we get:

W= =2
Substitute value of y into second equation:
y—2x—4=0
—2r—2x—4=0
—4x =4
==l

Substitute the value of z back into the first equation:

y=-2(-1)
y=2
r Yy
b 2y=land=+2Z =1
) x+ 2y 2 4F 5
Solution:
First write the equations in standard form:
r+2y=1
2y =—-z+1
_1 1
V=TT
zr Yy
421
3 + 2
2
=—Zz+2
Y 3% +
Draw the graph:
y=—2x+2 Y

The graphs intersect at (9; —4) so z = 9 and y = —4.
Checking algebraically we get:

r=—-2y+1
Substitute value of x into first equation:
—2y+1 vy
YT LY
3 o 2
—4y+24+3y=6
y=—4

Substitute the value of y back into the first equation:
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T+2(—4)=1

r—8=1
r=9
oy—2=6randy —z = -3
Solution:
First write the equations in standard form:
y—2=6z
y =6z + 2
y—x=-3
z—3

Draw the graph:

3 y=6x+2

it y=z—3
1 2 3
The graphs intersect at (—1; —4) soz = —1 and y = —4.
Checking algebraically we get:
y = b6x + 2
Substitute value of ¥ into first equation:
6r+2=x-3
5r = —5
7= =1l
Substitute the value of = back into the first equation:
y=06(-1)+2
y=—4
d 2zx+y=5and 3z —2y =14
Solution:
First write the equations in standard form:
20 +y =5
y=—-2x+5
3z —2y=4
2y =3z — 4
= gx -2

Draw the graph:
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The graphs intersect at (2;1) soz =2 and y = 1.
Checking algebraically we get:

y=—-2x+5

Substitute value of y into first equation:

—2w+5=gw—2

—4r+10=3z — 4
Tr =14
r =2

Substitute the value of z back into the first equation:

T=-2(2)+5
y=1
e) b=z+yandz=y—2
Solution:
First write the equations in standard form:
S5=z+vy
y=—-c+5
T=y—2
Y=z 2

Draw the graph:

The graphs intersect at (1,5;3,5) so z = 1,5 and y = 3,5.
Checking algebraically we get:

y=—x-+5

4.4. Solving simultaneous equations




Substitute value of y into second equation:

r=—x+5—-2

20 =3
=
2

Substitute the value of = back into the first equation:

3
5=—
2 TV
_7
¥=3
For more exercises, visit www.everythingmaths.co.za and click on ’Practise Maths’.
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4.5 Word problems

Problem solving strategy

Exercise 4 — 4:

1. Two jets are flying towards each other from airports that are 1200 km apart. One jet is flying at 250 km-h~! and the
other jet at 350 km-h~!. If they took off at the same time, how long will it take for the jets to pass each other?
Solution:

Let distance di = 1200 — = km and distance d2 = = km.
Speed s; = 250 km-h~! and speed s2 = 350 km-h~!.
Time is found by dividing distance by speed.

. distance
time (t) = speed
When the jets pass each other:
1200 -z T
250 350

350(1200 — ) = 250z
420 000 — 350z = 250x
600x = 420 000
x = 700 km

Now we know the distance travelled by the second jet when it passes the first jet, we can find the time:

700 km
~ 350 km-h™ !
=2h

It will take take the jets 2 hours to pass each other.
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2. Two boats are moving towards each other from harbours that are 144 km apart. One boat is moving at 63 km-h~*

and the other boat at 81 km-h . If both boats started their journey at the same time, how long will they take to pass
each other?

Solution:

Notice that the sum of the distances for the two boats must be equal to the total distance when the boats meet:
d1 + do = diotal — d1 +do = 144 km.

This question is about distances, speeds, and times. The equation connecting these values is

distance . .
speed = ~tme O distance = speed x time

You want to know the amount of time needed for the boats to meet - let the time taken be ¢. Then you can write an
expression for the distance each of the boats travels:

For boat 1: d; = s1t
= 63t
For boat 2: ds = sot
=81t

Now we can substitute the two expressions for the distances into the expression for the total distance:

di +ds = 144
(63t) + (81¢) = 144
144t = 144
144
=
144

=1

The boats will meet after 1 hour.

3. Zwelibanzi and Jessica are friends. Zwelibanzi takes Jessica’s civil technology test paper and will not tell her what
her mark is. He knows that Jessica dislikes word problems so he decides to tease her. Zwelibanzi says: “I have 12
marks more than you do and the sum of both our marks is equal to 148. What are our marks?”

Solution:

Let Zwelibanzi’s mark be z and let Jessica’s mark be j. Then

z=45+12
Z+j =148

Substitute the first equation into the second equation and solve:

z+j =148

(j+12)+5=148
2j = 148 — 12

136

T2

= 68

Substituting this value back into the first equation gives:

z=j5+12
=68+ 12
=80

Zwelibanzi achieved 80 marks and Jessica achieved 68 marks.

4. Kadesh bought 20 shirts at a total cost of R 980. If the large shirts cost R 50 and the small shirts cost R 40, how many
of each size did he buy?

Solution:
Let z be the number of large shirts and 20—z the number of small shirts.
Next we note the following:

¢ He bought z large shirts for R 50
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¢ He bought 20 — x small shirts for R 40
e He spent R 980 in total

We can represent the cost as:

50z + 40(20—=z) = 980
50z + 800—40x =980
10z = 180
r =18

Therefore Kadesh buys 18 large shirts and 2 small shirts.

5. The diagonal of a rectangle is 25 cm more than its width. The length of the rectangle is 17 cm more than its width.
What are the dimensions of the rectangle?
Solution:

Let length = [, width = w and diagonal = d. -.d = w + 25 and | = w + 17.

By the theorem of Pythagoras:

d® =17+ w?
sw? =dP=1?
= (w+25)°—(w +17)?
= w® + 50w + 625—w’—34w—289
S w?—16w—336 =0
(w+12)(w—28) =0
w=—12 orw = 28

The width must be positive, therefore: width w = 28 cm length I = (w+17) = 45 cm and diagonal d = (w +25) =
53 cm.

6. The sum of 27 and 12 is equal to 73 more than an unknown number. Find the unknown number.
Solution:
Let the unknown number = .

21+ 12 =2+ 73
39=xz+73
r=—-34

The unknown number is —34.
7. A group of friends is buying lunch. Here are some facts about their lunch:
¢ a milkshake costs R 7 more than a wrap
e the group buys 8 milkshakes and 2 wraps
e the total cost for the lunch is R 326
Determine the individual prices for the lunch items.
Solution:
Let a milkshake be m and a wrap be w. From the given information we get the following equations:

m=w-+7
8m + 2w = 326
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10.

Substitute the first equation into the second equation and solve for w:

8m + 2w = 326
8(w+7)+ 2w = 326
8w + 56 + 2w = 326
10w = 326 — 56
270
~ 10
=27

Substitute the value of w into the first equation and solve for m:

m=w-+7
=27T+7
=34

Therefore a milkshake costs R 34 and a wrap costs R 27.

. The two smaller angles in a right-angled triangle are in the ratio of 1 : 2. What are the sizes of the two angles?

Solution:
Let = the smallest angle. Therefore the other angle = 2.
We are given the third angle = 90°.

x + 2z + 90° = 180° (sum of angles in a triangle)
3z = 90°
x = 30°

The sizes of the angles are 30° and 60°.

. The length of a rectangle is twice the breadth. If the area is 128 cm?, determine the length and the breadth.

Solution:
We are given length I = 2band A =1 x b = 128.
Substitute the first equation into the second equation and solve for b:

2b x b =128
2b° = 128
b’ =64
b=48

But breadth must be positive, therefore b = 8.
Substitute this value into the first equation to solve for i:

1 =2b
=2(8)
=16

Therefore b =8 cmand [ = 2b = 16 cm.

If 4 times a number is increased by 6, the result is 15 less than the square of the number. Find the number.
Solution:
Let the number = z. The equation that expresses the given information is:

4z + 6 = z°—15

z?—42—21 =0
(z—=7T)(x+3)=0
r=Torx=—3

We are not told if the number is positive or negative. Therefore the number is 7 or —3.
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11.

12.

13.

14.

The length of a rectangle is 2 cm more than the width of the rectangle. The perimeter of the rectangle is 20 cm. Find
the length and the width of the rectangle.

Solution:
Let length I = z, width w = = — 2 and perimeter = p.

p=2l+2w
=2z +2(zx—2)

20 =2x+ 2z —4

dr = 24

z =06

l=6cmandw=1—2=4cm.

length: 6 cm, width: 4 cm

Stephen has 1 litre of a mixture containing 69% salt. How much water must Stephen add to make the mixture 50%
salt? Write your answer as a fraction of a litre.

Solution:

The new volume (z) of mixture must contain 50% salt, therefore:

0,69 = 0,5z
0,69
=05

z = 2(0,69)
=138

The volume of the new mixture is 1,38 litre The amount of water (y) to be added is:

y =2—1,00
= 1,38—1,00
=0,38
Therefore 0,38 litres of water must be added. To write this as a fraction of a litre: 0,38 = 2% = 19 Jitres

Therefore % litres must be added.

The sum of two consecutive odd numbers is 20 and their difference is 2. Find the two numbers.
Solution:

Let the numbers be = and y.

Then the two equations describing the constraints are:

z+y=20
T—y=2
Add the first equation to the second equation:
iy = W)
r=11
Substitute into first equation:
11—y=2
y=9

Therefore the two numbers are 9 and 11.

The denominator of a fraction is 1 more than the numerator. The sum of the fraction and its reciprocal is 3. Find the
fraction.

Solution:
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15.

16.

17.

18.

Let the numerator be z. So the denominator is = + 1.

az z+1 5
:c+1+ T 2

Solve for z:

7 z+1 5
a:—|—1+ : ~ 3
222 + 2(z + 1)2 =5z(z+1)
222 + 2(x® + 2z + 1) = 52° + 5z
2¢° + 22° + 4z + 2 = 52° + 5z
2 +2—2=0
(r—1)@+2) =0
r=1ofx=-2

From this the fraction could be 1 or =2. For the second solution we can simplify the fraction to 2 and in this case
the denominator is not 1 less than the numerator.

So the fraction is 3.

Masindi is 21 years older than her daughter, Mulivhu. The sum of their ages is 37. How old is Mulivhu?

Solution:

Let Mulivhu be z years old. So Masindi is  + 21 years old.

r+x+21 =37
2x = 16
r =38

Mulivhu is 8 years old.

Tshamano is now five times as old as his son Murunwa. Seven years from now, Tshamano will be three times as old
as his son. Find their ages now.

Solution:
Let Murunwa be z years old. So Tshamano is 5z years old.
In 7 years time Murunwa'’s age will be = + 7. Tshamano’s age will be 5z + 7.

52 +7=3(x+7)
5+ 7=3x+ 21
2¢x = 14
="

So Murunwa is 7 years old and Tshamano is 35 years old.

7 and 35 years old.

If adding one to three times a number is the same as the number, what is the number equal to?
Solution:

Let the number be z. Then:

3x+1==x
20 = —1

1

=3

If a third of the sum of a number and one is equivalent to a fraction whose denominator is the number and numerator
is two, what is the number?

Solution:
Let the number be z. Then:

(c+1)=2

W =

4.5. Word problems




Rearrange until we get a trinomial and solve for x:

1 2

- 1) = =

3(m+ ) a8

x—i—l—g

a8

24+ z=6

22+r—6=0

(z—2)(z+3)=0
sx=2o0rxz=-3

19. A shop owner buys 40 sacks of rice and mealie meal worth R 5250 in total. If the rice costs R 150 per sack and
mealie meal costs R 100 per sack, how many sacks of mealie meal did he buy?

Solution:

z+y =40 (1)
150z + 100y = 5250 (2)

look at (1)

z =40 —y (3)
(3) into (2)
150(40 — y) + 100y = 5250

—150y + 100y = 5250 — 6000
—50y = —750
y=15
.. 15 sacks of melie meal were bought

20. There are 100 bars of blue and green soap in a box. The blue bars weigh 50 g per bar and the green bars 40 g per
bar. The total mass of the soap in the box is 4,66 kg. How many bars of green soap are in the box?

Solution:

z+y =100 (1)
50z + 40y = 4660 (2)

look at (1)
x =100 —y (3)
(3) into (2)
50(100 — y) + 40y = 4660
—50y + 40y = 4660 — 5000
—10y = —340
y=34
.. 34 sacks of melie meal were bought

21. Lisa has 170 beads. She has blue, red and purple beads each weighing 13 g, 4 g and 8 g respectively. If there are
twice as many red beads as there are blue beads and all the beads weigh 1,216 kg, how many beads of each type

does Lisa have?
Solution:
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z+y—+z=170 (1)
13z +4y + 82z = 1216 (2)

y=2z (3)
(3) into (1)
z+ (2z) + z =170
3z + 2z =170
z =170 — 3z (4)
(3) into (2)

13z 4 4(2z) + 8z = 1216
21z +82=1216  (5)

(4) into (5)

21z + 8(170 — 3z) = 1216

21z + 1360 — 242 = 1216

—3x = —144
x =48
y =2x =96

z =170 — 3z = 26

.. Lisa has 48 blue beads, 96 red beads and 36 purple beads,

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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4.6 Literal equations

Exercise 4 — 5:

1. Solve for z in the following formula: 2z + 4y = 2.
Solution:

2 + 4y = 2
2 =2 — 4y
1 1
5(295)—(2—421)5
r=1-2y

2. Make a the subject of the formula: s = ut + Sat”.
Solution:

tg Lg?

s=u —a

2

1

5—ut=§at2
2s — 2ut = at’

2(s —ut
(s—ut) __

t2
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Note restriction: ¢ # 0
3. Solve for n: pV = nRT.
Solution:

pV =nRT
v _
RT
Note restrictions: R # 0, T # 0
4. Make z the subject of the formula: % + %b =2
Solution:
1 2
s+t =2
x + b(2b)
Z TS —9
bx
z + 2b> = 2bz
z — 2bz = —2b°
x(1 — 2b) = —2b°
. —2b°
T 1-2b
Note restriction: 1 # 2b
5. Solve for r: V = nr2h.
Solution:
V =mr’h
Vo_.a
mh
1%
i —_— =
mh "
Note restriction: h # 0
6. Solve for h: E = %
Solution:
_he
DY
EX = hc
BA_,
c
Note restriction: ¢ # 0
7. Solve for h: A = 2xrh + 27r.
Solution:
A = 27nrh + 27r
A —27r = 27rh
A —2nr

=/
2rr

Note restriction: r # 0

8. Make X the subject of the formula: ¢ = f’%\
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Solution:

D
=%
D
)= —
) =7
D
)\:ﬁ

Note restrictions: ¢ # 0, f # 0
9. Solve for m: E = mgh + tmv°.
Solution:

Note restriction: gh + 3v* # 0
10. Solve for z: 2* + z(a + b) + ab = 0.
Solution:

2>+ z(a+b)+ab=0
2 +za+azb+ab=0
(z+a)(z+b)=0

r=—aorz=—b
11. Solve for b: ¢ = a2 + b2.
Solution:
c=+va?+b?
C2 _ CL2 + b2
c—at=0p
b=++c?—a?
12. Make U the subject of the formula: 1_1 4 =
. j T TwWe
Solution:
1_1,1
Vv U W
uw VW o uv
Uvw ~— UVW  UVW

UW =VW +UV
Uw —-UV =VW
VW

U =
W -V

Note restriction: W # V/
13. Solve for r: A = 7R? — 7r2.
Solution:

Literal equations




A=1R?—mr?

A—1R? = 1r?
A — 7mR? .
—_— =7
™
_ 2
po g, A-TR?

s

14. F = £C + 32° is the formula for converting temperature in degrees Celsius to degrees Fahrenheit. Derive a formula
for converting degrees Fahrenheit to degrees Celcius.

Solution:

F:§C+32°
9
F—320="=
32°=:C
5(F —32°) = 9C
5(F;32) _c

To convert degrees Fahrenheit to degrees Celsius we use: C' = 3 (F — 32°)

15. V = §7r1"3 is the formula for determining the volume of a soccer ball. Express the radius in terms of the volume.
Solution:

I
=

L[] Bl N | o
§ﬁ< = <
Il
=

Therefore expressing the radius in terms of the volume gives: 7 = 1 v

™

N[

16. Solve for z in: 2> —az — 3z =4+ a
Solution:

2’ —arx—3z=4+a
2 —arx—3cx+a+4=0
22 —z(a+3)+(a+4)=0
(z+1D)(z—(a+4) =0
srx=a+4orz=-1

17. Solve for z in: az® — 4a + bx? — 4b =0
Solution:

az® —4a+bz® —4b =0
a(z® —4)+ bz —4)=0
(a+b)(z>—4)=0
(a+b)(x—2)(z+2)=0
Srx=20rx=—-2

18. Solve for z in v? = u?® 4+ 2az ifv=2,u=0,3,a = 0,5
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Solution:

2 2
v’ =u" + 2ax

2
2ax =v° —u

U2 — ’LL2
= 2a
Lo 22-03
~ 2(0,5)
z =391
19. Solve for uin f' = f Y —ifv =13, f =40, /' = 50
Solution:
v
=7
v—Uu
flv—u)=fov
v—u= %
fu
=LY 5
f/
uU=0v— %
3 40(13)
“= 50
u=26
) bh?
20. Solve for hin I = 17 ifb=18, I =384
Solution:
bh?
)
2 _ 121
= b
121
h==®4/—
b
. [12(384)
b= de 18
h = +£16
21. Solve for ra in 1_ l—&- 1 ifR=3r=2
R L T2
Solution:

4.6. Literal equations




111
R r
11 1
r» R n
1 _ T — R
ro  Rn
er = 7”2(7"1 — R)
Rr1 —
T1T — R
3x2
T2 = 9 _ %
3
1
2
=6
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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4.7  Solving linear inequalities

Interval notation

Exercise 4 — 6:

1. Look at the number line and write down the inequality it represents.

a)
- : : : : : :  Smm——
—2 —1 0 1 2 3 4 ) 6 7
Solution:
r<—landz>6;2 € R
b)
0 1 2 3 4 5 6 7 8 7%
Solution:
3<x<6;xzeR
Q)
- ¥ ¥ »x
0 1 2 3 4 5 6 7 8
Solution:
T #3x#£6;x€R
d)

Chapter 4. Equations and inequalities



http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFR
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFS
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFT
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFV
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFW
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFX
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFY
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FFZ
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG2
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG3
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG4
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG5
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG6
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG7
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG8
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FG9
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FGB
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FGC
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FGD
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FGF
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FGG
www.everythingmaths.co.za
m.everythingmaths.co.za

Solution:
z>—-10;z e R

2. Solve for z and represent the answer on a number line and in interval notation.

a) 3x+4>5x+8
Solution:

3x+4>5x+8
3x —5r >8—4

—2zx >4
2z < —4
T < =2
Represented on a number line:
< =2
Vi 1 I 1 Il
)y T T T T
-4 -3 -2 -1 0o 7
In interval notation: (—oo; —2)
b) 3(x—1)—2<6x+4
Solution:
3(z—1)—2<6x+4
3r —5< 6z +4
3z —6x <445
—3x <9
R
- 3
x> -3
Represented on a number line:
x> —3
; L . . —
-4 -3 -2 -1 (U
In interval notation: [—3; 00)
0 z—17 S 2z — 3
3 2
Solution:
98— = 2z — 3
3 2
2(x —7) > 3(2z — 3)
2z — 14 > 6x — 9
—4dx >5
< —§
4
Represented on a number line:
T < —%
€ + + f
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In interval notation: (—oo; —2)
d) —4(z—-1)<z+2
Solution:

—A(z-1)<z+2

—drx+4<z+2
—bzr < —2
xr > 2
5
Represented on a number line:
2
xr > 5
: : : —
0 1 2 3 7
In interval notation: (2;c0)
1 1 5 1
sl r—1)> g — =
o gertzle-b=zgr—g3
Solution:
1 1 5 1
- r—1)>Sgp— =
prtgle-bzgr—3
111 5 1
2" T3 T 3=6""3
LU U T B |
2 3 6 — 3 3
3 2 5
St ir—22>0
6" 6" 6
0z >0
The inequality is true for all real values of z.
fl2<xz-1<3
Solution:
-2 < z-1 < 3
-1 < ) < 4
Represented on a number line:
—1<z<4
t L + + + + O—
-2 -1 0 1 2 3 4 T
In interval notation: [—1;4)
g) —5<2r—3<7
Solution:
-5 < 2z—3 < 7
-2 < e < 10
-1 < aB < 5
Represented on a number line:
—1<x<5
} + + + + + ® }
-2 -1 0 1 2 3 4 5 6

In interval notation: (—1; 5]
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h) 7(3z +2) —5(2z — 3) > 7
Solution:

7(Bx+2) —5(2x—3)>7
21z +14 — 10z + 15 > 7

11z > —22
> =2
Represented on a number line:
i > =2
3 2 -1 0 e

In interval notation: (—2; co)
5r — 1 > Il = 2w

-6 - 3
Solution:

i)

Sr—1 > 1-2z
—6 3

5z — 1> —2(1 — 2z)
Sr—1> -2+ 4x

S5x —4dx > —1
z>—1
Represented on a number line:
x> —1
; ; L . . —
-3 -2 -1 0 1 2 =
In interval notation: [—1; c0)
j)3<4-—2<16
Solution:
3 < 4-z < 16
-1 < —x < 12
1 > oz > —12
Represented on a number line:
—12<z<1
& + + + + p—@—+

-12 -10 -8 -6 -1 0 2 T

In interval notation: [1;12]

—Ty
ky —= — -
) 3 5> —7
Solution:

—Ty
—Ty—15> —21
—Ty > —6
y<§
7

Represented on a number line:

4.7. Solving linear inequalities




< . . ; J
-3 -2 -1 0 1 2 =
In interval notation: (—oco; 2)
h1<1-2y<9
Solution:
1 < 1-2 < 9
0 < -2 < 8
0o > Y > 4
-4 < Y < 0
Represented on a number line:
—-4<y<0
O . . . 4 ;
-4 -3 -2 -1 0 1 *
In interval notation: (—4;0]
—1
m —2< =<7
Solution:
—1
-2 < T < 7
6 > -1 > =21
7 > T > =20
-20 < 7 < 7
Represented on a number line:
-20<2<T7
<O + + + + + f

-20 -15 -—-10 -5 0 5 10

In interval notation: (—20;7)
3. Solve for x and show your answer in interval notation:

a) 2z —1 < 3(x+11)
Solution:

2z — 1 < 3(z + 11)

20 —1 < 3x+ 33

20 —3r <33+ 1
—lx < 34
x> —34

(=34;00)

b) z —1 < —4(z — 6)
Solution:

z—1< —4(z —6)
r—1< —4x + 24
r+4dr <2441

S5 < 25

S <b

(—00;5)
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z—1 <2(w—2)

9% <3
Solution:
z—1 - 2(x —2)
8 3
3(z—1) < 16(z —2)
37 — 3 < 162 — 32
3z — 162 < —32+3
—132 < —29
29
> —
Y293
z€[2;00).
d) T+ 2 < —2(z —4)
4 7
Solution:
1’+2< —2(x —4)
4 7
T(x+2) < —8(x —4)
Tr + 14 < —8x + 32
Tr +8x <32—14
152 < 18
6
. <7
-
mG(—oo;g].
1 5 1
Solution:
1 ) 1
gx—i(a:+2)>1m+3

4z — 25(x + 2) > 5z + 60
4x — 25z — 50 > 5x + 60
4x — 252 — 5z > 60 + 50

—26z > 110
< 5
. 13

The interval is:
PN
’ 13

1 2 4
— - — > =
f) 2 5(x+3)_2x+3

Solution:

1 2 4

En2 > 2

EZ 5(m+3)_2x+3
2z — 4(z + 3) > 20z + 30
2 — 4x — 12 > 20z + 30

2 — 4x — 20x > 30 + 12

4.7. Solving linear inequalities




The interval is:

g dr+3< -3 or 4r+3>5
Solution:
Solve the inequality:

dr+3 < =3 or de+3 > 5
¢ < —-3-—-3 or 4r > 5-3
z < % or z > 52
r < -3 or z > 1
00'—§ ) 1'oo
7 2 27
h) 4> —6z—6> -3
Solution:
Solve the inequality:
4 > —6x—6 > -3
4+6 > —6x > —3+6
& < x < =346
% - - 1
-3 < x < —3
5.1
37 2
4. Solve for the unknown variable and show your answer on a number line.
a) 6b—3>b+2,beZ
Solution:
6b—3>b+2,beZ
56> 5
b>1
b>1;beZ
} @ ® —
1 2 3 4 5 b
b) 3a —1<4a+6, aeN
Solution:
3a—1<4a+6
—a <7
a>—T7
However we are told that a € N and so a > 0.
a>Ta€eN
t L L L L >
=il 0 1 2 3 4 5 @
b—3 b
—4+1<-—4,beR
C) 5 aF <4 ,be
Solution:
b—3 b
Tt i< -4
2 a <4
2b—6+4<b—16
b< —14
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Ib<—1f1;be]R

18 —17 —16 —15 —14 —13 —120

d) 4a;775>a—§, a€N
Solution:
ar? i, 2
3 3
4a+7—15>3a—2
a>6
a>6;a €N
J ® ® & ® >
5 6 7 8 8 9 10 ¢
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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4.8 Chapter summary

End of chapter Exercise 4 — 7:

1. Solve:
a) ba— 7= -2
Solution:
5a — 7= -2
Sa=—2—(=7)
5a =5
L0
5
=1
b) 5m +3 = -2
Solution:
dm+3=-2
bm=-2—-3
5m = —5
e =5
5
=1
0 1=4-3y
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Solution:

1=4-3y
Jy=4—-1
Jy=3
3
Y73
=1

d) 2(p—1)=3(p+2)
Solution:

2p0—-1)=3(p+2)
2p—2=3p+6
p=-8
e) 3—6k=2k—1
Solution:

3—6k=2k—-1
8k =4
1

k:§

f) 2,1z +3=4,1— 3,3z
Solution:

21z +3=4,1-323z
54z = 1,1
11

I’:ﬁ

g m+6(—m+1)+8m=0
Solution:

m+6(—m+1)+8m=0
m—6m+6+8m =0
Im = —6

m = —2

h) 2k +3=2—3(k+2)

Solution:
2% +3=2—3(k+3)
2k+3=2-3k—9
5k = —10
k=-2
i q_4q
i) 3+5 =3
Solution:
q_4a
3—|—5 =3
30 4+ 2qg = 5¢q
3q = 30
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1_4z+1
2 52—6
Solution:

Note that z # &

j)

1_42—1—1
2 5z2—6
82+2=52—06
3z =-8
,=_8
-3
a—4 a
k) 2 - ==
) 2+ 5 3 7
Solution:
a—4 a
2+ 5 "3 7
3(a—4)—2a
=5
6
3a — 12 — 2a = 30
a =42
|)5_M:1
m m
Solution:
s 2Am+4) T
m T m

5m—2(m+4)="7
Sm—2m -8 =7

3m =15
m=>5
2 1 1 2
m’z‘2‘§—§<1+z>
Solution:
2 1 1 2
Z_9_——Z- (142
F-2-5=5(1+3)
2 1 1 1
2 _9_ - _ -4 =
t 2 2+t
4 2
Tod-l=147
4—4t—t=t+2
6t =2
1
t—f
3
2. Solve:
a) b> +6b—27=0
Solution:
b +6b—27=0
b-3)(b+9) =0
b=-9orb=3
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b) —2>+52+6=0
Solution:

2 -5z —-6=0
(x—6)(z+1)=0
=—lorxz=6

—

8

o —b>—3b+10=0
Solution:

B +3b—10=0
(b—2)(b+5) =0
b=-50rb=2

d) 26—15= (b+1)(b—6) —b°
Solution:

2b—15= (b+1)(b— 6) — b
2b—15 =05 —5b—6 — b>

h=29
9
b=7

e) bz+1)(z—3)=0
Solution:

x——%orw—?)
f) 5t —1 =12 — (t+2)(t—2)
Solution:
5t—1=1t>— (t+2)(t —2)
5t—1=t>—t>+4
5t—1=4
5t =25
t=1
a+2 a+8
g =
a—3 a+4
Solution:
Note restrictions: a # 3;a # —4.
a—|—2ia+8
-3 a+4
(a+2)(a 4)  (a+8)(a—3)
(a-3)(a+4) (a—3)(a+4)

(a+2)(a+4)=(a+8)(a—3)
a® +2a+4a+ (2)(4) = a® — 3a + 8a + (—3)(8)
a®+6a+8=a’+5a—24
6a + 8 = 5a — 24
6a — (5a) = —24 — (8)
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n+3 n-—1

n—2 n-—17

Solution:

Note restrictions: n # 2;n # 7.

n+3 n-—1

n—-2 n-—7T
(n+3)(n—"1) _ (n—1)(n—2)
m=2)(n=T7) (n—T)(n—2)
n+3)(n—T)=(Mn—-1)(n—2)

n®+3n—Tn+ (3)(=7) =n® —2n — In + (=2)(-1)
n?—4n—21=n—3n+2
—4n — 21 = —-3n+2
—4n — (=3n) =2 — (—21)
23
=
=-23

)22 —-3z4+2=0

Solution:
2
z©—3x+2=0
(z—2)(z—1) =
r=2o0orx=1
)yi+y=6
Solution:

y2+y=6

Y +y—6=0

(y+3)(y—2)=0
y=—-3ory=2

k) 0=2z% — 5z — 18
Solution:

0=2z> — 5z — 18
0= (224 9)(z—2)
20 +9=0o0rz—2=0

m:—%orm:Q

) (d+4)(d—3)—d=(3d—2)*—8d(d—1)
Solution:

(d+4)(d—3) —d=(3d—2)> —8d(d — 1)
d>+d—12—d=9d*> —12d + 4 — 84* + 8d
d>—12=d°> —4d+4
4d = 16
d=4

3. Look at the graph below:
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y =3z +2
31 y—2z+1
2 A
t f X
—3 1 2 3
Solve the equations y = 3z + 2 and y = 2z + 1 simultaneously.
Solution:
From the graph we can see that the lines intersectatz = —1 and y = —1
4. Look at the graph below:
Y
\Y
1 \
+ : t t T
-3 =2 1 1 2 3
—1
—2 1 B = =48 +1
—3
—4 + y=—x—1
_5 i
Solve the equations y = —z + 1 and y = —x — 1 simultaneously.
Solution:
The lines are parallel therefore there is no solution to x and .
5. Look at the graph below:
Y
/ dnkil
t x
-3 -2 -1 1 2 3
—1 }
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Solve the equations y = = + 4 and y = —2x + 1 simultaneously.
Solution:
From the graph we can see that the lines intersectatz = —1 and y = 3
6. Solve the following simultaneous equations:
a) 7Tz + 3y =13 and 2z — 3y = —4
Solution:
Add the two equations to remove the y term and solve for z:

Tr+3y = 13
+ (2z—-3y = -—4)
9x = 9
Therefore x = 1.
Substitute value of x into second equation:
20 — 3y = —4
2(1) — 3y = —4
3y==6
y=2

Therefore z = 1 and y = 2.
b) 10=2z+yandy =2z —2
Solution:
Substitute value of y into first equation:

100=2x+2—2

10=3x—2
12 =3z
r=4

Substitute value of z back into second equation:

Y= —2
=4-2
=2

Therefore z = 4 and y = 2.

0 7Tr—41=3yand 17=3z —y
Solution:
Make y the subject of the first equation:
17=3x—y
y=3x — 17
Substitute value of y into first equation:
Tr—41 =3y

Tx — 41 = 3(3z — 17)
Tx —41 = 9z — 51

2z =10
=25
Substitute value of  back into second equation:
y=3x — 17
y=3(5) — 17
=-2
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Therefore x = 5 and y = —2.

d) 2z — 4y = 32 and 7z + 2y = 32
Solution:
Make z the subject of the first equation:

2x — 4y = 32
2x =32+ 4y
3244y
T
Substitute value of z into second equation:
Tr + 2y = 32
204
7(3 ;r y) 12y =32

7(32 + 4y) + 2(2)y = 32(2)
224 + 28y + 4y = 64

32y = —160
Cy=-5
Substitute value of y back into first equation:
3244y
T
_ 3244(-5)
- 2

Therefore z = 6 and y = —5.
e) Tz + 6y =—18and 4z + 12y = 24
Solution:
Multiply the first equation by 2 so that the coefficient of y is the same as the second equation:

Tx + 6y = —18
7(2)z + 6(2)y = —18(2)
14z + 12y = —36

Subtract the second equation from the first equation:

4z +12y = -36
— (z+12y = 24)
10x = —60
Solve for z:
60
10
=—6
Substitute the value of z into the first equation and solve for y:
Tr + 6y = —18
7(—6) + 6y = —18
_ —18—17(—6)
- 6
=4

Therefore x = —6 and y = 4.
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f) 3z — 4y = —15 and 12z + 5y = 66
Solution:
Multiply the first equation by 4 so that the coefficient of z is the same as the second equation:

3z — 4y = —15
3(4)x — 4(4)y = —15(4)
122 — 16y = —60

Subtract the second equation from the first equation:

122 — 16y = —60
- (12z45y = 66)
21y = —126
Solve for y:
126
T -21
=6
Substitute the value of y into the first equation and solve for x:
3z —4y = —15
3z — 4(6) = —15
_ —1544(6)
- 3
=3
Therefore z = 3 and y = 6.
g) © — 3y = —22 and 5z + 2y = —25
Solution:
Write the first equation in terms of x:
z—3y=—22
=3y —22
Substitute the value of z into the second equation:
5 + 2y = —25

5(3y —22) + 2y = —25
15y — 110 4+ 2y = —25
17y = 85
y=2>5

Substitute the value of y into the first equation and solve for x:

T —3y=—22

z—3(5) =—22
z=-—22415

=

Therefore x = —7 and y = 5.

h) 3z + 2y = 46 and 15z + 5y = 220
Solution:
Make y the subject of the second equation:
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15z + by = 220
3z +y =44
y=44 -3z

Substitute the value of y into the first equation:
3z + 2y = 46

3x + 2(44 — 3z) = 46
3x + 88 — 6z = 46

42 = 3z
xz=14
Substitute the value of z into the second equation:
3z +y=44
3(14) +y = 44
y =44 — 42
=%

Therefore z = 14 and y = 2.
i) 6+ 3y = —63 and 24z + 4y = —212
Solution:
Multiply the first equation by 4 so that the coefficient of x is the same as the second equation:

6x + 3y = —63
6(4)x — 3(4)y = —63(4)
24x 4+ 12y = —252

Subtract the second equation from the first equation:

2z +12y = —252
— (Qaz+4y = —212)
8y = —10
Solve for y:
. —40
Y=g
=-5
Substitute the value of y into the first equation and solve for x:
6z + 3y = —63
6z — 3(—5) = —63
—63 + 15
6
=-8

Therefore z = —8 and y = —5.
j) 5z — 6y = 11 and 25x — 3y = 28
Solution:
Multiply the first equation by 5 so that the coefficient of x is the same as the second equation:

5z — 6y = 11
5(5)x — 6(5)y = 11(5)
25z — 30y = 55
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Subtract the second equation from the first equation:

251 —30y = 55
— (Bz—3y = 28)
—27y = 27
Solve for y:
o
¥="o7
=-1
Substitute the value of y into the first equation and solve for x:
5z — 6y = 11
5z — 6(—1) = 11
Lo l1-6
5
=1
Therefore z = 1 and y = —1.
k) =92+ 3y =4and 2z +2y =6
Solution:
Make x the subject of the second equation:
204+ 2y =6
r=3—-y
Substitute the value of z into the first equation:
—9zr+3y=4
—-9(B—y)+3y=14
—274+9y+3y=4
12y = 31
_31
Y712
Substitute the value of y into the second equation and solve for x:
r=3—y
31
T
_ 36 —31
12
_5
T 12
Therefore z = 5 and y = 31.
) 3z — 7y = —10 and 10z + 2y = —6
Solution:
Make y the subject of the second equation:
10z 4 2y = —6
S5 +y=—3
y=-—-3—>5z

Substitute the value of y into the first equation:
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3z — 7y = —10

3z — 7(=3 —5z) = —10

3z + 21 + 35z = —10
38x = —10 — 21

38 = —31
!
- 38

Substitute the value of z into the second equation and solve for y:

S5 +y=—3
—31
5( = =-3
() +
_ —114+155
- 38
_4a
~ 38
Therefore z = — 31 and y = 41.
m) 2y =z +8and 4y = 2z — 44
Solution:

We note that the second equation has a common factor of 2:

4y =22 — 44
2y =a — 22

Now we can subtract the second equation from the first:

2y = z+48
- 2y = x—22
0 = =22

There is no solution for this system of equations. We can see this if we graph the two equations:

Y

— y:%x—}—S

/

From the graph we see that the lines have the same gradient and do not intersect.
Therefore there is no solution.
n) 2a(a—1)—4+a—-b=0and2a®> —a=b+4
Solution:
Look at the first equation

20(a—1)—4+a—-0b=0
20 —2a—4+a—-b=0
20> —a=b+4
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Note that this is the same as the second equation
a and b can be any real number except for 0.

o y=(z—2)%andz(x+3) —y =3z +4(z—1)
Solution:
Look at the second equation:

z(z+3)—y=3z+4(z—1)
m2+3x—y:3x+4x—4
x2—4$+4:y

y=(a—2)°
Note that this is the same as the first equation.
2 and y can be any real number except for 0.
z+1 a7
=7 and =6
p) ” I
Solution:
Note that y # 0 and y # —1
1 .
s =7 equation 1
Y
x
=6 equation 2
y+1 a
Make z the subject of equation 1:
1
x + _7
Y
z+1="Ty

z=Ty—1 equation 3

Make z the subject of equation 2:

B
=6
y+1
z=06(y+1)
=6y +6 equation 4

Substitute equation 3 into equation 4:

6y+6="7y—1
6+1="T7Ty— 6y
=17
Substitute the value of y into equation 3:
z="7(7)—1
=48

Therefore zx =48 and y = 7
Q) (@+3)2+@y—4>=0
Solution:

Note that (2 + 3)? and (y — 4)? are both greater than or equal to zero therefore for the equation to be true they
must both equal zero.
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T =-3
(y—4)?=0
y=4

sx=-3andy =14

7. Find the solutions to the following word problems:

a) % of a certain number is 5 more than % of the number. Find the number.
Solution:
Let z be the number.

Lobeo

21z = 8z + 120
13z = 120
120
T3

120
13 °
b) Three rulers and two pens have a total cost of R 21,00. One ruler and one pen have a total cost of R 8,00. How
much does a ruler cost and how much does a pen cost?
Solution:

Let the price of a ruler be r and the price of a pen be p.

The number is

3r+2p =21
r+p=38

From the second equation: r =8 — p
Substitute the value of r into the first equation:

38—p)+2p=21
24 —-3p+2p=21

p=3
Substitute the value of p into the second equation:
r+3=28
r=25

Therefore each ruler costs R 5 and each pen costs R 3.
o) A group of friends is buying lunch. Here are some facts about their unch:
 a hotdog costs R 6 more than a milkshake
* the group buys 3 hotdogs and 2 milkshakes
* the total cost for the lunch is R 143
Determine the individual prices for the lunch items.
Solution:
Let the price of a hotdog be h and the price of a milkshake be m. From the given information we get:

h=m+6
3h +2m = 143

Substitute the first equation into the second equation:
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=

3h +2m = 143
3(m + 6) 4+ 2m = 143
3m 4 6(3) 4+ 2m = 143
5m = 143 — 18
125
5
=25

Substitute the value of m into the first equation:

h=m+6
=254+6
=31

The price of the hotdog is R 31 while a milkshake costs R 25.

Lefu and Monique are friends. Monique takes Lefu’s business studies test paper and will not tell him what his
mark is. She knows that Lefu dislikes word problems so she decides to tease him. Monique says: “l have 12
marks more than you do and the sum of both our marks is equal to 166. What are our marks?”

Solution:
Let Lefu’s mark be I and let Monique’s mark be m. Then

m=101+12
l+m =166

Substitute the first equation into the second equation and solve:

I+m =166

I+ (1+12) =166
21 =166 — 12

154

c.l—T

=77

Substituting this value back into the first equation gives:

m=101+12
=77+12
=89

The learners obtained the following marks: Lefu has 77 marks and Monique has 89 marks.

A man runs to the bus stop and back in 15 minutes. His speed on the way to the bus stop is 5 km-h~—* and his
speed on the way back is 4 km-h~!. Find the distance to the bus stop.

Solution:

Let D be the distance to the bus stop.

Speed s; = 5 km-h™! and sz = 4 km-h~*.

Distance is given by speed times time. The man runs the same distance to the bus stop as he does from the bus
stop. Therefore:

D=sxt
D =5t = 4t»

He takes a total of 15 minutes to run there and back so the total time is 1 + t2 = 15. However the speeds are
given in kilometers per hour and so we must convert the time to hours. Therefore t1 + t2 = 0,25.

Next we note that t; = % and t3 = g
Therefore:
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D D

=+ =025
4D + 5D = 0,25(20)
9D =5
5
D=2
9

The bus stop is 0,56 km away.

-
=

Two trucks are travelling towards each other from factories that are 175 km apart. One truck is travelling at
82 km-h~"' and the other truck at 93 km-h=!. If both trucks started their journey at the same time, how long
will they take to pass each other?

Solution:

Notice that the sum of the distances for the two trucks must be equal to the total distance when the trucks meet:
D1 + D2 = diprat — D1+ D2 = 175 km.

This question is about distances, speeds and times. The equation connecting these values is
distance

speed = ———— -or- distance = speed X time
time

You want to know the amount of time needed for the trucks to meet - let the time taken be ¢. Then you can
write an expression for the distance each of the trucks travels:

For truck 1: D; = s1t
= 82t
For truck 2: Do = sot
=93t

Now you have three different equations: you must solve them simultaneously; substitution is the easiest choice.

D1+ Dy =175
(82t) + (93t) = 175
175t =175

175

..t— ﬁ

=

The trucks will meet after 1 hours.

g) Zanele and Piet skate towards each other on a straight path. They set off 20 km apart. Zanele skates at 15 km-h~!
and Piet at 10 km-h~!. How far will Piet have skated when they reach each other?
Solution:
Let = be the distance that Zanele skates and 20 — z the distance Piet skates.
Next we note the following information:

* Zanele skates = km at a speed of 15 km-h™" in a time of %

* Piet skates 20 — 2 km at a speed of 10 km-h~" in a time of 205=

T 20 — x
1B 10
10z = 15(20 — x)
10z = 300 — 15z
252 = 300
z=12

Zanele will have skated 12 km and Piet will have skated 8 km when they reach other.

h) When the price of chocolates is increased by R 10, we can buy five fewer chocolates for R 300. What was the
price of each chocolate before the price was increased?

Solution:
Let = be the original price of chocolates. The new price of z chocolates is R 300.
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(z + 10) (?—5) =300
300—5x+¥—50:300
5o+ 320 509
x
—52% 4 3000 — 50z = 0
x> + 10z — 600 = 0
(z —20)(z +30) =0
z=20o0rz=—-30

Since price has to be positive the chocolates used to cost R 20.

i) A teacher bought R 11 300 worth of textbooks. The text books were for Science and Mathematics with each of
them being sold at R 100 per book and R 125 per book respectively. If the teacher bought 97 books in total,
how many Science books did she buy?

Solution:

z+y=97 (1)
100z + 125y = 11300 (2)

look at (1)
x=97T—y (3)
(3) into (2)
100(97 — y) + 125y = 11 300
—100y + 125y = 11 300 — 9700

25y = 1600
y =64
r=97T—y
=33

She bought 33 science books.

j) Thom’s mom bought R 91,50 worth of easter eggs. The easter eggs came in 3 different colours blue, green and
yellow. The blue ones cost R 2 each, green ones R 1,50 each and yellow ones R 1 each. She bought three times
as many yellow eggs as the green ones and 72 eggs in total. How many blue eggs did she buy?

Solution:

z+y+z="12(1)
2z + 1,5y + z = 91,5 (2)

z =3y (3)
(3) into (1)
T+y+3y =72
x="72—4y (4)

(3) into (2)
2z + 1,5y + 3y = 91,5
2z = 91,5 — 4,5y (5)
(4) into (5)
2(72 —4y) = 91,5 — 4,5y
144 — 8y = 91,5 — 4,5y
52,5 = 3,5y
y =15
x="T2—4(15) = 12
.. Thom’s mom bought 12 blue easter eggs

k) Two equivalent fractions both have their numerator as one. The denominator of one fraction is the sum of two
and a number, while the other fraction is twice the number less 3. What is the number?
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Solution:

11
z+2 22-3
Note = # —2andx;£g
r+2=2x—-3
=25
8. Consider the following literal equations:
a) Solve for z: a — bx = ¢
Solution:
a—br=c
—br=c—a
1
—Z(=bx) = (c — _
(-t0) = (=) (-1
a—c
= b#0
z 5 07
b) Solve for I: P = V1.
Solution:
P=VI
P
il
14
Note restriction: V' # 0.
c) Make m the subject of the formula: E = mc?.
Solution:
E =mc
E p—
g =m
Note restriction: ¢ # 0.
d) Solve for t: v = u + at.
Solution:
v=u-+at
v—u=at
vou
a

Note restriction: a # 0.
e) Make f the subject of the formula: 1 + 1_ %
u v

Solution:
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Note restriction: v # —u.
y—=c

f) Solve for y: m =

Solution:

y—c
z
mr=y—c

m =

mr+c=1y

g) Solve for z in: ax — 4a + ab = 4b — bz — b> + 4¢ — cx — be
Solution:

az — da + ab = 4b — bz — b> + 4c — cx — be
ar —4da+ab+ bz — 4b+ b> + cx — dc+ be =0
alx—44+b)+bx—4+b)+c(x—4+b) =0
(a+b+c)(z—4+b)=0
If(a+b+c)#0thenz=4—-blfa+b+c=0,2 €R

h) Solve forr in S = a

_rifa:0,4andS:3

Solution:

i) Solve forbin I = 1M(a®+b°)ifa=4, M =8, =320
Solution:

21
M = a2 + b2
21
b2 = M — CL2
21
b = e M — (l2
b 4 2(320) 2
8
b= ++v80—16
b= 48
9. Write down the inequality represented by the following:
a)
- } t t @ }
-4 -2 0 2 4 6 8 10 7
Solution:

r<—landz>4;2 €R
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| 0 1 2 3 Z
Solution:
r>—-2;x€R
<)
=3 =2 =1 0 1 2 3 @
Solution:

—l<z<-22€eR
10. Solve for 2z and show your answer in interval notation

a) —4z+1> —2(z —15)
Solution:

—4z 41> —2(z — 15)

—4z 41> —2z 4 30

—Az +2z>30—1
—2z > 29

=29
S < —/—

2
29
(=)
g+2 _ —l(z+1)

4 - 6
Solution:

b)

x4+ 2 - —1(z +1)
4 - 6
6(x+2) < —4(x+1)
6r+12 < —4x —4

Now solve. (Remember to flip the inequality symbol if you multiply or divide by a negative.)

6 +12 < —4x —4
6 +4x < —4 — 12
10x < —16

4 3
Solution:

1 2 2
o ~z+=(z+1)> 5x+2

ix—!—g(x—l—l) > §x+2
15z + 40(z + 1) > 24z + 120
15z + 40z + 40 > 242 + 120
15z + 40z — 242 > 120 — 40
3lz > 80
0
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d) 3z—3>14 or 3z—-3<-2
Solution:
Solve the inequality:

3r—3 > 14 or 3r—3 < -2
3r > 1443 or 3r < —-2+43
z > 8 o r < =2
z > g or r < 2

3

(7oi3) v (35)

11. Solve and represent your answer on a number line
e = 2)
2

a) 2z —3 < , x €N

Solution:

3r —2
2r — 3 <
. 2
dr — 6 < 3x — 2
T <4
r<4;xeN
0 1 2 3 4 5 @

b) 3(1—b)—4+b>7+b, beZ
Solution:

3(1—b)—4+b>7+b

3—3b—44+b>T7+b
—2b>8

b< —4

b>4;b€Z

* *
-6 -5 -4 -3 -2 -1 0 b

o l1-5zx>4(z+1)—-3, z€eR
Solution:

1—5x>4(zx+1)—3
1—5x>4x+4—-3
—92 >0

x <0

z<0;z€eR

12. Solve for the unknown variable

a) 2+2%(z+4)=13-2)+3
Solution:

1 1 1
1 1 3 1 1

3 1 1
-zt r=4-—2-9-
37 T57 =516 3
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b) 36 — (x —4)>=0
Solution:

0 64— (a+3)>=0
Solution:

1 2

Solution:
Note x #£ 0

e) a—3:2(§+1>
a

Solution:
Note a # 0

f)a—§:—1
a

Solution:
Note a # 0

g (a+6)>—5(a+6)—24=0
Solution:

36— (z—4)>=0

(6+z—-4)(6—-(z—4))=0

2+z)(10—2)=0
Sx=-—2orx =10

64— (a+3)>=0

(8—a—-3)8+a+3)=0

(5-a)(11+a)=0
sa=50ra=—11

a—3:2<§—1)
a

a—3:1—2—2
a

a’—3a=12—2a
a®—a—12=0

(a—4)(a+3)=0
sa=4ora=-3

a—§:—1
a

> —6=—a
a>+a—-6=0

(a—2)(a+3)=0
sa=2o0ra=—-3
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(a+6)* —5(a+6)—24=0
((a+6) ~8)((a+6) +3) =0
(a—2)(a+9)=0
sa=2o0ra=-9
h) a* —4a®+3=0
Solution:

a4—4(12+3:0
(a®>—3)(a®-1)=0
(a—V3)(a+V3)(a—1)(a+1)=0
S b=x+V3orb=+1
)9y —13y° +4=0

Solution:
9y* — 134> +4=0
9y —4)(y*-1)=0
By—2)By+2)(y—Dy+1)=0
.'.y:igory:il
3
L (b+1)%2-16
])Lzl
b+5
Solution:
Note b # —5
w_l
b+5 -

b +26+1—-16=b+5
> +b5-20=0
b-—4)(b+5)=0

b=4
2
k)wzz
a+7
Solution:
Note a # —7

@487,
a+7 -
a>+8a+7=2a+14
a’*+6a—7=0

(a=1)(a+7)=0

ca=1

l) bz +2 <42z —1)
Solution:

5z +2<4(2z — 1)
Sx+2<8x—4
-3z < —6
T > 2
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4 — 2

m) >2rx+1
Solution:
4x—2>2x+1
dr —2> 12z +6
—8x > 8
r < —1
X X
— —14>14— =
n) 3 > -
Solution:
xT T
——14>14— =
3 = 7
Tx — 294 > 294 — 3x
10z > 588
x>@
10
l—a 2-—a
— >1
0 =3 3 -
Solution:
1—a_2—a>1
2 3~
3—3a—4+2a>6
—a>"7
a< -7
p) 5<2k+1<5
Solution:
-5 < 2k+1 < 5
-6 < 2k < 4
-3 < k < 2
42
qQrx—1=—
X
Solution:
Note that = # 0.
316—1:g
T
22— =42

22 —x—42=0
(z=T)(@+6) =0
r=T7orx=—6

N (z4+1)%=(x+1)2z+3)
Solution:

(z+1)°=(z+1)(2z +3)
22 4+224+1=22>+3z+22+3
0=22" -2 +5z—2c+3—1
2 +3z+2=0
(z+1)(z+2)=0

x=—lorx=-2
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s) 3ax + 2a — ax = Sax — 6a
Solution:

3ax + 2a — ax = baxr — 6a
0 = bazx — 3ax — 6a — 2a + ax
3ax —8a =0
a(3z—8) =0

.'.ngifcméo,xeR

Note that you cannot simply divide through by a, because it is not stated that a # 0, so the value of a may be
0 and you cannot divide by zero.

ar bx a

G = =
S o
Solution:

Note that in this solution a and b are denominators, this means that they are no equal to zero.

L
b a b
axr bx a

o’z — b’z =a’+ab
z(a® — %) = a(a +b)
z(a+b)(a—b) =ala+0b)
a(a+0b)
(a+0b)(a—10)

a
..x—mfora,b;éOanda;éb

u) 322 —zy —2y%> =0
Solution:

3m2—my—2y220
Bz +2y)(z—y)=0

':E*—g orxr =
ST = 331 =Y

v) z(2z+1)=1

Solution:
z(2z+1)=1
22> +z—-1=0
2z —-1)(z+1)=0
LT = %yorm: —1
w =5 1
(x+2)(x—4) 2(z—4)
Solution:

Note that x # 4 and x # —2, because the numerator cannot be zero
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2z —5 1
+2)(x—4) 20x-—4
22z —5) =z +2
4r —10=2x + 2
3z =12
=4
.. no solution since z # 4

X) 22 4+1=0

Solution:

2 +1=0
22 =1
r=+v—-1
. no solution since v/—1 is not a real number
x+4 r—3 x+1
_9 _

Y =3 Z 4

Solution:

z+4 r—3 x+1
_9 _
3 = 2 4
Tz +4 r—3 r+1
12( ) —(12)(2) > 12(——) — 12( 7] )

dr+16—24 > 6x —18 —3x — 3
4r+3x—6x+16—-24+18+3 >0
z+13 >0
r > —13
cox > —13

13. After solving an equation, Luke gave his answer as 4,5 rounded to one decimal digit. Show on a number line the
interval in which his solution lay.

Solution:
4.45 < x < 4.55
—— e————>
440 445 450 4.55 4.60°7T
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
1a. 2FHM 1b. 2FHN 1c. 2FHP 1d. 2FHQ le. 2FHR 1f. 2FHS 1g. 2FHT 1h. 2FHV
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8a. 2FKM 8b. 2FKN 8c. 2FKP 8d. 2FKQ 8e. 2FKR 8f. 2FKS 8g. 2FKT 8h. 2FKV

8i. 2FKW 9a. 2FKX 9b. 2FKY 9c. 2FKZ 10a. 2FM2 10b. 2FM3  10c. 2FM4 10d. 2FM5
11a. 2FM6 11b. 2FM7  11c. 2FM8  12a. 2FM9  12b. 2FMB 12c. 2FMC  12d. 2FMD  12e. 2FMF
12f. 2FMG  12g. 2FMH  12h. 2FM| 12i. 2FMK  12j. 2FMM  12k. 2FMN 121. 2FMP  12m. 2FMQ
12n. 2FMR 120. 2FMS  12p. 2FMT  12q. 2FMV  12r. 2FMW  12s. 2FMX 12t. 2FMY 12u. 2FMZ
12v. 2FN2 12w. 2FN3 12x. 2FN4  12y. 2FN5 13. 2FN6
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5.1

Trigonometry

Introduction

Content covered in this chapter includes defining the trigonometric ratios and extending these definitions to any
angle. Also covered is the definitions of the reciprocals of the trigonometric ratios. Both the trigonometric ratios and
their reciprocals are solved for several special angles. In addition simple trigonometric equations are covered.

Solving problems in two-dimensions using trigonometry is only covered later in the year and the content for this can
be found in chapter 11.

Similarity of triangles is fundamental to the trigonometric ratios

Trigonometric ratios are independent of the lengths of the sides and instead depend only on the angles
Doubling a ratio has a different effect from doubling an angle.

Emphasise the value and importance of making sketches, where appropriate.

Remind learners that angles in the Cartesian plane are always measured from the positive z-axis.

When working with angles on the Cartesian plane remind learners to check that their answers are within the correct
quadrant.

Calculator skills are very important in this chapter. Methods for CASIO calculators are shown but practical demon-
stration may be required. For a SHARP calculator the keys are generally the same although the key is now
the key.

We will refer to sine, cosine, tangent, secant, cosecant and cotangent as trigonometric ratios rather than as trigono-

metric functions. Both these terms are correct though but for the nature of the content in this chapter the term ratio
better captures the content and is likely to be more accessible to learners at this stage.

Fabumaths has some useful links and content for trigonometry.

5.2

5.3

Similarity of triangles

Defining the trigonometric ratios

Exercise 5 — 1:

1.

Complete each of the following:

a) sind =
Solution:
First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle A is directly opposite the
angle A. F[nally the adjacent side is the remaining side of the triangle and must be one of the sides that forms

the angle A.
.o opposite CB
A= T _
st hypotenuse ~ AC
b) cos A =
Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle A is directly opposite the
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angle A. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms

the angle A.
cos A — adjacent _ AB
"~ hypotenuse ~ AC
0 tan A =
Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle A is directly opposite the
angle A. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms

the angle A.
~ opposite CB
A= " - — ——
fan adjacent  AB
d) sinC =
Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle C is directly opposite the
angle C'. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms

the angle C.
.~ __ opposite _ AB
sin€ = hypotenuse =~ AC'
e) cosC =
Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle C is directly opposite the
angle C'. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms

the angle C.
cosCl — adjacent _ CB
" hypotenuse ~ AC
f) tanC =
Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle C is directly opposite the
angle C. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms
the angle C.

opposite  AB

tanC' = ==
anC adjacent CB

2. In each of the following triangles, state whether a, b and c are the hypotenuse, opposite or adjacent sides of the
triangle with respect to 6.

a)

Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle 0 is directly opposite the
angle 6. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms
the angle 6.

 a is the adjacent side

Chapter 5. Trigonometry




* b is the hypotenuse
 cis the opposite side

Solution:
First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle 0 is directly opposite the
angle 6. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms
the angle 6.

e a is the adjacent side

* b is the opposite side

 cis the hypotenuse

Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle 0 is directly opposite the
angle 6. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms

the angle 6.
e a is the opposite side
b is the adjacent side
 cis the hypotenuse

Solution:
First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle 6 is directly opposite the
angle 6. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms
the angle 6.

* a is the hypotenuse

* b is the opposite side

e cis the adjacent side
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Solution:
First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle 6 is directly opposite the
angle 6. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms
the angle 6.

e a is the opposite side

* b is the hypotenuse

e cis the adjacent side

Solution:

First find the right angle, the hypotenuse is always directly opposite the right angle. The opposite and adjacent
sides depend on the angle we are looking at. The opposite side relative to the angle 6 is directly opposite the
angle 6. Finally the adjacent side is the remaining side of the triangle and must be one of the sides that forms
the angle 6.

* a is the adjacent side
* b is the hypotenuse
e cis the opposite side

3. Consider the following diagram:

o o N

Without using a calculator, answer each of the following questions.

a) Write down cos O in terms of m, n and o.
Solution:
e m is the adjacent side
e n is the hypotenuse
* o is the opposite side
cos O — adjacent _m
hypotenuse 0
b) Write down tan M in terms of m, n and o.
Solution:
e m is the opposite side
e n is the hypotenuse
* o is the adjacent side
tan 17 — opposite _m
adjacent 10
©) Write down sin O in terms of m, n and o.
Solution:
e m is the adjacent side
e n is the hypotenuse
* o is the opposite side
opposite o

sinO = =
hypotenuse  n
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d) Write down cos M in terms of m, n and o.
Solution:
* m is the opposite side
e n is the hypotenuse
e o is the adjacent side
adjacent o

COSM = =
hypotenuse  n

4. Find z in the diagram in three different ways. You do not need to calculate the value of x, just write down the
appropriate ratio for x.

Solution:

* Side of length 4 is the opposite side
¢ Side of length 5 is the hypotenuse
* Side of length 3 is the adjacent side

Notice that the hypotenuse is the longest side as we would expect.

sinx = é
5
cosT = 3
5
tanz = é
-3
5. Which of these statements is true about APQ R?
R L Q
T
P
a)sinI:E:I2 b)tan@:f c)cospzf d)sinP:B
q p q r

Solution:

We first find the opposite and adjacent sides with respect to P and R:
* pis the opposite side to P and the adjacent side to R
e ¢ is the hypotenuse
« ris the adjacent side to P and the opposite side to R

We also note that:

o &8 _ opposite
sin ¢ hypotenuse

. __ adjacent
cost) = hypotenuse

__ opposite
* tant = adjacent

. . . T
Looking at each of the given ratios we can see that only cos P = — is correct.
q

5.3. Defining the trigonometric ratios




6. Sarah wants to find the value of « in the triangle below. Which statement is a correct line of working?

5 4
VA S
3
a) sina = %
b) cos (g) =«
C) tana = %
d) cos0,8 =«
Solution:

Sarah first needs to identify the hypotenuse, opposite and adjacent sides in the triangle. She then needs to write down
a trigonometric ratio that will allow her to find «.

sina = % is one such ratio that will help her find «.. From the given list of options this is the only correct line of
reasoning.

cos (£) = a has the angle and the lengths of the sides switched around.

tana = % uses the wrong sides with respect to « for tan.

cos 0,8 = « uses the wrong sides with respect to a for cos. Note that you can reduce the fraction to a decimal number
but you need to first write the correct fraction.

7. Explain what is wrong with each of the following diagrams.

a)
15
12
x
Solution:
The hypotenuse is too small. The hypotenuse is the longest side of the right-angled triangle and in this case one
side of the triangle is given as being larger than the hypotenuse.
b)
4
1l 30°
10
Solution:
The hypotenuse is too small. The hypotenuse is the longest side of the right-angled triangle and in this case one
side of the triangle is given as being larger than the hypotenuse.
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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5.4 Reciprocal ratios

5.5 Calculator skills

Exercise 5 — 2:

1. Use your calculator to determine the value of the following (correct to 2 decimal places):

a) tan65°
Solution:
tan 65° = 2,14450609...
~ 2,14
b) sin 38°
Solution:
sin 38° = 0,615661...
~ 0,62
C) cos 74°
Solution:
cos 74° = 0,275637...
~ 0,28
d) sin12°
Solution:
sin 12° = 0,20791...
~ 0,21
e) cos26°
Solution:
cos 26° = 0,898794...
~ 0,90
f) tan49°
Solution:
tan 49° = 1,150368...
~ 1,15
g) sin 305°
Solution:
sin 305° = —0,81915...
~ —0,82
h) tan124°
Solution:

tan 124° = —1,482560...
~ —1,48
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i) sec65°

Solution:
1
65° = ——
sec cos 65°
= 2,36620...
=~ 2,37
j) sec10°
Solution:
1
10p=——
se¢ cos 10°
=1,01542...
~ 1,02
k) sec48°
Solution:
1
48° = ——
sec cos 48°
= 1,49447...
~ 1,49
) cot32°
Solution:
1
£32°0= —
cot 32 = 3o
= 1,6003334...
~ 1,60
m) cosec 140°
Solution:
cosec 140° = #
 sin 140°
= 1,555724...
~ 1,56
n) cosec 237°
Solution:
cosec 237° = #
" sin237°
= —1,192363...
~ 1,19
0) sec231°
Solution:
o 1
sec231° = cos 231°
= —1,589016...
~ —1,59
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p) cosec 226°

Solution:
cosec 226° = #
"~ sin 226°
= —1,390164...
~ —1,39
q) i cos 20°
Solution:
1 cos 20° = 1(0 939692...)
1 =10,
= 0,234923...
~ 0,23
r) 3tan40°
Solution:
3tan 40° = 3(0,83909963...)
= 2,517298894...
~ 2,52
s) g sin 90°
Solution:
%sin90° = %(1)
= 0,66666...
~ 0,67
5
t PE—
) cos 4,3°
Solution:
5 5
cos4,3°  0,9971...
~ 5,01
u) Vsin55°
Solution:
Vsin 55° = /0,81915...
~ 0,91
V) sin 90°
cos 90°
Solution:
sin90° 1
cos90° 0
undefined

w) tan 35° + cot 35°
Solution:
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tan 35° + cot 35° = 0,7002... 4

tan 35°
= 0,7002... + 1,4281...
~ 2,13
2 + cos 310°
2 + sin 87°
Solution:

2 4 cos 310°  2,64278...
2+sin87°  2,99862...

~ 0,88
y) V4sec99°
Solution:
V4sec99° = 4
cos 99°
=/ —25,5698...
non-real

sec10°+ 5
Solution:

2 \/ cot 103° + sin 1090°

\/cot 85° +5in1090° [ gngss + sin 1090°
sec10°+ 5 - L= +5

_ Jo,2611...
~\/6015..
— /0,043411...

~ 0,21

2. If x = 39° and y = 21°, use a calculator to determine whether the following statements are true or false:

a) cosx +2cosx = 3cosx

Solution:
LHS:
cosx + 2cosx = cos 39° + 2 cos 39°
=0,7771... + 1,55429...
= 2,3314...
~ 2,33
RHS:

3cosx = 3 cos39°
= 2,3314...
~ 2,33

Therefore the statement is true.
b) cos2y = cosy + cosy

Solution:

LHS:
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cos 2y = cos 2(21°)
—0,7431...
~ 0,74

RHS:
cosy + cosy = cos 21° + cos 21°
= 0,93358... 4 0,93358...

= 1,86716...
~ 1,86

Therefore the statement is false.

sin x
C) tanx =
CcosS T
Solution:
LHS:
tan z = tan 39°
=0,809784...
~ 0,81
RHS:

sin x sin 39°

cos x cos 39°
_0,62932...

T 0,777145...
= 0,80978...
~ 0,81

Therefore the statement is true.
d) cos(z +y) = cosz + cosy

Solution:
LHS:
cos(z + y) = cos 39° + 21°
~ 0,5
RHS:

cosz + cosy = cos 39° + cos 21°
=0,777145... + 0,933358...
=1,71072...
~ 1,71

Therefore the statement is false.

3. Solve for x in 5**** = 125.
Solution:
To solve this problem we need to recall from exponents that if a* = a? then z = y. Then we note that 125 = 5°.
Now we can solve the problem:

5tan:v — 53
c.tanx =3
xz = 71,56505...
~ 71,57
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For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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5.6  Special angles

Exercise 5 — 3:

1. Select the closest answer for each expression from the list provided:

a) cos45°
1 1 1
2 1 V2 5 &
Solution:
1
cos45® = —
V2
b) sin45°
1 1 V3
V2 3 5 %1
Solution:
1
sin45° = —
V2
c) tan30°
1 ¥3 1 V3 1
2 1 N V3
Solution:
° 1
tan30" = —
V3
d) tan60°
v3 1 1 ¥3 1
2 V2 3 1 1
Solution:
tan 60° = @
1
e) cos45°
V3 1 1 1
¥ 15 v V2
Solution:
o 1
cos4bh” = —
V2
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f) tan30°

11 v3 1 1
V2 2 2 1 V3
Solution:
® 1
tan30” = —
V3
g) tan 30°
11 1 V3 B
V3 2 2 2 1
Solution:
1
tan30° = —
V3
h) cos 60°
11 Vv3 V3 L
V3 2 2 1 V2
Solution:
1
@ _ =
cos 60° = 5
2. Solve for cos 8 in the following triangle, in surd form:
5v2
5
Solution:
cosf — opposite
hypotenuse
!
5v2
-1
V2
3. Solve for tan @ in the following triangle, in surd form:
12
6
[
6v/3
Solution:
tan @ — opposﬁe
adjacent
6
6v'3
-1
V3

5.6. Special angles




4. Calculate the value of the following without using a calculator:

a)

sin 45° x cos 45°
Solution:

For both ratios the angle given is 45°. This is one of the special angles. We note that sin 45° = cos 45° =

Sl -

using special angles.

Sin 45° X cos45° =

7) (%)

=

cos 60° + tan 45°
Solution:

We are given angles of 45° and 60°. These are both special angles. We note that cos 60° = 3 and tan 45° = 1
using special angles.

cos 60° + tan 45° = % +1
_3
2
sin 60° — cos 60°
Solution:
For both ratios the angle given is 60°. This is one of the special angles. We note that sin 60° = > and
cos 60° = 1 using special angles.
V3 1
in 60° — cos 60° = = —
sin cos 5 5
VBl
2

5. Evaluate the following without using a calculator. Select the closest answer from the list provided.

a)

b)

tan 45° =+ sin 60°

-

SIS

Sl
.
[N

Solution:

We need to use special angles to help us solve this problem. First write down each ratio using special angles
and then simplify the answer.

o . o 1
tan 45" = sin 60 :7+£
1 2
2
=1x —
V3
_ 2
V3
tan 30° — sin 60°
0 L _v8 _ 1 V3
2 2 2v3 D

Solution:

We need to use special angles to help us solve this problem. First write down each ratio using special angles
and then simplify the answer.
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tan30° — sin60° = - _ V3
V3 2
_2-(v3) (V3)
(2) (V3)
_2-3
2V3
-1
2V/3
¢) sin30° — tan45° — sin 30°
_V3 1 _L _vB __T_
2 V3 1 2v/3

Solution:

We need to use special angles to help us solve this problem. First write down each ratio using special angles
and then simplify the answer.

1 1 1
in30° — tan45° — sin30° = = — — — =
sin an sin 571 5
1-2-1
a 2
— il
tan 30° <+ tan 30° = sin 45°
V3 2v3 2 V2 2v2
1 V2 V3 1 V3

Solution:

We need to use special angles to help us solve this problem. First write down each ratio using special angles
and then simplify the answer.

1 1 1
tan 30° = tan 30° = sin45° = — + — = —
V3 V3T V2
:(j,XX§>_J;
3 1 2
V2
=1x —
1
V2
1
sin 45° =+ sin 30° = cos 45°
V2 1 4 9 2V2
V3 V2 V3 V3

Solution:

We need to use special angles to help us solve this problem. First write down each ratio using special angles
and then simplify the answer.

1 1 1
sin 45° — sin30° ~ cos45° = — + — - —
V2 2 /2
_(j,xg);gl
2 1) 2
2 2
= — X —
2 1
=2
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f) tan 60° — tan 60° — sin 60°

Solution:

We need to use special angles to help us solve this problem. First write down each ratio using special angles
and then simplify the answer.

tan60°—tan60°—sin6()°:?—?—é
(23 -(2)(v3)-v3
- 2
=3
2
g) cos45° — sin 60° — sin 45°
1 1 7 =v3 _ 1
2 V2 23 2 V3

Solution:

We need to use special angles to help us solve this problem. First write down each ratio using special angles
and then simplify the answer.

cos45° —sin60° —sin45° = — — — — —

6. Use special angles to show that:

sin 60°
cos 60°
Solution:

We are told to use special angles, so we first write each ratio using special angles and then simplify each side
of the equation.

a) = tan 60°

LHS:
sin 60° g
cos60° i
_ V3 2
T2 71
=3
RHS:
tan 60° = V3

Therefore the equation is true.
b) sin?45° + cos?45° = 1
Solution:

We are told to use special angles, so we first write each ratio using special angles and then simplify each side
of the equation.

LHS:
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.2 o 2 o 1 1 1
sin” 45° 4+ cos” 45 (2 (ﬂ)—l—( 2)(
1
2
1

RHS =1

Therefore the equation is true.
) cos30° = /1 — sin? 30°

Solution:

We are told to use special angles, so we first write each ratio using special angles and then simplify each side
of the equation.

LHS:
cos30°=§
2
RHS:
1 1
_ ain2 o _ _ - -
Vv 1 —sin“ 30 1 <2><2)
1
= 1_Z
—./3
V4
V3
2

Therefore the equation is true.
7. Use the definitions of the trigonometric ratios to answer the following questions:

a) Explain why sin o < 1 for all values of a.
Solution:
The sine ratio is defined as h\‘/’gg’;ﬁe. In any right-angled triangle, the hypotenuse is the side of longest length.
Therefore the maximum length of the opposite side is equal to the length of the hypotenuse. The maximum

f P hypotenuse __
value of the sine ratio is then hootonuse = 1

Explain why cos o has a maximum value of 1.

Solution:

The cosine ratio is defined as h;‘g(’;gs:‘se In any right-angled triangle, the hypotenuse is the side of longest length.
Therefore the maximum length of the adjacent side is equal to the length of the hypotenuse. The maximum

. o hypotenuse __
value of the cosine ratio is then T 1.

Is there a maximum value for tan a2

Solution:

The tangent ratio is defined as %ﬁi;‘i. Since the opposite and adjacent sides can have any value (so long as
the length of the side is less than or equal to the length of the hypotenuse), there is no maximum value for the
tangent ratio.

=

@

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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5.7 Solving trigonometric equations

Finding lengths

Exercise 5 — 4:

1. In each triangle find the length of the side marked with a letter. Give your answers correct to 2 decimal places.

a)
Solution:
sind — opposite
hypotenuse
a
in37° = —
S1n 62
62(0,6018...) = a
a = 36,10890...
~ 36,11
b)
b
21
Solution:
tan @ — opposne
adjacent
tan 23° = i
21
21(0,42447..) = b
b=28,91397...
~ 8,91
<)
C
19
55°
Solution:
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Solution:

Solution:

adjacent

hypotenuse
(&

19
19(0,5735...) = ¢
¢ = 10,89795...
~ 10,90

cosf =

cos 55° =

49°

adjacent

cosf) = ————
hypotenuse

49° = =
COS 33

33(0,65605...) = d
d = 21,64994...

~ 21,65

opposite

hypotenuse
e

12

e
3,50846...
~ 3,51

/X
22°
f

sinf =

sin 17° =

12(0,29237...)
e

5.7. Solving trigonometric equations




Solution:

Solution:

Solution:

Solution:

Chapter 5.

adjacent
hypotenuse

1
cos 22° = 3—

f
£(0,92718...) = 31

f = 33,434577...
~ 33,43

cosf =

32

23°

adjacent
hypotenuse
9
32
32(0,92050...) = g
g = 29,4561...
~ 29,46

cosf =

cos23° =

30°

20

opposite
hypotenuse
sin 30° = i
20
20(0,5) = h

h~10

sinf =

4,1

Trigonometry




__ opposite

tan = adjacent
tan 55° = 41
x
r =287
j)
x
4,23
Solution:
tanf — op!oosnte
adjacent
tan 65° = —~
T 4,23
z = 9,06

2. Write down two ratios for each of the following in terms of the sides: AB; BC; BD; AD; DC and AC.

B
C
A D
a) sin B
Solution:
We note that triangles ABC and ABD both contain angle B so we can use these triangles to write down the
ratios:
sin B = £ = A—D
" AB  BD
b) cos D
Solution:
We note that triangles AC'D and ABD both contain angle D so we can use these triangles to write down the
ratios:
cosD = 200 _ O
- BD AD
C) tan B
Solution:
We note that triangles ABC' and ABD both contain angle B so we can use these triangles to write down the
ratios:
~  AC AD
tan B = Bic’ E

3. InAMNP, N =90°, MP = 20 and P = 40°. Calculate NP and M N (correct to 2 decimal places).
Solution:
Sketch the triangle:
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0
g 40
N P
To find M N we use the sine ratio:
-~ MN
P MN
Sin MP
MN
in40° = ——
sin 20
20(0,642787...) = MN
MN = 12,8557...
~ 12,86
To find N P we can use the cosine ratio:
- NP
p="
cos WP
NP
40° =
cos 40 20
20(0,76604...) = NP
NP = 15,32088...
~ 15,32
Therefore MN = 12,86 and NP = 15,32
4. Calculate z and y in the following diagram.
D
C
Yy
23,3
47° 38°
A x B
Solution:
To find y we use AABD and the tangent ratio.

To find = we use AABC' and the tangent ratio.
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23,3

tan 38° =
x
Lo 233
~ tan38°
= 29,82264...
~ 29,82
Y
tan 47° =
AT = 55 82264
y = 29,82264... tan 47°
= 31,98086...
~ 31,98
Therefore z = 29,82 and y = 31,98.
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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Finding an angle

Exercise 5 — 5:

Determine « in the following right-angled triangles:

1.

4
9
Q,
Solution:
tana = é

9
= 0,4444...

a = 23,9624...
~ 23,96°

5.7. Solving trigonometric equations
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Solution:

Solution:

Solution:

Chapter 5.

7,5

7,5
13
= 0,5769...

a = 35,2344...
~ 35,23°

sina =

1,7

2,2

o = 39,4005...
~ 39,40°

sina =

9,1

4,5

4,5
9,1
= 0,49450...
a = 26,3126...
=~ 26,31°

tana =

Trigonometry




o
Solution:
CoOS&x = B
" 15
=0,8
o = 36,869897...
~ 36,87°
6.
1
(e
V2
Solution:
sina = L
V2
=0,7071...
a = 45°
7.
7
3,5
@
Solution:
sina = 3,5
7
-0,5
a = 30°
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
1. 2FRB 2. 2FRC 3. 2FRD 4. 2FRF 5. 2FRG 6. 2FRH
7. 2FRJ
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If learners get a math error on their calculator encourage them to think about what might have happened. It is also important
to ensure that they know they must write down no solution rather than math error when this happens.

Exercise 5 — 6:

1. Determine the angle (correct to 1 decimal place):

a) tanf = 1,7
Solution:
tanf = 1,7
0 = 59,5344...
~ 59,5°
b) sinf = 0,8
Solution:
sind = 0,8
0 = 53,1301...
~ 53,1°
c) cosa = 0,32
Solution:
cosa = 0,32
a = 71,3370...
~ 71,3°
d) tanB = 4,2
Solution:
tan § = 4,2
B8 = 76,60750...
~ 76,6°
e) tanf =52
Solution:
3
tand = 5—
an 1
=5,75
0 = 80,13419...
~ 80,1°
f) sinf = %
Solution:
2
o= 2
Sin 3
= 0,666...
0 =41,8103...
~ 41,8°
g) cosfB =12
Solution:
cosfB =12
no solution
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h) 4cosf =3
Solution:

4cosf =3
3

9:—

cos 1

=0,75
6 = 41,40962...
~ 41,4°

i) cos460 =0,3
Solution:

cos46 = 0,3
460 = 72,54239...
0 = 18,135599...
~ 18,1°

j) sinfg+2=2,65
Solution:

sinf8 + 2 = 2,65

sin 8 = 0,65
B = 40,54160...
=~ 40,5°

k) 2sinf +5 = 10,8

Solution:
2sinf +5=0,8
2sinf = —4,2
sinf = —2,1
no solution
) 3tanp =1
Solution:
3tanp =1
tan g = 1
"3
=0,3333...
B8 = 18,434948...
~ 18,4°

m) sin3a = 1,2
Solution:

sin3a = 1,2
no solution

n) tan% — sin 48°
Solution:

Solving trigonometric equations




tan Q = sin 48°
=0,7431...
=36,61769...

= 109,8530...
~ 109,9°

Y
3
0

0) 3cos28=0,3
Solution:

% cos28 =0,3

cos28 =0,6
23 = 53,1301...
B = 26,56505...
~ 26,6°

p) 2sin360 + 1= 2,6
Solution:

2sin30 + 1= 2,6

2sin30 = 1,6
sin30 = 0,8
30 = 53,1301...
0 = 17,71003...
~ 17,7°

2. If z = 16° and y = 36°, use your calculator to evaluate each of the following, correct to 3 decimal places.

a) sin(z — y)

Solution:
sin(z — y) = sin(16 — 36)
= sin(—20)
= —0,3420201...
~ —0,342
b) 3sinz
Solution:

3sinz = 3sin(16)
=0,826912...
~ 0,827

C) tanz — tany
Solution:

tanz — tany = tan(16) — tan(36)
= —0,439797...
~ —0,440

d) cosz + cosy
Solution:
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e) ;tany
Solution:

f) cosec (z —

Solution:

cosx + cosy = cos(16) + cos(36)
=1,77027...
~ 1,770

1 1

3 tany = 3 tan(36)
= 0,24218...
~ 0,242

Y)

cosec (z — y) = cosec (16 — 36)
= cosec (—20)
1
B sin(—20)
= —2,92380...
~ —2,924

g) 2cosx + cos 3y

Solution:

2cosz + cos 3y = 2 cos(16) + cos(3(36))
= 2cos 16 + cos 108
= 1,61350...
~ 1,614

h) tan(2z — 5y)

Solution:

tan(2z — 5y) = tan(2(16) — 5(36))
= tan(—148)
= 0,624869...
~ 0,625

3. In each of the following find the value of z correct to two decimal places.

a) sinz = 0,814

Solution:

sinx = 0,814
x = 54,48860...
~ 54,49°

b) sinxz = tan 45°

Solution:

sin z = tan 45°
=1
z = 90°

Solving trigonometric equations




C) tan2x = 3,123
Solution:

tan 2x = 3,123
2x = 72,244677...
r = 36,12233...
~ 36,12°

d) tanz = 3sin41°
Solution:

tanz = 3sin41°
= 1,96817...
x = 63,06558...
=~ 63,07°

e) sin(2z + 45) = 0,123
Solution:

sin(2z + 45°) = 0,123
2z + 45 = 7,06527...

2z = —37,9347...
z = —18,9673...
~ —18,97°

f) sin(xz — 10°) = cos 57°

Solution:
sin(z — 10°) = cos 57°
= 0,54463...
z—10=33
x = 43°
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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5.8 Defining ratios in the Cartesian plane

Exercise 5 — 7:

1. B is a point in the Cartesian plane. Determine without using a calculator:
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(o=
j@

a) OB
Solution:
OB is the hypotenuse of ABOX. We can calculate the length of OB using the theorem of Pythagoras:

OB%*=0X*+ XB?

= (1)* + (3)?
=10
OB =10
b) cosf
Solution:

From the diagram and the first question we know that z = 1, y = —3 and » = +/10.

cosff = —

3|8
-
o

c) cosec (8
Solution:
From the diagram and the first question we know that z = 1, y = —3 and » = +/10.

cosec 3 =

I‘ﬁ‘d\%
=
SIS

d) tanp
Solution:
From the diagram and the first question we know that x = 1, y = —3 and r = /10.

tan 8 =

| "8‘@
CDHQQ

2. If sind = 0,4 and @ is an obtuse angle, determine:

a) cos@
Solution:
We first need to determine z, y and 7.

5.8. Defining ratios in the Cartesian plane




sin@ = 0,4

_ -
~ 10
_Z
5
Y
-
Therefore y = 2 and r = 5.
2 2 2
zi=r"—y
= (5" - (2)
=21
r==+Vv21
We are told that the angle is obtuse. An obtuse angle is greater than 90° but less than 180°. Therefore the angle
is in the second quadrant and z is negative. Therefore z = —+/21.
Next draw a sketch:
Y

P(—V21;2)

SN

0
Now we can determine cos 6:
cosf = —
V2
— B
b) v/21tané
Solution:

From the first question we have a sketch of the angle and z, y and 7.

V21 tan 6 = \/ﬁ(%)
2
~vai(Tx)

=-2

. t . .
3. Given tanf = ot where 0° < 0 < 90°. Determine the following in terms of ¢:

a) secl
Solution:
: . . i . .

We first need to determine z, y and . We are given tan 6 = 5 and so we can use this to find = and y.
t
tanf = —
an 3
y_t
)

Therefore y = t and z = 2.
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T2:£E2+y2

= (2% + @)°
=4+¢

r=+4+t2

We are told that 0° < 6 < 90°. Therefore the angle is in the first quadrant. Even though we do not know the
value of t we can draw a rough sketch:

Y
|
|
|
|
() ml z
0
Now we can determine sec 6:
secl = —
_ Vi2+4
2
b) cot O
Solution:

From the first question we have a sketch of the angle and z, y and 7.

cotf =

Sl VRS

c) cos? 6
Solution:
From the first question we have a sketch of the angle and z, y and 7.

cos’ f = (%)2

d) tan%6 — sec? 6
Solution:
From the first question we have a sketch of the angle and z, y and 7.

2 2 Y\2 z\?
tan” 6 — sec 9:(7) + | =
o
:
2

5.8. Defining ratios in the Cartesian plane




4. Given: 10cos 8+ 8 = 0 and 180° < B < 360°. Determine the value of:

a) cospf
Solution:
We are given an equation with cos 3 in it. We can therefore rearrange this equation to find cos 3:

10cosB+8=0
—8
cos B = 10
_ 4
5
3
b 2sin?
) temg O g
Solution:
We first need to determine z, y and r. In the first question we found that cos 8 = ‘?4 and so we can use this to
find z and 7.
cos B = =
r_-4
r 5
Therefore x = —4 and r = 5.
2 2 2
y =r" -z
=(5)" - (-4)°
=25—-16
y==+3

We are told that 180° < 8 < 360°. Therefore the angle is in the third quadrant and y = —3. We can draw a
rough sketch of the angle:

(N

G
o

(—=4;-3)

We can now find 2 + 2sin® §:
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3 T 2
W+2Slnﬁ—%+2 )

25
. 15 . . .
5. If sinf = T and cos 6 < 0 find the following, without the use of a calculator:

a) cos@
Solution:
We first need to determine z, y and . We are given sin 6 = —}—? and so we can use this to find y and 7.

15
ing—_
sinf = — -

Y 15

ro 17

Therefore y = —15 and » = 17 (remember that r cannot be negative).

2 2
W=7 =y

= (17)* - (-15)°

= 289 — 225
r =28
We are told that cos @ < 0. Therefore the angle is in either the second or the third quadrant. From the value of
y we see that the angle must lie in the third quadrant and x = —8.
Y
ALY
H 0
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
:
(—8;-15)

Now we can determine cos 6:
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b) tan@

Solution:
From the first part we have z = —8, y = —15 and r = 17 so we can find tan 6.
tang = ¥
x
. 15
- -8
15
-8
) cos? 6 +sin?
Solution:
From the first part we have z = —8, 5y = —15 and r = 17 so we can find cos? 6 + sin? 6.
2 2
cos? 0 + sin® 6 = E) + (y>
T T
2
_r Yy
T M 72
B m2 +y2
="
_ (=8 +(=15)
B (17)?
644225
289
=1

6. Find the value of sin A + cos A without using a calculator, given that 13sin A — 12 = 0, where cos A < 0.

Solution:
WEe first need to determine z, y and . We are given 13sin A — 12 = 0 and so we can use this to find y and r.

13sinA—12=0
12

Sin 13

Therefore y = 12 and r = 13.

2 2 2
T =r"—y
= (13)* - (12)°
=169 — 144
T =45
We are told that cos A < 0. Therefore the angle is in either the second or the third quadrant. From the value of y we
see that the angle must lie in the second quadrant.

(=5;12)

: A o
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Now we can determine sin A + cos A:

sin A+ cos A = g + z
T T
_yte
- T
_12-5
13
T
T 13
7. 1f 17 cos @ = —8 and tan 6 > 0 determine the following with the aid of a diagram (not a calculator):
cos 6
sin 6
Solution:
We first need to determine z, y and . We are given 17 cos § = —8 and so we can use this to find z and 7.

17cos = -8 =0

0=—
cos T

Therefore z = —8 and r = 17.
2 2 2
yr =i =z
=(17)° - (8)°
y = =£15

We are told that tan 6 > 0. Therefore the angle is in either the first or the third quadrant. From the value of
we see that the angle must lie in the third quadrant.

Y
dAY
H 0
|
|
} A
|
:
(—15; —8)
. cos6
Now we can determine ——:
sin 6
cos
= 0
sin 6 08P sin 6
1
_v, 1
o
YT
r o x
_Y¥
T
-8
- —15
_8
15

b) 17sin® — 16tan @
Solution:
From the first part we have thatz = —15, y = —8 and r = 17.
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17sinf — 16tand = 172 — 16¥
' X

~15 -15
— 17 (7) 16 (_is)
= —15 — 2(15)
=45

8. L is a point with co-ordinates (5;8) on a Cartesian plane. LK forms an angle, 6, with the positive z-axis. Set up a
diagram and use it to answer the following questions.

a)

Find the distance LK.
Solution:

We are given L(5;8). Therefore the angle lies in the first quadrant. We can sketch this and use our sketch to
find z, y and 7.

Therefore z = 5 and y = 8. We can calculate r using the theorem of Pythagoras. From the diagram we note
that LK = r.

LK? = 5%+ &
=89
LK =89
sin 6
Solution:

From the previous question we have that z = 5, y = 8 and r = /89.

sinf = Y

.
3
©

cos 6§
Solution:
From the previous question we have that z = 5, y = 8 and r = /89.

T
cosf = —

.
5
Ne)

tan 0
Solution:
From the previous question we have that z = 5, y = 8 and r = v/89.

tan 6 =

ol 0 8 |
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e) cosec 6
Solution:
From the previous question we have that z = 5, y = 8 and r = /89.

cosec 6§ =

< |3
/3
©

f) sec®
Solution:
From the previous question we have that z = 5, y = 8 and r = /89.

sec =

‘HHH
Ol oo
©

g) cot
Solution:
From the previous question we have that z = 5, y = 8 and r = v/89.

cotf =

oot |8

h) sin? @ + cos? 6
Solution:
From the previous question we have that z = 5, y = 8 and r = /89.

sin® 0 + cos® 0 = y)2 —+ (E)Q

r r
2 2

==

_ y2 +IE2

=

64425

89

=1

9. Given the following diagram and that cos 6 = —%.
y
an ,
0
A(a;b)
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a) State two sets of possible values of a and b.
Solution:
WEe first need to use the given information to find a possible set of values for a and b.

Using cos 6 = —g—g and the fact that cos @ = = we can determine that = = —24 and 7 = 25. Now we can find
T
y:

2 _ 2 2
Yy =r"—=x

= (25)" - (24)°
= 625 — 576
=49

y==+7

From the diagram we see that y must be negative.
This gives us one possible set of values for a and b: a = 24 and b = —7.

Now we note that we can simply double the size of the circle and the trigonometric ratios will stay the same.
We could even multiply the radius of the circle by any integer and the trigonometric ratios will still remain the
same.

Therefore the possible sets of values for A(a,b) are multiples of (—24; —7). Two possible sets are (—24; —7)
and (—48; —14).

b) If OA = 100, state the values of a and b.
Solution:

First note that in the original diagram OA = 25. Now we are multiplying O A by 4. This also means that the =
and y values must be multiplied by 4.

Therefore a = 4(—24) = —96 and b = 4(—7) = —28.
¢) Hence determine without the use of a calculator the value of sin 6.
Solution:

The question states: “hence”. This means we must use the scaled values for a and b not the original values. We
know that z = —96, y = —28 and r = 100.

—28
100
—7
25

Notice how the answer reduced to the original values of y and r as we would expect from the first question.

5 . . 12
10. If tana = =T and 0° < a < 180°, determine without the use of a calculator the value of
— COS
Solution:
) . . 5 . )

We first need to determine z, y and r. We are given tan o = 5 and so we can use this to find z and y.
tana = i
T 12
y__5
z —12

Therefore y = 5 and z = —12.

7,,2 _ .’172 + y2
= (-12)* + (5)
=144 + 25
r=13

We are told that 0° < o < 180°. Therefore the angle is in either the first or the second quadrant. From the values of
z and y we see that the angle must lie in the second quadrant.
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(—12;5)

0
. 12
Now we can determine
cos
12 12
cosa %
”
_12r
a x
~12(13)
12
=—13
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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5.9 Chapter summary

End of chapter Exercise 5 — 8:

1. State whether each of the following trigonometric ratios has been written correctly.

hypot
a) sinf = 7yp9 cnuse
adjacent
Solution:
. . . . opposite . . .
We recall the definition of the sine ratio: sin = ————————. Therefore this trigonometric ratio has not been
hypotenuse
written correctly.
opposite
b) tanf = 7[).{) :
adjacent
Solution:
. . opposite . . .
We recall the definition of the tangent ratio: tan6 = adjacent’ Therefore this trigonometric ratio has been
written correctly.
hypot
c) secl = 7yp9 cnuse
adjacent
Solution:
hypotenuse

We recall the definition of the secant ratio: sec = . Therefore this trigonometric ratio has not been

opposite
written correctly.

2. Use your calculator to evaluate the following expressions to two decimal places:

5.9. Chapter summary



http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSP
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSQ
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSR
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSS
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FST
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSV
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSW
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSX
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSY
http://www.everythingmaths.co.za/@@emas.search?SearchableText=2FSZ
www.everythingmaths.co.za
m.everythingmaths.co.za

a) tan80°

Solution:
tan 80° = 5,6712...
~ 5,67
b) cos73°
Solution:
cos73° = 0,29237...
~ 0,29
C) sin17°
Solution:
sin 17° = 0,2923...
~ 0,29
d) tan313°
Solution:
tan 313° = —1,07236...
~ —1,07
e) cos 138°
Solution:
cos 138° = —0,743144...
~ —0,74
f) sec56°
Solution:
o 1
56 = ———
5e¢ cos 56°
_ 1
~0,5591...
= 1,78829...
~ 1,79
g) cot 18°
Solution:
1
18° =
cot 18 tan 18°
_ 1
"~ 0,32491...
— 3,07768...
~ 3,08
h) cosec 37°
Solution:
1
3=
COS€C sin 37°
. 1
~ 0,6018...
= 1,66164...
~ 1,66
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i) sec257°

Solution:
° 1
257° = ———
sec 257 cos 257°
_ 1
© —0,224951...
= —4,445411...
~ —4,45
j) sec 304°
Solution:
1
=
sec 30 cos 304°
7 1
"~ 0,559193...
= 1,788292...
~ 1,79
k) 3sin51°
Solution:

3sin51° = 2,3314...

~ 2,33
I) 4cot54° + 5tan 44°
Solution:
o o 4 o
4cot 54 + 5tand4” = + 5tan44
tan 54°
= 7,7346...
~ 773
m) cos 205°
4
Solution:
% = —0,22657...
~ —0,23
n) +/sin 99°
Solution:

Vsin99° = 1/0,98768...
=0,9938...
~ 0,99

0) +/cos687° + sin 120°
Solution:

V/cos 687° 4 sin 120° = /1,7046...
= 1,3056...
~ 1,31
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tan 70°

cosec 1°
Solution:

tan 70" _ on70° x }
cosec 1° —
= tan 70° X sin1°
= 0,04795...
~ 0,05
q) sec84° + 4sin0,4° x 50 cos 50°
Solution:
sec 84° 4+ 4sin 0,4° x 50 cos 50° = L + 45sin 0,4° x 50 cos 50°
cos 84°
= 9,56677... + 0,89749...
= 10,46426...
~ 10,46
cos 40° o
r) S0 35° + tan 38
Solution:

cos 407 | an38° = 1,3355... +0,7812...
sin 35°
—2,1168...
~ 2,12
3. Use the triangle below to complete the following:
OO
2 V3
60°
1
a) sin60° =
Solution:

Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

sin 60° = @
2
b) cos60° =
Solution:

Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

1
60° = —
cos 3

C) tan60° =
Solution:
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Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

tan 60° = ? =3
sin 30° =
Solution:

Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

. o 1
sin 30 =3

cos 30° =
Solution:

Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

cos 30° = @
2
tan 30° =
Solution:
Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

1
tan 30° = —
V3
4. Use the triangle below to complete the following:
45°
D) 1
45° 1
1

a) sin45° =
Solution:

Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

sin45° = —

S

cos45° =
Solution:

Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

1
cos45° = —

[V}

tan 45° =
Solution:
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Remember to first identify the hypotenuse, opposite and adjacent sides for the given angle. Then write down
the correct fraction for each ratio. You can confirm your answer by using your calculator to find the value of
the ratio for that angle.

tan 45° = % =1

5. Evaluate the following without using a calculator. Select the closest answer from the list provided.

a) sin60° — tan 60°

0o L 2 v8 2
2 V3 2 V3
Solution:
sin 60° — tan 60° = ? — ?
_V3-2V3
a 2
_ V3
- 2
b) tan 30° — cos 30°
o L V8 2 V3
2v/3 2 V3 2
Solution:
tan 30° — cos 30° = . ﬁ
V3 2
_2-(v3) (V3)
2V3
L
2v3
¢) tan60° — sin 60° — tan 60°
V3 V8 1 1 1
2 1 2 1 2
Solution:
tan 60° — sin 60° — tan 60° = ? — ? — ?
_2v3-v3-2v3
a 2
_ V3
- 2
d) sin30° x sin 30° x sin 30°
11 11 V3
2 23 8 4 42

Solution:
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e) sin45° x tan45° X tan 60°

3 V3 3 V3 1
22 8 4 o 4
Solution:
in45° x tan45° x tan60° = L x L x V3
V217
_V3
V2
f) cos60° x cos45° x tan 60°
V3 3 3 1 1
2v2 4 42 2 43
Solution:
cos60° X cos45° x tan 60° = 1 X L X @
2 21
V3
2V 2
g) tan45° X sin 60° X tan 45°
v3 3 1 V3 1
2 8 3 2v2 43
Solution:
tan45° x sin60° x tan45° = % X ? X %
_V3
)
h) cos30° x cos60° x sin 60°
3.3 V3 11
8 22 42 23 43
Solution:
cos 30° X cos60° X sin60° = @ X 1 X @
2 2 2
_3
8

6. Without using a calculator, determine the value of:

sin 60° cos 30° — cos 60° sin 30° + tan 45°

Solution:
These are all special angles.

6i0160° cos 30° — cos60°sin 30° 4+ tan45° = { X3 ) (¥3Y _ (1) (1) 41
2 2 2)\2
31
=3 3"t
2
=241
~+
_3
T2
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7. Solve for sin @ in the following triangle, in surd form:

6v/3
9
3V3
Solution:

9
sinf = ——
6v3

3
2v/3

8. Solve for tan @ in the following triangle, in surd form:

S~
2 Sl

Solution:

tanf =

Sl

Il
~J
X

&
IS

9. A right-angled triangle has hypotenuse 13 mm. Find the length of the other two sides if one of the angles of the
triangle is 50°.
Solution:
First draw a diagram:

50°

b 13 mm
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Next we get:

opposite

hypotenuse
o @
sin 50° = 3
a = 13sin 50°
=9,9585...

~ 9,96 mm

sinf =

Now we can use the theorem of Pythagoras to find the other side:

b= —ad?
= (13)% — (9,9585...)°
= 69,8267...
b= 8,3562...
= 8,36 mm

Therefore the other two sides are 9,96 mm and 8,35 mm.
10. Solve for z to the nearest integer.

a)
10
| e
8,19
Solution:
adjacent
cosf) = ————
hypotenuse
CcoST = 1Y
10
=0,819
x = 35,0151...
~ 35°
b)
7
X
Solution:
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Solution:

Solution:

adjacent

cosf) = ————
hypotenuse
o_ &
cos55° = -
7cosb55° =
z = 4,01503...
~ 4
S
x
55°
sind — opposite
hypotenuse
w @
in55" = —
Sin 8
8sin55° =
r = 6,55321...
=7
60°
x
52
ing — opposite
hypotenuse
sin 60° = 2,2
x
P
" sin 60°
= 6,00444...
~ 6
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41

50°

Solution:

opposite

adjacent

4,1

z

41
tan 50°

= 3,4403...

tan 6 =

tan 50° =

~

Solution:

opposite
hypotenuse
4,24

sinf =

sinx =

6
= 0,7067...

xr = 44,96434...
~ 45°

\J

7 5,73
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Solution:

sind — opposite
hypotenuse
sinx = 273
7
=0,81857...
x = 54,9420...
~ 55°
h)
5,44
2,54
Solution:
tan g — op!oosnte
adjacent
tanx = 244
~ 2,54
=2,14173...
r = 64,9715...
~ 65°
i)
7
4 (o)
u 0
x
Solution:
adjacent
cos) = ——
hypotenuse
o az
40° = =
cos =
Tcos40° =z
x = 5,36231...
~5

11. Calculate the unknown lengths in the diagrams below:
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50° 60°

6 cm

Solution:

For all of these we use the appropriate trigonometric ratio or the theorem of Pythagoras to solve.

. ___adjacent
To find a and b we use cos 6§ = Ry mofnuses

cos 30° = a

16
a = 16 cos 30°
~ 13,86 cm
b
25° =
cos 25 13,86
b = 13,86 cos 25°
~ 12,56 cm
To find ¢ we use sin = h;’;’g’:;ﬂﬁie:
(&
in20° —
sin 20 12,56
¢ = 12,56sin 20°
~ 4,30 cm
To find d we use cos 6 = h?gﬁgﬁﬂie
5
50° = -
COS d
dcos50 =5
__5
"~ cos 50°
~ 7,78 cm

Next we use the theorem of Pythagoras to find the third side, so we can use trig functions to find e:

(5)> + (7,78)° = 85,5284
/85,5284 ~ 9,25

__ opposite . .
We use tan § = acent 1O find e:

tan 60° = 9,25
e
etan60° = 9,25
925
€= tan 60°
~ 5,34 cm
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Next we use the theorem of Pythagoras to find the third side, so we can use trig functions to find f and g:

(5,34)% 4 (7,78)% = 89,0044...

\/89,0044... ~ 9,44
We use tan 6 = ‘;ggz:ft to find g:
tan 80° = 9,44
g
gtan 80° = 9,44
944

g tan 80°
~ 1,66 cm

And finally we find f using the theorem of Pythagoras:

2 =(9,44)* — (1,65)*

f=1/86,39

~ 9,29 cm

The final answers are: a = 13,86, b = 12,56, c = 4,30, d = 7,78, e = 5,34, f = 9,29 and g = 1,66.
12. In APQR, PR = 20 cm, QR = 22 cm and PRQ = 30°. The perpendicular line from P to QR intersects QR at
X. Calculate:
a) the length XR
Solution:
First draw a sketch:

P
20 c
00
R X Q
22 cm

Since we are told that PX | QR we can use cos § = 292 {6 find X R.

hypotenuse

XR

20

X R = 20cos 30°
= 17,3205...
~ 17,32 cm

cos 30° =

b) the length PX
Solution:

. ___opposite .
We can use sin § = hyicenuse 1O find PX.

PX

20

PX = 20sin 30°
=9,999...
~ 10 cm

sin 30° =

0 the angle QPX
Solution:
We know the length of QR and we have found the length of X R, so we can work out the length of QX:
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QX =QR- XR
= (22) — (17,32)
= 4,68

opposite
adjacent

Since we know two sides and an angle we can use tan = to find the angle:

tan(QPX) = 41%8

= 0,468

QPX = 25,0795...
~ 25,08°

13. In the following triangle find the size of ABC.

41° u

17

Solution:
We use tan § = 2% 6 find DC:

adjacent

9
DC
DC = 9tan41°
= 7,8235...

tan41° =

Next we find BC:

BC = BD — DC

=17—-78235...
=9,1764...
And then we use tan 6 = Zﬂg‘fe':j to find the angle:
tan ABC = _9
"~ 9,1764...
= 0,98077...
ABC = 44,439...
~ 44,44°

14. In the following triangle find the length of side C'D:
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15°

35°

Solution:
We use the angles in a triangle to find CAB:

CAB = 180° — 90° — 35° = 55°

Then we find DAB:

DAB = 15° + 55° = 70°

__ opposite . .
Now we can use tan = adincent 10 find BC":

9
tan35° = ——
an BC
9
¢= tan 35°
BC = 12,85
Then we find BD also using tan 6 = %‘;ﬂ:ﬁ:
tan 70° = BD
9
BD = 9tan 70°
BD = 24,73

Finally we can find C'D:

CD = BD — BC
= 24,73 — 12,85
=11,88

15. Determine

>

a) The length of EF
Solution:
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b) tan (90° — )
Solution:
We note that G = @ and E' = 90°, therefore 2 = 90° — 6. So we need to find tan E:

3
tan (90° — 0) = —
( ) S
¢) The value of 0
Solution:
3
0=—
COS 8
13
0= .
COS 8
0 =67976°

16. Given that D = z, C; = 2z, BC = 12,2 cm, AB = 24,6 cm. Calculate CD.

Solution:
We first calculate C; by using the given information about AB and BC.

A AB

tan Cl = BicY
24,6
12,2

C1 = 63,62257...

Next we find D:

>
I
w‘f}

_ 63,62257...
=31,8107...

Now we can calculate BD:
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~ AB
tan D = ﬁ

AB

tan D

24,6
tan 31,8107...
39,65906...

Finally we can calculate C'D:

CD = BD — BC
= 39,65906... — 12,2

= 27,45906...
~ 27,46 cm
17. Solve for 6 if 6 is a positive, acute angle:
a) 2sinf = 1,34
Solution:
2sinf = 1,34
sinf = 0,67
0 =42,06706...
= 42,07°
b) 1 —tanf = —1
Solution:
1—tanf = —1
—tanf = —2
tanf = 2
0 =63,43494 ...
= 63,43°

C) cos 20 = sin40°

Solution:
cos 20 = sin 40°
= 0,64278...
20 = 50
0 = 25°
d) secf =1,8
Solution:
secl = 1,8
1
=18
cos !
1=18cosf
1
18 cos
0 = 56,25101...
~ 56,25°
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e) cot 46 = sin 40°
Solution:

cot 40 = sin 40°
cot 40 = 0,642787...
1

tan 460
1

0,642787...
46 = 57,2675...
0 = 14,3168...

~ 14,32°

= 0,642787...

= tan 460

f) sin30 +5 =14
Solution:

sin30 +5 =4
sin30 = —1

36 =90
0 = 30°

g) cos(4+6) = 0,45

Solution:
cos(4 + 0) = 0,45
4+ 60 =63,25631...
0 = 59,25631...
~ 59,26
sinf
cosfh
Solution:
First we note that:
sin 6
—sin @
cos 0 S X cos 0
__ opposite hypotenuse
"~ hypotenuse adjacent
__ opposite
"~ adjacent
= tan @
Now we can solve for 6:
sinf
cosf
tanf =1
0 = 45°

18. If a = 29°, b = 38° and ¢ = 47°, use your calculator to evaluate each of the following, correct to 2 decimal places.

a) tan(a + c)
Solution:

tan(a + ¢) = tan(29 + 47)
= tan 76
= 4,0107...
~ 4,01
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b) cosec (¢ —b)
Solution:

cosec (¢ — b) = sin(47 — 38)
= cosec 9
1
sin 9
= 6,3924...
~ 6,39

) sin(a X b X ¢)
Solution:

sin(a x b X ¢) = sin((29)(38)(47))
= sin(114)
=0,9135...
~ 0,91

d) tana + sinb + cosc
Solution:

tana + sin b + cos ¢ = tan 29 + sin 38 + cos 47
= 1,8519...
~ 1,85

19. If 3tana = —5 and 0° < a < 270°, use a sketch to determine:

a) cos«
Solution:
Find z, y and r
Jtana = —5
tano = —2
an o 3
Therefore z = —3 and y = 5.
r? =z° +vy
= (-3)*+(5)
=34
=V34
Draw a sketch:
Yy
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Now we can find cos a:

b) tan?a — sec? a

Solution:
We have z, y and r from the first question.

2 2
tan2a—seCQa:(y) —(T)
az x

25 34
99
-9
T 9
=1

20. Given A(5;0) and B(11;4), find the angle between the line through A and B and the z-axis.

21.

Solution:
First draw a diagram:

Y

. B(11,4)| ~

A(5,0) (i

Next we note that the distance from B to the z-axis is 4 (B is 4 units up from the z-axis) and that the distance from
AtoCis 11l —5 = 6 units.

We use the tangent ratio to find the angle:

4
tanx = —
tanz = 0,66666. ..
x = 33,69°

Therefore the angle between line AB and the z-axis is 33,69°.

Given C(0; —13) and D(—12;14), find the angle between the line through C and D and the y-axis.
Solution:

First draw a diagram:
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\ D(-12,14) 16

12

-12 -10 -8

Qo, ~13)

Next we note that the distance from D to the z-axis is 12 (although D is (—12;14) the distance is positive). The
distance from C' to the point where the perpendicular line from D intercepts the y-axis is 14 — (—13) = 27 units.

We use the tangent ratio to find the angle:

tanz = E
Y
tanz = 0,4444 . ..
x = 23,96°

Therefore the angle between line C'D and the z-axis is 23,96°.

22. Given the points E(5;0), F(6;2) and G(8; —2). Find the angle FEG.
Solution:
First draw a sketch:

To find FEG we look at AFEA and AGEB in turn. These two triangles will each give one part of the angle that
we want.
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In triangle FEA we can use the tangent ratio. F'A is 2 units and EA is 1 unit.

In triangle GE B we also use the tangent ratio. GB is 2 units and EB is 3 units.

tan GEX =

[OVIN )

GEX = 33,69°

Now we add these two angles together to get the angle we want to find:

GEX + FEX = FEG
FEG = 33,69° + 63,43°
=9712°

23. A triangle with angles 40°, 40° and 100° has a perimeter of 20 cm. Find the length of each side of the triangle.
Solution:
First draw a sketch:

We construct a perpendicular bisector and now we have a right-angled triangle to work with. We can use either of
these two triangles.
We know 2a + b = 20. Rearranging gives: b = 2(10 — a). We can use the cos ratio to find a:

b
cos40° = 2
a
2(10—a)
0,77 = z
a
_10—-a
T a
0,77a =10 — a
a = 5,65cm

From the perimeter we get:

b=2(10 — 5,65) = 8,7 cm

Therefore the lengths of the sides are 8,7 cm, 5,65 cm and 5,65 cm.
24. Determine the area of AABC.
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280

Solution:
Let the right angled vertex be D

280
tan b5 = E
280
" tan55
AD = 196,058
280
tan 75 = CiD
280
D =
¢ tan 75
CD = 75,026

AC =AD-CD
AC = 121,032

Area of AABC = %base x height

Area of AABC = % x 121,032 x 280

. Area of AABC = 16944 units®

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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6 Functions

6.1 Introduction

¢ This chapter covers the concept of a function and representing functions using tables, graphs, words and formulae.
Straight line graphs were covered in grade 9 and are revised here. Parabolas, hyperbolas and exponential graphs are
introduced here. Graphs for sine, cosine and tangent functions are also introduced here.

¢ A more formal definition of a function is only covered in grade 12. At this level learners should know the terms
independent (input) and dependent (output) variables as well as how these vary.

e Summaries should be compiled for each type of graph and include the effects of a (vertical stretch and/or reflection
in x) and q (vertical shift).

¢ Remember that graphs in some practical applications might be discrete or continuous.

¢ Encourage learners to state restrictions, particularly for quadratic functions.

¢ Learners must understand that y = /= has no real solutions for z < 0.

¢ Sketching graphs is based on knowing the effects of @ and ¢ and using these to determine the shape of the graph.

A tool such as mathsisfun function-grapher can be used to plot graphs for classroom use. If you use this tool for plotting
trigonometric graphs the values on the z-axis will not be in degrees.

Exercise 6 — 1:

1. Write the following in set notation:
a) (—oo;7]
Solution:
{z:zeRz<T7}
b) [—13;4)
Solution:
{r:zeR,-13<z <4}
c) (35;00)
Solution:
{z:z eR,z > 35}
d) [;21)
Solution:
{m:xeR,%§x<21}

e [-3;2

Solution:
{x:weR,—%SwS %}
f) (—v/3;00)
Solution:
{x:wER,x>—\/§}
2. Write the following in interval notation:

a) {p:peR,p<6}
Solution:
(—00; 6]

b) {k:keR,—5<k<5}
Solution:
(=5;5)

C) {x:xER,x>%}
Solution:
(§500)

d) {z:z2€R,21 <z <41}
Solution:
[21;41)

6.1. Introduction
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3. Complete the following tables and identify the function.

a)

Solution:

Solution:

Solution:

4. Plot the following points on a graph.

a)
z |1 2 3 4 5 6
vy |01/02|03[04[05]0,6
Solution:
Yy
6 »
5 :
4 '
3 »
2 .
1 ///
—10-| 10 20 30 40 50 60 ’
i
Note that this graph is scaled. Each value for z and y has been multiplied by 10. This process does not change
the function, but it stretches the graph, thereby making it easier to read.
b)

z|1[2]3 |4 |5 |6
y [ 5[9]13]|17 |21 |25

Solution:
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26 |
24| 3
22 | -
20 | ,/

18
16 | :
14 L
12 ’

10

5. Create a table of values from the function given and then plot the function. Your table must have at least 5 ordered

pairs.
a)y:%m—i—Q
Solution:
z|—-2|—-1]0]|1 213 4
y |1 1,512(25(3[35]4
v
6
y=3z+2
5
4
3
HRE
-4 -3 -2 -1 1 2 3 4 5 6 *
—il
=2
b) y=2-3
Solution:

-4 3 -2 -1
=i

6. If the functions f(z) = 2> +1; g(z) = x —4; h(z) = 7—x* ; k(x) = 3 are given, find the value of the following:
a) f(-1)

Solution:
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b) g(=7)
Solution:
g(z)=x—4
g(=7)=(-7) -4
=-11
o) h(3)
Solution:
h(z) =17 —*
h(3) =17-(3)*
= -2
d) k(100)
Solution:
k(z) =3
k(100) = 3

Regardless of the value of z, the output is always 3.
e) f(-2)+h(2)
Solution:

f) k(=5) + h(3)

Solution:
k(z) + h(z) =347 — 2°
k(=5) +h(3) =3+7—(3)°
= 1l
g8 f(g(1))
Solution:
g(@) =z —4
9(1) = (1) — 4
——5
S flg(1) = f(=3)
) = 22+ 1
=(-3)>+1
=10
h) k(f(6))
Solution:
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=37
k(f(6)) = k(37)
k(z) =3
k(f(6)) =3

Regardless of the value of z, the output is always 3.

7. The cost of petrol and diesel per litre are given by the functions P and D, where:

P=1361V
D = 12,46V

Use this information to answer the following:

a) Evaluate P(8)
Solution:

P(8) = 13,61(8)
=R 108,88

b) Evaluate D(16)
Solution:

D(16) = 12,46(16)

=R 199,36
c) How many litres of petrol can you buy with R 3002
Solution:
P(V) = 300
13,61V = 300
V =22,043L
d) How many litres of petrol can you buy with R 2752
Solution:
D(V) =275
12,46V = 275
V =22,071L

e) How much more expensive is petrol than diesel? Show you answer as a function.
Solution:

P(V) = D(V) = 13,61V — 12,46V
= 1,15V

8. A ball is rolling down a 10 m slope. The graph below shows the relationship between the distance and the time.

6.1. Introduction




s(t)

12

10

Use this information to answer the following:

a) After 6 s how much further does the ball have to roll?
Solution:
7m

b) What is the range of the function?
Solution:
0 m<s(t) <10 m

c) What is the domain of the function, and what does it represent?
Solution:
The domain is 0 s < ¢t < 20 s. It represents the total time taken to reach the bottom of the slope.

9. James and Themba both throw a stone from the top of a building into a river. The path travelled by the stones can be

described by quadratic equations. y = — o=x”+5 describes the path of the stone thrown by James and y = — - 2°+5
describes the path of Themba’s stone.

a) What is the height of the building that they stood on?
Solution:

Both functions have a maximum value of 5 m. This can be found by letting = 0 in each of the two functions
and is represented by point A on the graph above.

b) How far did James throw his stone before it hit the river surface?
Solution:

1
yz—%:cZ—&—S
1
0:—%$2+5
1 5 .
2 —100=0
(x —10)(x +10) =0
cx=10m

James threw his stone 10 m before it hit the river surface.

¢) How much farther did Themba throw his stone before it hit the river surface?
Solution:
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1

_ = 2
y = 4590 +5
0= — L4245
45
1 2 _
z? — 225 =0
(x—15)(z +15) =0
cx=15m
Themba threw his stone 15 m before it hit the river surface.
Therefore Themba threw his stone 5 m farther than James did.
For more exercises, visit www.everythingmaths.co.za and click on 'Practise

Tla. 2FWD  1b. 2FWF  1c. 2FWG  1d. 2FWH  Te. 2FW) 1f. 2FWK  2a. 2FWM  2b. 2FWN
2c. 2FWP  2d. 2FWQ  3a. 2FWR  3b. 2FWS  3c. 2FWT  4a. 2FWV  4b. 2FWW  5a. 2FWX
5b. 2FWY 6. 2FWZ 7. 2FX2 8. 2FX3 9. 2FX4

2,

R\

=\ www.everythingmaths.co.za m.everythingmaths.co.za

6.2 Linear functions

Exercise 6 — 2:

1. Determine the z-intercept and the y-intercept of the following equations.

QA y=z—1
Solution:

y=z—1

y=(0)-1

y=-1
se=-—1

y=x—1
0)=z-1
l==z

l==x

z-intercept = 1 and y-intercept = —1
b) y=xz+2
Solution:

y=x+2
y=(0)+2
y =2
sc=2

Y="z=2
0)=z+2

6.2. Linear functions
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z-intercept = —2 and y-intercept = 2

oy=z—3
Solution:

z-intercept = 3 and y-intercept = —3

2. In the graph below there is a function with the equation y = mx + c. Determine the values of m (the gradient of the
line) and ¢ (the y-intercept of the line).

Solution:

y=x—3
y=(0)-3

To determine m, we use the coordinates of any other point on the line apart from the one used for the y-intercept.
In this solution, we have chosen the coordinates of point B which are (1;2).

From the y-intercept ¢ = —1.

m=3and c= —1.

y=mx—+c

2=m(1) -1
2=m-—1
3=m

3. The graph below shows a function with the equation y = mx + c. Determine the values of m (the gradient of the
line) and ¢ (the y-intercept of the line).

Chapter 6.
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Solution:

To determine m, we use the coordinates of any other point on the line apart from the one used for the y-intercept.
In this solution, we have chosen the coordinates of point B which are (1;2).

From the y-intercept c = —1.
Yy=mx—+c
0=m(l) -1
O=m-—1
=m
m=1,and c = —1.
4. List the 2 and y-intercepts for the following straight line graphs. Indicate whether the graph is increasing or decreas-
ing:
QA y=xz+1
Solution:

To find the z-intercept we set y = 0 and to find the y-intercept we set x = 0. This gives the points (0; 1) and
(—=1;0). The graph is increasing (m > 0).

b) y=2-1
Solution:
To find the z-intercept we set y = 0 and to find the y-intercept we set z = 0. This gives the points (0; —1) and
(1;0). The graph is increasing (m > 0).

0 h(z)=2x+1
Solution:
To find the z-intercept we set y = 0 and to find the y-intercept we set z = 0. This gives the points (0; —1) and
(3:0). The graph is increasing (m > 0).

d) y+3z=1
Solution:
To find the z-intercept we set y = 0 and to find the y-intercept we set = = 0. This gives the points (0;1) and
(3;0). The graph is decreasing (m < 0).

e) 3y—2x==6
Solution:
To find the z-intercept we set y = 0 and to find the y-intercept we set = = 0. This gives the points (0;2) and
(—3;0). The graph is increasing (m > 0).

f) k(z) = -3
Solution:
To find the z-intercept we set y = 0 and to find the y-intercept we set z = 0. This gives the point (0;3). The
graph is horizontal.

g x =3y
Solution:

To find the z-intercept we set y = 0 and to find the y-intercept we set « = 0. This gives the same point for both
intercepts: (0;0). The graph is increasing (m > 0).

- t=1
Solution:

To find the z-intercept we set y = 0 and to find the y-intercept we set = 0. This gives the points (0; —3) and
(2;0). The graph is increasing (m > 0).

5. State whether the following are true or not.

a) The gradient of 2y = 3z — 1 is 3.
Solution:
False

2y=3z—1
y:gxfw

Therefore the gradient is 2.
b) The y-intercept of y = = + 4 is 4.
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Solution:

True
c) The gradientof 2 — y = 2z — 1 is —2.
Solution:
True
d) The gradientof y = 22 — 1is —1.
Solution:
False
L
2
e) The y-intercept of 2y = 3z — 6 is 6.
Solution:
False
2y=3z—6
Y= gm -3
6. Write the following in standard form (y = mx + ¢):
a) 2y+3x=1
Solution:
20+3z =1
2y=1-3z
_ 3,1
Y=y
b) 3z —y=5
Solution:
3x—y=>5
—y=5—3x
y=—3r+5
0 3y—4==x
Solution:
Jy—4==zx
Jy=z+4
T
Y=3"T3
Solution:
y+2xr—3=1
y=—-2x+4

7. Look at the graphs below. Each graph is labelled with a letter. In the questions that follow, match any given equation
with the label of a corresponding graph.
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A
B
C
D
t t x
-8 — —4 =7 2 4 6 8
19 L
4|
=6
8 F E
a) y=5—2z
Solution:
E
b) z+5
Solution:
A
o y=2r—6
Solution:
B
d y=-3z
Solution:
F
e y=1
Solution:
D
f) y= %9:
Solution:
C
8. For the functions in the diagram below, give the equation of each line:
Yy
) b(a)
4. 1(0;3
N(43) (053) o)
2 1
(4;0) .
-4 | 42 |0 2 4 6
T2 a(x)
—4 +
d(x)
—6
/ (Oa _6)

a) a(x)
Solution:
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The y-intercept is (0; 3), therefore ¢ = 3.

y=mz+3
0=4m+3
-3
Therefore a(z) = =3z + 3
b) b(x)
Solution:
The y-intercept is (0; —6), therefore ¢ = —6.
y=mz—6
0=4m —6
o ?
’ 2
Therefore b(z) = 3z — 6
o) c(x)
Solution:
The y-intercept is (0; 3), therefore ¢ = 3.
y=mz+3
3=—-4m+3
0=—4m
som=0
Therefore ¢(z) = 3
d) d(z)
Solution:
The y-intercept is (0; 0), therefore ¢ = 0.
Yy = mzx
3=—-4m
-3

Therefore d(z) = —3z

9. Sketch the following functions on the same set of axes, using the dual intercept method. Clearly indicate the coordi-
nates of the intercepts with the axes and the point of intersection of the two graphs: z+2y—5 = 0and 3z—y—1 = 0.

Solution:

Forz +2y —5=0:

We first write the equation in standard form: y = — %ac + g From this we see that the y-intercept is g The z-intercept
is 5.

For3z —y—1=0:
We first write the equation in standard form: y = 3z — 1. From this we see that the y-intercept is —1. The z-intercept
o 1
is <.

3
To find the point of intersection we need to solve the two equations simultaneously. We can use the standard form
of the first equation and substitute this value of y into the second equation:

1 5
Zr—2_1=
3:c+2x 5
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Substitute the value of z back into the first equation:

r+2y—5=0
1+2y—5=0
2y =4
y=2
Therefore the graphs intersect at (1;2).
Now we can sketch the graphs:
Yy

10. On the same set of axes, draw the graphs of f(z) = 3 — 3z and g(z) = 1 + 1 using the gradient-intercept method.
Solution:
For f(x) = 3 — 3z the y-intercept is 3. The gradient is —3.
To get the second point we start at (0; 3) and move 3 units up and 1 unit to the left. This gives the second point
(—1;6). Or we can move 3 units down and 1 unit right to get (1;0).
For g(x) = sz + 1 the y-intercept is 1. The gradient is 5.
To get the second point we start at (0; 1) and move 1 unit up and 3 units to the right. This gives the second point
(3;2). Or we can move 1 unit down and 3 units left to get (—3;0).
Now we can sketch the graphs.

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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6.3 Quadratic functions

Exercise 6 — 3:

1. The graph below shows a quadratic function with the following form: y = az? + q.
Two points on the parabola are shown: Point A, the turning point of the parabola, at (0;4), and Point B is at (2; %)
Calculate the values of a and q.

Solution:
The value of q is 4.

M

Yy = ax +4
. -
(§> — P s — b
8
— =4 4
3 a+
8
3 a
4
_Z—4
3 a
1
1o
1
—_——.g=4
a 3,11

2. The graph below shows a quadratic function with the following form: y = az? + q.
Two points on the parabola are shown: Point A, the turning point of the parabola, at (0; —3), and Point B is at (2; 5).
Calculate the values of a and q.

[ I CR N =Y

—3¢A

Solution:
The value of g is -3.
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y:ax2—3

2 substitute in the
(5) = a(2) -3 < coordinates of a point!

5=4a—3
543 =4a
8 = 4a
2=a
a=2;q=-3

3. Given the following equation:
y=>5z%—2

a) Calculate the y-coordinate of the y-intercept.
Solution:

y=ax’+q

=522 —2
=5(0)> -2
=0-2

The y-coordinate of the y-intercept is —2.

b) Now calculate the z-intercepts. Your answer must be correct to 2 decimal places.
Solution:

Yy = 522 — 2
(0) = 52° — 2
—5z% = —2
5 =2
=35
2

= /2
5

T =
Therefore: z = —|—\/§ and z = _\/g

z=—0,63and x = 0,63

The z-intercepts are (—0,63;0) and (0,63;0).
4. Given the following equation:
y=—22%+1

a) Calculate the y-coordinate of the y-intercept.
Solution:

y:ax2+q
=-2:>+1
=—-2(0)>+1
=0+1

The y-coordinate of the y-intercept is 1.

b) Now calculate the z-intercepts. Your answer must be correct to 2 decimal places.
Solution:
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1

= :l: —

‘ \g
1 1
Therefore: x = —i—\/j and z = —\/j
2 2

z=—0,71and z
The z-intercepts are (—0,71;0) and (0,71;0).

5. Given the following graph, identify a function that matches each of the following equations:

Y

f(=)
12 |

12 |

a) y= 0,52:2
Solution:
h(z)

b) y =22
Solution:
g9(x)

c y= 322
Solution:
f(z)

d y=-=z
Solution:

2

6. Given the following graph, identify a function that matches each of the following equations:
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a) y= 2 —3
Solution:
h(zx)

b) y=az?+1
Solution:
f(@)

Qy==x
Solution:
g(z)

2

7. Two parabolas are drawn: g : y = az? +pand h : y = bz + q.

Y

(0;23)

a) Find the values of a and p.
Solution:

(0;-9)

p is the y-intercept of the function g(z), therefore p = —9

To find a we use one of the points on the graph (e.g. (4;7)):

y:ax2—9

7=a(4®) -9
16a = 16
ca=1

6.3. Quadratic functions




b) Find the values of b and q.
Solution:
q is the y-intercept of the function h(z), therefore ¢ = 23
To find b, we use one of the points on the graph (e.g. (4;7)):

y = bz’ =23
7=0b(4%) +23
16b = —16
b=-1
b=-1;,¢g=23
¢) Find the values of z for which g(z) > h(z).
Solution:
These are the points where g lies above h.
From the graph we see that g lies above h when: © < —4 orz > 4
d) For what values of z is g increasing?

Solution:
g increases from the turning point (0; —9), i.e. for z > 0.

8. Show that if a < 0 the range of f(z) = az® + qis {f(x) : f(z) < ¢}.
Solution:
Because the square of any number is always positive we get: 22 > 0.
If we multiply by @ where (a < 0) then the sign of the inequality is reversed: az® < 0
Adding g to both sides gives az? + ¢ < ¢
And so f(z) < ¢
This gives the range as (—oo; q].
9. Draw the graph of the function y = —z? + 4 showing all intercepts with the axes.
Solution:
The y-intercept is (0;4). The z-intercepts are given by setting y = 0:

0=—2"+4
z? =4
T ==x2
Therefore the z-intercepts are: (2;0) and (—2;0).
Now we can sketch the graph:
Y

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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6.4 Hyperbolic functions

Exercise 6 — 4:

1. The following graph shows a hyperbolic equation of the form y = % + g. Point A is shown at (—2; g) Calculate

the values of a and q.

Solution:

Therefore

and g = 2
. 1
The equation is y = — + 2.

-8 -7 -6 -5 -4 =3 =2 -1 1 2 3 4 5 6 7 8

Y
(3) =52
+(0)- 3
—5=a—-4
—1=a
a=—1

2. The following graph shows a hyperbolic equation of the form y = % + g. Point A is shown at (—1;5). Calculate the

values of a and q.

Solution:

-8 -7 -6 -5 -4 =3 42 -1 1 2 3 4 5 6 7 8
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y=2+3
x
a
5) = +3
(5) D
~1(5) = [_il + 3} (—1)
-5 -3
—2
Therefore
a=—2
and g =3
The equation is y = —% -+ 3.
3. Given the following equation:
3
y=_—+2
€T
a) Determine the location of the y-intercept.
Solution:
3
y=—+2
x
3
(0)
undefined

There is no y-intercept.
b) Determine the location of the z-intercept. Give your answer as a fraction.
Solution:

3
y=_—+2
x
3
(0) = . +2
3
(@) = |2 +2| ()
0=3+2z
—3 =2z
P
)
4. Given the following equation:
y=—z—2
T
a) Determine the location of the y-intercept.
Solution:
y=—2—2
x
2
y=—"-—=—2
(0)
undefined

There is no y-intercept.
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b) Determine the location of the z-intercept.
Solution:

yZ—%—2
0=-2-2
@0 =|-2-2 @
0=-2-2z
2=—2x
rz=-—1

y

[47
i
2 \\ f(z)
1 9(x)

——— h(z)

2 4 k(z)

—
'S

2
A y=—
X

Solution:
h(z)
b) y=
Solution:
g(z)
2

Q) y=—-—
T

Solution:
k(z)
d y=
Solution:
f(z)

6. Given the function: zy = —6.

&
T

®
T

a) Draw the graph.
Solution:
a is negative and so the function lies in the second and fourth quadrants.
There is no y-intercept or a-intercept.
Instead we can plot the graph from a table of values.

] 21 -1 1] 2
v 316 |-6|-3

Now we can plot the graph:
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b)

@

=

Does the point (—2; 3) lie on the graph? Give a reason for your answer.
Solution:
If we substitute the point (—2; 3) into each side of the equation we get:

RHS = —6
LHS =2y = (-2)(3) = —6

This satisfies the equation therefore the point does lie on the graph.

If the z-value of a point on the graph is 0,25 what is the corresponding y-value?
Solution:

Substitute in the value of x:

—6
0,25
6

y:

1
4

What happens to the y-values as the z-values become very large?

Solution:

The y-values decrease as the x-values become very large. The larger the denominator (z), the smaller the result
of the fraction (y).

e) Give the equation of the asymptotes.
Solution:
The graph is not vertically or horizontally shifted, therefore the asymptotes are y = 0 and z = 0.
f) With the line y = —z as a line of symmetry, what is the point symmetrical to (—2; 3)?
Solution:
Across the line of symmetry y = —z, the point symmetrical to (—2; 3) is (—3; 2).
7. Given the function: h(z) = g

a)

Draw the graph.

Solution:

a is positive and so the function lies in the first and third quadrants.
There is no y-intercept and no z-intercept.

Instead we can plot the graph from a table of values.

—
[\V]

z| —2|—1
y| -4 -8|8|4
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b)

e

How would the graph of g(z) = ; + 3 compare with that of h(z) = ;? Explain your answer fully.

Solution:

The graph g(z) = % + 3 is the graph of h(z) = 2, vertically shifted upwards by 3 units. They would be the
same shape but the asymptote of g(x) would be y = 3, instead of y = 0 (for h(z)) and the axis of symmetry
would be y = —z + 3 instead of y = —=.

Draw the graph of y = %4—3 on the same set of axes, showing asymptotes, axes of symmetry and the coordinates

of one point on the graph.

Solution:

a is positive and so the function lies in the first and third quadrants.
Fory = 2 4 3 there is no y-intercept. The z-intercept is at —3.

We can plot the graph from a table of values.

r| —4| -2
y| 1 [ =175

[N}
=~

8. Sketch the functions given and describe the transformation performed on the first function to obtain the second

function. Show all asymptotes.

a)

1
y=—and 3
€T x
Solution:
a is positive for both graphs and so both graphs lie in the first and third quadrants.

For both graphs there is no y-intercept or x-intercept.

Instead we can plot the graph from a table of values.

y =3

8
|
[\
|
—
—
- DO

8 |w
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Noled DO

The asymptotes are y = 0 and z = 0.
Now we can plot the graphs:

Magnification by 3
b) y = © and g 1
x x

Solution:
a is positive for both graphs and so both graphs lie in the first and third quadrants.
For both graphs there is no y-intercept. For y = & there is no a-intercept. Fory = & — 1 the a-intercept is

(6;0).
We can plot the graphs from a table of values.
Y=g
x| —2[—-1[1]2
v =31 -6(6]3
y=3-1

| —2|—-1]|1
y|—4|-=7[5]2

[\V]

The asymptotes for y = S are y = 0 and = = 0.

The asymptotes for y = & —

Now we can plot the graphs:

larey = —1and z = 0.

—-6 -5 —4 -3 -2 -1
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Translation along the y-axis by -1

5 5
y=—and ——

X X
Solution:
y=12

a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept and no z-intercept.
We can plot the graph from a table of values.

z| -2 |-1]1
Y

ooy
I
ot
ot
poloy DO

The asymptotes are y = 0 and = = 0.
_ _ 5,
Yy=—z:
a is negative and so the graph lies in the second and fourth quadrants.
There is no y-intercept and no z-intercept.

We can plot the graph from a table of values.

z|—2[-1] 1 2
Y

holoy
(9]
|
ot
|
o] oy

The asymptotes are y = 0 and = = 0.
Now we can plot the graphs:

NWwW e Ot O

—
[\
w
g
(28
(=2}

-6 -5 -4 -3 -2 -1
1 5

Reflection on the z-axis or reflection on the y-axis.
1 1
y=—and —
az 2x

Solution:

a is positive for both graphs and so both graphs lie in the first and third quadrants.
For both graphs there is no y-intercept and no z-intercept.

We can plot the graphs from a table of values.

y=3
T 2] -1]1]2
yl-z[-1]1[3
_ 1.
Y=
z] 2] 112
IEIEEIEIE:

The asymptotes for both graphs are y = 0 and z = 0.
Now we can plot the graphs:
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Reduction by 2

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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6.5 Exponential functions

CAPS states to only investigate the effects of a and ¢ on an exponential graph. However it is also important for learners to
see that b has a different effect on the graph dependingonifb > 1o0r0 < b < 1.

For this reason the effect of b is included in the investigation so that learners can see what happens when b > 1 and when
0<b< 1.

Also note that the above worked example further reinforces the effects of b on the exponential graph.
Exercise 6 — 5:

1. Given the following equation:
y=-2.(3"+1
a) Calculate the y-intercept. Your answer must be correct to 2 decimal places.
Solution:

<
I
|

N——
—~
w
=
E
Be
=

).(3)(0) +1

) (1) +1
~0,66666...) + 1

Il
/\/T\/\
Wi Wiy Wl

]
o
w

o

The y-intercept is (0;0,33).
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b) Now calculate the z-intercept. Estimate your answer to one decimal place if necessary.
Solution:
We calculate the z-intercept by letting y = 0. Then we solve for x:

To find the answer we try different values of x:

Try: 37! =0,333...
Try: 3% =1
Try: 31 =3

We can see that the exponent must be between 0 and 1. Next we try values starting with 0,1 and see what the
value of the exponent is. Doing this we find that z = 0,4.

The z-intercept is (0,4; 0).

2. The graph here shows an exponential function with the equation y = a . 2% + ¢. One point is given on the curve:
Point A is at (—3; 3,875). Determine the values of a and g, correct to the nearest integer.

Solution:
The asymptote lies at y = 4. Therefore g is 4.
At this point we know that the equation for the graph mustbe y = a . 2% + 4.

y=a(2)"+4
(3,875) = a(2)"® + 4
3,875 —4 =a(2) 7
—0,125 = a(0,125)
—1l=a

Thereforea = —1 and ¢ = 4
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3. Below you see a graph of an exponential function with the equation y = a . 2% + q. One point is given on the curve:
Point A is at (—3;4,875). Calculate the values of a and g, correct to the nearest integer.

543 2.1 | 1 2\3 4
14
L9 |
_3 1
41

Solution:
The asymptote lies at y = 5. Therefore g is 5.
At this point we know that the equation for the graph must be y = a . 2% + 5.

y=a(2)" +
(4,875) = a(2)" 3>+5
4,875 —5=a(2)%
—0,125 = a(0,125)
—1=a

Therefore a = —1 and ¢ = 5.
4. Given the following equation:

1 x

a) Calculate the y-intercept. Your answer must be correct to 2 decimal places.
Solution:

=(0,25) — 1
=-0,75

Therefore the y-intercept is (0; —0,75).
b) Now calculate the z-intercept.
Solution:
We calculate the z-intercept by letting y = 0. Then start to solve for x.
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Therefore the z-intercept is (1; 0).

5. Given the following graph, identify a function that matches each of the following equations:

a) y=2"
Solution:
g(x)

b) y=—2"
Solution:
k()

o y=2.2°
Solution:
f(z)

d) y=(3)"
Solution:
h(z)

6. Given the functions y = 2% and y = (3)".

a) Draw the graphs on the same set of axes.
Solution:
For y = 2%:
a is positive and greater than 1 and so the graph curves upwards. The y-interceptis (0; 1). There is no z-intercept.
The asymptote is the line z = 0.
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Fory = (%)z
a is positive and less than 1 and so the graph curves downwards. The y-interceptis (0; 1). There is no z-intercept.
The asymptote is the line z = 0.

The graph is:

b) Is the xz-axis an asymptote or an axis of symmetry to both graphs? Explain your answer.
Solution:
The z-axis is an asymptote to both graphs because both approach the z-axis but never touch it.
c) Which graph can be described by the equation y = 272 Explain your answer.
Solution:
y = (%) can be described by the equation y = 27 because y = (5)“ = (27")" = 27"
d) Solve the equation 2* = (3)” graphically and check your answer is correct by using substitution.
Solution:

The graphs intersect at the point (0; 1). If we substitute these values into each side of the equation we get:
LHS: 2° = 2° = 1 and
1
RHS: (5)" = ()’ =1

LHS = RHS, therefore the answer is correct.

7. The curve of the exponential function f in the accompanying diagram cuts the y-axis at the point A(0; 1) and passes
through the point B(2;9).

N W ke ot O 3 0o ©
. . . . . . . .
t t t t t t t t

a) Determine the equation of the function f.
Solution:
The general form of the equation is f(z) = a . b* + q.
We are given A(0;1) and B(2;9).
The asymptote is at y = 0 and so g = 0.
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Substitute in the values of point A:

1=aqa.t°

l=a

Substitute in the values of point B:

9 =p?
32:b2
. b=3

Therefore the equation is f(z) = 3.

b) Determine the equation of the function h(z), the reflection of f(z) in the z-axis.
Solution:
h(z) = —3*

c) Determine the range of h(z).
Solution:
Range: (—o0;0)

d) Determine the equation of the function g(z), the reflection of f(z) in the y-axis.
Solution:
g(z) =37°

e) Determine the equation of the function j(x) if j(z) is a vertical stretch of f(z) by +2 units.
Solution:
jlx)=2.3"

f) Determine the equation of the function k(z) if k(z) is a vertical shift of f(x) by —3 units.
Solution:
k(z) =3°—3

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
1. 2FYX 2. 2FYY 3.2FYZ 4.2FZ2 5.2FZ3 6.2FZ4 7. 2FZ5
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6.6 Trigonometric functions

Exercise 6 — 6:

1. Shown the following graph of the following form: y = asin 6 + g where Point A is at (180°; 1,5), and Point B is at
(90°; 3), find the values of a and g.

A

ar
30 60 90 120 150 180 210 240 270 300 330 360

Solution:
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To find g we note that ¢ shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point A is at (180°; 1,5). For an unshifted sine graph point A would be at (180°;0). For this graph we see
that this point has been shifted up by 1,5 or 2 spaces. Therefore ¢ = 3.

To find a we note that the y-value at the middle (point A) is 1,5, while the y-value at the top (point B) is 3. We can
find the amplitude by working out the distance from the top of the graph to the middle of the graph: 3 — 1,5 = 1,5.
Therefore a = 2.

The complete equation for the graph shown in this question is y = % sin 6 + %

Therefore a = % and ¢ = 2

. Shown the following graph of the following form: y = asin @ + ¢ where Point A is at (270°; —6), and Point B is at
(90°; 2), determine the values of a and q.

. . . . . . . — T

0 60 90 120 158 180 210 240 270 300 330 360

Solution:

To find a we note that the y-value at the bottom (point A) is —6, while the y-value at the top (point B) is 2. We can
find the amplitude by working out the distance from the top of the graph to the bottom of the graph and then dividing

this by 2 since this distance is twice the amplitude: w = 4. Therefore a = 4.

To find ¢ we note that ¢ shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point B is at (90°;2). For an unshifted sine graph with the same a value (i.e. 4sin ) point B would be at
(90°;4). For this graph we see that this point has been shifted down by 2 spaces. Therefore ¢ = 2.

The complete equation for the graph shown in this question is y = 4 sin § — 2.

Therefore a = 4 and g = —2

. The graph below shows a trigonometric equation of the following form: y = acos 6 + q. Two points are shown on
the graph: Point A at (180°; —1,5), and Point B: (0°; —0,5). Calculate the values of a (the amplitude of the graph)
and q (the vertical shift of the graph).

Y
1,,
; ; ; ; ; ; ; ; ; ; ; > T
q 60 90 120 150 180 210 240 270 300 0
-11B
921 A
_3 1

Solution:
To find a we note that the y-value at the bottom (point A) is —1,5, while the y-value at the top (point B) is —0,5. We
can find the amplitude by working out the distance from the top of the graph to the bottom of the graph and then

dividing this by 2 since this distance is twice the amplitude: M = 1. Therefore a = 3

2
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To find ¢ we note that ¢ shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point B is at (0°; —0,5). For an unshifted cosine graph with the same a value (i.e. 3 cos6) point B would
be at (0°;0,5). For this graph we see that this point has been shifted down by 1 space. Therefore ¢ = 1.

The complete equation for the graph shown in this question is y = 1 cos§ — 1.

Therefore a = %, and ¢ = —1.
. The graph below shows a trigonometric equation of the following form: y = acos 6 + q. Two points are shown on
the graph: Point A at (90°;0,0), and Point B: (180°; —0,5). Calculate the values of a (the amplitude of the graph)

and g (the vertical shift of the graph).

Y
2,,
1 s
—— A | [+
. : : . . . . . . >
30 60 90 12 40 270 300 330 360
11 B

Solution:

To find a we note that the y-value at the bottom (point B) is —0,5, while the y-value at the middle (point A) is
0. We can find the amplitude by working out the distance from the top of the graph to the middle of the graph:
0—(—0,5) = . Therefore a = 3.

To find g we note that g shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point A is at (90°; 0). For an unshifted cosine graph with the same a value (i.e. 1 cos6) point B would be
at (0°; 0). For this graph we see that this point has not been shifted. Therefore ¢ = 0.

The complete equation for the graph shown in this question is y = 1 cos 6.

Therefore a = %, and ¢ = 0.
. On the graph below you see a tangent curve of the following form: y = atan 6 + q. Two points are labelled on the
curve: Point A is at (0°; 1), and Point B is at (45°; 12).

Calculate, or otherwise determine, the values of a and gq.

| | | | |
T T T T T

15 30 45 60 75 90 105 120 135 150 180

|
|
|
|
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|
|
T
|
|
|
|
|
|
|
|
!
|
|
|

I
—4 | .
I

Solution:

To find ¢ we note that g shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point A is at (0°; £ ). For an unshifted tangent graph point A would be at (0°;0). For this graph we see that

this point been shifted upwards by a 3. Therefore ¢ = 3.
To find a we can substitute point B into the equation for the tangent graph:
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1
y=atanf + -

3

(%0) :atan45°+%

10 1

= — a1 =

7 —all)+3
0_1_
3 3

3=a

The complete equation is: y = 3tan 6 + %
Therefore a = 3 and ¢ = 3.

6. The graph below shows a tangent curve with an equation of the form y = atan 6 + ¢g. Two points are labelled on
the curve: Point A is at (0°;0), and Point B is at (45°;1).
Find a and q.

I
I
I
:
I
21 |
I
I
I
I
I

15 30 45 60 75 90 105 120 135 1 5 180

Solution:

To find ¢ we note that ¢ shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point A is at (0°; 0). For an unshifted tangent graph point A would be at (0°; 0). For this graph we see that
the graph has not been shifted. Therefore ¢ = 0.

To find a we can substitute point B into the equation for the tangent graph:

y = atanf

1 = atan45°
1=a(1)
l=a

The complete equation is: y = tan 6.
Therefore a = 1 and g = 0.
7. Given the following graph, identify a function that matches each of the following equations:
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270 60

=]
=9 1
31
a) y =sinf
Solution:
h(z)
b) y = 1sinf
Solution:
k(z)
c) y=3sinf
Solution:
f(z)
d) y =2sinf
Solution:
9(z)
8. The graph below shows functions f(z) and g(z)
Yy
f(xz) = —4sin0
4 i
3 i
2 4
1 4
t t x
90 270 0
—1 f
—2 1
_3 1
—4 +
9(z)

What is the equation for g(z)?
Solution:
g(z) = 4sinb
9. With the assistance of the table below sketch the three functions on the same set of axes.
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[/ 0° | 45° | 90° 135° | 180° | 225° | 270° 315° | 360°
tan 6 0 |1 undefined | —1 0 1 undefined | —1 0
3tanf [0 | 3 undefined | —3 0 3 undefined | —3 0
2tanf |0 | 2 | undefined | =2 [0 : undefined | =2 |0

Solution:
We are given a table with values and so we plot each of these points and join them with a smooth curve.

I
= 3tan@
y}y = tand

iy = %tane

= N Wk Ot O o
«-—+

10. With the assistance of the table below sketch the three functions on the same set of axes.

0 0° [ 90° [ 180° [ 270° | 360°
cosf—2 | -1 -2 1| -3 —2 —1
cosf+4 |5 4 2 4 5
cosf+2 |3 2 1 2 3

Solution:
We are given a table with values and so we plot each of these points and join them with a smooth curve.

Y
5 e
4 4
0s 0 +
3 4
2 4
0s 0 +
1 4
! x
90 180 270 360

11. State the coordinates at E and the range of the function.
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y=cosf —1

Solution:

To find the coordinates of E we read the value off the graph. To find the range we note that this is a cosine
graph and so the maximum value occurs at 0° (and at 360°). The minimum value occurs at 180°. So we read
off the value of y at 0° and at 180°.

Therefore £(180°; —2) and —2 < y < 0.

90 180 270 360

Solution:

To find the coordinates of F we read the value off the graph. To find the range we note that this is a sine graph
and so the maximum value occurs at 90°. The minimum value occurs at 270°. So we read off the value of y at
90° and at 270°.

Therefore £(360°;2) and 0 < y < 4

90 180 270 360

Solution:

To find the coordinates of E we read the value off the graph. To find the range we note that this is a sine graph
and so the maximum value occurs at 90°. The minimum value occurs at 270°. So we read off the value of y at

90° and at 270°.
Therefore £(90°; —0,5) and — 2,5 <y < —0,5
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90 180 270 360

Solution:

To find the coordinates of E we read the value off the graph. To find the range we note that this is a cosine
graph and so the maximum value occurs at 0° (and at 360°). The minimum value occurs at 180°. So we read
off the value of y at 0° and at 180°.

Therefore £(180°;0,5) and 0,5 < y < 4,5

12. State the coordinates at E and the domain and range of the function in the interval shown.

8 y=tanf + 1
7,
6,
5,
4,
3,
2 E
1,
an
1 90 180 270 360
—9 |
—3
4 |
_5
—6 |
—71
_8

Solution:
E(180°;1) , range y € R and domain 0 < 6 < 360, z # 90, z # 270
13. Using your knowledge of the effects of a and g, sketch each of the following graphs, without using a table of values,
for 6 € [0°; 360°]
a) y=2sinf
Solution:

In this case ¢ = 0 and so the basic sine graph is not shifted up or downwards. We also note that a = 2 and so
the graph is stretched by 2 units. The maximum value will be 2 and the minimum value will be —2.

£(0)
2
0
180° 0
b) y = —4cos@
Solution:
In this case ¢ = 0 and so the basic cosine graph is not shifted up or downwards. We also note that a = —4 and

so the graph is stretched by —4 units. The maximum value will be 4 and the minimum value will be —4.
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f(9)

4
18‘00 36‘00
—4
c) y=—2cosf+1
Solution:
In this case ¢ = 1 and so the basic cosine graph is shifted upwards by 1 unit. We also note that a = —2 and so
the graph is stretched by —2 units. The maximum value will be 3 and the minimum value will be —1.
f(9)
3 4+
- - ]
180° 360°
—1 +
d) y=sinf —3
Solution:
In this case ¢ = —3 and so the basic sine graph is shifted downwards by 3 units. We also note that a = 1 and
so the graph is not stretched. The maximum value will be —2 and the minimum value will be —4.
f(0)
18‘0o 36‘00

e) y=tanf —2
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Solution:

In this case ¢ = —2 and so the basic tangent graph is shifted downwards by 2 units. We also note that e = 1 and
so the graph is not stretched. When 8 = 0°, y = —2. Similarly when 6§ = 180°, y = —2 and when 6 = 360°,
y=—2

1(6)
3 180° 3 360°
- | |
y=2cosf —1
Solution:
In this case ¢ = —1 and so the basic cosine graph is shifted downwards by 1 units. We also note that a = 2

and so the graph is stretched by 2 units. The maximum value will be 1 and the minimum value will be —3.
£(0)

1

180° 360°

14. Give the equations for each of the following graphs:

a)

0° 180° 2700 360°

Solution:

The general form of a cosine graph is y = acos 6 + q. We note that in this case the graph is not shifted. We
also note the graph is stretched by —2 units.

Therefore y = —2 cos 6.

1(0)
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Solution:

The general form of a sine graph is y = asin 6 + q. We note that in this case the graph is shifted upwards by 1
unit. We also note the graph is not stretched.

Therefore y = sin 6 + 1.

15. For which values of 6 is the function increasing, in the interval shown?

Y
2 AL
11 y=sinf + 1
: : : —
90 180 270 360
1t

Solution:
90° < 0 < 270°
16. For which values of @ is the function negative, in the interval shown?

Y

30 60 90 120150180210 240270300 3?&360

y=—2sinf — 1

Solution:
0° < 0 < 210° and 330° < 6 < 360°
17. For which values of @ is the function positive, in the interval shown?

: — —— >
yéO 90 120150 180210240270 308330 360
—1 1 y=—2cosf+1

Solution:
60° < 6 < 300°
18. Given the following graph.
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B D f(z)
2
1
9(@)
x
90 180 270 360

a) State the coordinates at A, B, C and D.
Solution:
We can read the values off the graph:
A =(90%4), B=(90°—2), C = (180°;4) and D = (180°; —2)
b) How many times in this interval does f(z) intersect g(x).
Solution:
2
c) What is the amplitude of f(z).
Solution:
2
d) Evaluate: f(360°) — g(360°) .
Solution:
Read off the value of f(360°) and g(360°) from the graph. Then subtract g(360°) from f(360°).

£(360°) — g(360°) =2 —0
=2

19. Given the following graph.

D
3 g(z)

a) State the coordinates at A, B, C' and D.
Solution:
We read the values off the graph:
A =(90°1), B =(180°—3), C = (270°;—1) and D = (360°; 3)
b) How many times in this interval does f(x) intersect g(x).
Solution:
2
c) What is the amplitude of g(z).
Solution:
3
d) Evaluate: f(90°) — g(90°) .
Solution:
Read off the value of £(90°) and ¢g(90°) from the graph. Then subtract g(90°) from f(90°).
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£(90%) = g(90%) =1-0

20. Given the following graph:

f(@)

90 1 270 J60

9(@)

a) State the coordinates at A, B, C and D.
Solution:
We read the values off the graph:
A =(90°%3), B=(90°2), C = (180°; —4) and D = (270°;2)
b) How many times in this interval does f(z) intersect g(z).
Solution:
3
c) What is the amplitude of g(x).
Solution:
2
d) Evaluate: f(270°) — g(270°) .
Solution:
Read off the value of f(270°) and ¢g(270°) from the graph. Then subtract g(270°) from f(270°).

f(270%) — g(270°) = =3 — (-2)
=1

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths'.
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6.7 Interpretation of graphs

Exercise 6 — 7:

1. Plot the following functions on the same set of axes and clearly label all the points at which the functions intersect.
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a) y=x>+1andy = 3°
Solution:
The y-intercept for each graph is:
0®+1=1
30=1
This is also the only point of intersection.
For both graphs there is no z-intercept.

b) yzxandyz%

Solution:

y = x is a basic straight line graph. For y = 2 there is no y-intercept and no z-intercept. We note that this is a
hyperbolic graph that has been stretched by 2 units.

The points of intersection are:

2
r=—
x
=2
22 —2=0
(= V2)(z+v2) =0
T = \/5 orxr = —\/5
Yy = \/5 ory = —\/5
The graphs intersect at (v'2; v2) and (—v/2; —v/2).
Yy
8 v=a
6
4
2
(V2v2)
U
-8 = = =2 2 4 6 8

()

C) y:x2—|—3andy=6

Chapter 6. Functions




Solution:

y = 6 is a horizontal line through (0; 6). For y = x? + 3 the y-intercept is (0;3) and there are no z-intercepts.
From the value of ¢ we see that this is a basic parabola that has been shifted upwards by 3 units.

The points of intersection are:

> 4+3=6
> —-3=0
(= V3)(z+Vv3)=0
r=+3orz=—3
y==6
The graphs intersect at (v/3;6) and (—+/3; —6).
12 y=z>+3
10
8
(~V3i6) vie
4
2
3 ) —il 1 2 s
-
—4
—6
d) y:—zzandy:§
x
Solution:
y = —z? is a parabola that has been reflected about the z-axis. For y = £ there is no y-intercept and there is

no z-intercepts. From the value of a we see that this is a basic hyperbola that has been stretched by 8 units.
The points of intersection are:

2 8
22
T

2= -8
r= -2
_8
V=3
y=—4

The graphs intersect at (—2; —4).

y=-a*

2. Determine the equations for the graphs given below.
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Solution:

For the straight line graph we have the x and y-intercepts. The y-intercept gives ¢ = 2. Now we can calculate
the gradient of the straight line graph:

y=mx+2

_2-0
T 0—(-2)
=1l

Therefore the equation of the straight line graph is y = = + 2.
For the parabola we also have the x and y-intercepts. The y-intercept gives ¢ = 2. Now we can calculate a:

Yy = az® + 2
0=a(-2)>+2
—2=4a
—
)
Therefore the equation of the parabola is y = —%xz + 2.
The equations for the two graphs are y = z + 2 and y = —32” + 2
b)
Yy
12
10
8 (1;8)
6
4
2
2 4 6 8 10 12 ‘
Solution:

For the straight line graph we notice that it passes through (0; 0) and so ¢ = 0.
We have two points on the straight line graph and so we can calculate the gradient, m:
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y=mz+0

_8-(=8)
"=
m =8

The equation of the straight line graph is y = 8.
For the hyperbola we note that the graph is not shifted either upwards or downwards. Therefore ¢ = 0. Now
we can calculate a:

y:
] —

© ~lag|e

a =

Therefore the equation of the hyperbola is y = £.
The equations for the two graphs are y = 8z and y = £.
3. Choose the correct answer:
a) The range of y = 2sin 6 + 1 is:
iL1<6<2
ii. —2<60<2
iii. —1<60<3
iv. —2<6<3
Solution:
(iii)
b) The range of y = 2cosf — 4 is:
i. —6<6<2
ii. 4<6< -2
iii. —6<60<1
iv. -6<60< -2
Solution:
(iv)
c) The y-intercept of 2° + 1 is:
i. 3
ii. 1
iii. 2
iv. 0
Solution:
(iii)
d) Which of the following passes through (1;7)?

i.y:%

i. y=2c+3
iii. y= %

iv. y=a2%+1
Solution:
(i)

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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6.8 Chapter summary

End of chapter Exercise 6 — 8:

1. Complete the following tables and identify the function.

a)

T 21314 6
v |36 215
Solution:
z|1[2]|3]|4 5 6
y|3]6[9|12 15| 18
y =3z
b)
xz |1 4156
y | =3 =2 -1 12
Solution:

2. Plot the following points on a graph.

a)
z|1[2[|3|4|5|6
y11]2(3[4(5(6
Solution:
Y
6 | /«/
5+ /,’/
41
3 e
20 /»'/
1|
,’/ : T
-2 —-1.,7 1 2 3 4 5 (§)
A=
// _2 1
b)
x | 50 | 100 | 150 | 200 | 250 | 300
vyl 12 |3 |4 |5 |6
Solution:
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5‘0 160 150 200 250 300

3. Create a table of values from the function given and then plot the function. Your table must have at least 5 ordered
pairs.

a) 2 — 4
Solution:
x| -3|—-2|-1]0 1 213
Yy |5 0 3| —-4|-3[0]|5
Yy
-3
b) y=4z -1
Solution:
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y=4zx—1
8 |
6 1
4 |
2 1
t t x
—6 —4 2 4 6
4. Determine the y-intercept and the z-intercepts of the function.
a) y=-3x—5
Solution:
y=-3x—5
y=-3(0)—-5
=-5
-5
y=—-3x—5
(0)=—-3z-5
5=—-3zx
5
=
z-intercept = —g and y-intercept = —5
b) y=2z+4
Solution:
y=2x+4
y=2(0)+4
y=4
c=4
y=2x+4
(O) =2x+4
—4 =2z
2=z
z-intercept = —2 and y-intercept = 4

5. The graph below shows an equation, which has the form y = mz + ¢. Calculate or otherwise find the values of m
(the gradient of the line) and ¢ (the y-intercept of the line).

Chapter 6. Functions




Solution:
Point A is the y-intercept. Point A has co-ordinates (0; —4) and so ¢ = —4.

y=mx—+c
(=3)=m(1)—4
—3=m-—4
1=m

Therefore m = 1, and y = = — 4.

6. Look at the graphs below. Each graph is labelled with a letter. In the questions that follow, match any given equation
with the label of a corresponding graph.

a) y=3
Solution:
E
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b) y=3z+5
Solution:
B

Q) y=—x
Solution:
A

d y=2x+1
Solution:
C

e) y=x—4
Solution:
F

f)y=3z—-6
Solution:
D

7. State whether the following is true or not
a) The y-intercept of y + 5 = x is —5.
Solution:
True
b) The gradient of —y = x + 2 is 1.
Solution:
False

— Y=z 2
y=—x—2
c) The gradient of —4y = 3 is 1.
Solution:
False
—4y =
_ Y
Y=y
8. Write the following in standard form:
a) 2y —5x =6
Solution:
2y —bx =6
2y =5x+6
Y= gm +3

b) 6y — 3z =5z + 1
Solution:

6y —3x =5 +1
6y =8z +1
4 1

V=3%t%

9. Sketch the graphs of the following:

a) y=2x+4
Solution:
The y-intercept is (0;4) and the z-intercept is (—2; 0).
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(0;4)

b) y—3z=0
Solution:
Write the equation in standard form: y = 3.
The y-intercept is (0; 0) and the z-intercept is (0;0).
We note the following pairs of values: (1;3), (2;6), (—1; —3) and (—2; —6). Now we can draw the graph.

Y
4 1
3 1
2 1
1 1
(0;0)
0
-2 -1 0 1 2
=% L
_3 £
—4 +
C2y=4—=x
Solution:
Write the equation in standard form: y = —1z + 2.

The y-intercept is (0; 2) and the z-intercept is (4;0).
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10. The function for how much water a tap dispenses is given by: V' = 60t, where z and V are in seconds and mL
respectively.

Use this information to answer the following:

a) Evaluate V (2).
Solution:

V(2) = 60(2)
=120 mL
b) Evaluate V(10).

Solution:

V(10) = 60(10)

= 600 mL
c) How long will it take to fill a 2 L bottle of water?
Solution:
V (t) = 2000t
, _ 2000
~ 60
t =33,33s
d) How much water can the tap dispense in 4 s?
Solution:
V(4) = 60(4)
= 240 mL

11. The graph below shows the distance travelled by a car over time, where s(t) is distance in km and ¢ is time in minutes.

10 20 30 40 50 60 70 80 90 100 110 120

Use this information to answer the following:

a) What distance did the car travel in an hour?
Solution:
50km

Chapter 6. Functions




b) What is the domain of the function?
Solution:
The domain is 0 < ¢ < 120 min.
c) What is the range of the function? What does it represent?
Solution:
The range is 0 < s < 100 km, it represents the total distance travelled.
12. On the graph here you see a function of the form: y = az? + q.

Two points on the parabola are shown: Point A, the turning point of the parabola, at (0; 6), and Point B is at (3; 3).
Calculate the values of a and q.

t t t t t t t t t t t t X
-6 —5/—4 -3 —2 —1 1 2 3 4\5 6
_9 |
-3 1
4 |
_5 |4
Solution:
The value of ¢ is 6.
=az’+6
(3) = a(3)2 A 6 — Z‘;?)srggﬁ;etei:(‘)?g point!
=9+ 6
3—6=9a
—3=9a
1.
5=
1
=——;q9q=6
a 3 q

13. Given the following equation:
y=—bz2+3

a) Calculate the y-coordinate of the y-intercept.
Solution:

y=azx’+q
= _52°+3
=-5(0%+3
=0+3

The y-coordinate of the y-intercept is 3.
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b) Now calculate the z-intercepts. Your answer must be correct to 2 decimal places.
Solution:

y=—5z+3

(0) = =52 +3
5z° =3
N
5

=3t

=5
Therefore: z = -}-\/g and z = _\/g
5 5
z=-0,77and z = 0,77

The z-intercepts are (—0,77;0) and (0,77;0).

14. Given the following graph, identify a function that matches each of the given equations:

v
J@ ga)

a) y= — 272

Solution:
k()

b) y = 222
Solution:
g9(z)

c y=-0,7 5z2
Solution:
h(z)

d) y =7z
Solution:

f(@)
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15. Given the following graph, identify a function that matches each of the given equations:

a) y= 272
Solution:
9(z)

b) y =222 +3
Solution:
f(z)

0 y=2x>—4
Solution:
h(z)

16. Sketch the following functions:

a) y= 22+ 3
Solution:
The y-intercept is (0; 3). There are no z-intercepts.
a is positive and so the graph is a smile with a minimum turning point at (0; 3).

N |

(03)

b) y= %xz +4
Solution:
The y-intercept is (0;4). There are no z-intercepts.
a is positive and so the graph is a smile with a minimum turning point at (0; 4).
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(0:4)

o y=2z>—4
Solution:
The y-intercept is (0; —4). The z-intercepts are at (v/2;0) and (—v/2;0).
a is positive and so the graph is a smile with a minimum turning point at (0; —4).

=N W e

(0;—4)

17. Sebastian and Lucas dive into a pool from different heights. Their midair paths can be described by the following
quadratic equations: y = —2x? 4 8 for Sebastian and y = — 22 + 6 for Lucas.

a) From what height did Sebastian dive?

Solution:
Maximum value of y = —22% + 8 is 8 m
b) From what height did Lucas dive?
Solution:
Maximum value of y = —22° + 6 is 6 m
c) How far from the pool wall did Lucas land?
Solution:
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y=—3% +6
0:—§ﬁ+6
§x2—6=
2 —9=0
(z=3)(z+3)=0
sz =3m

Lucas landed 3 m from the pool wall.
d) How much closer to the pool wall did Sebastian land compared to Lucas?
Solution:

y=—2:c2+8
0=—2z"+8
22> —8=0
2 —4=0
(z—2)(z+2)=0
Sxr=2m

Sebastian landed 2 m from the pool wall.
Therefore Sebastian landed 1 m closer to the wall than Lucas.

18. The following graph shows a hyperbolic equation of the form y = % + g. Point A is shown at (—1; —5). Calculate
the values of @ and q.

S RS

78777675747372711 l 2 3 4 5 6 7 8
—2

Solution:

q=-3
y=%—3
(9=
~1(-5) = | & - 3] (-1
5=a+3
2

Therefore a = 2 and ¢ = —3.
The equation is y = % — 3.
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19. Given the following equation:

3
y=——+4
X
a) Determine the location of the y-intercept.
Solution:
3
y=-——+4
x
3
y=—75 +4
(0)
no solution
There is no y-intercept.
b) Determine the location of the z-intercept.
Solution:
3
=-°44
Y p +
3
0)=-=+4
0)=-+
3
@)(0) = |-= +4| (@)
0=-3+14z
3 =4z
L8
T4

The z-intercept is at (3;0).
20. Given the following graph, identify a function that matches each of the given equations:

Y

f(=)

9(z)
h(z)

1 3 4k(a')

a) __1
Y="9%

Solution:
7
b) y=—
X
Solution:

f(z)

3
C) y=—
X

Solution:
9(z)
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1
d y=-
X
Solution:
h(z)
21. Sketch the following functions and identify the asymptotes:

3
Q) y=——+4
T

Solution:

The asymptote is y = 4.

a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept. The a-intercept is at (2;0).

1

b) y=—

X
Solution:

The asymptote is y = 0.
a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept and no z-intercept.

2
y=—-—2
X
Solution:

The asymptote is y = —2.
a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept. The z-intercept is at (1;0).
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22. Sketch the functions given and describe the transformation used to obtain the second function. Show all asymptotes.

2 2
a) y=—and — +2
X X
Solution:

y=—:
x
The asymptote is y = 0.
a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept and no z-intercept.
2
y=—+2
x
The asymptote is y = 2.
a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept. The z-intercept is at (—1;0).

Translation by 2 in the positive y-direction.

2 1
b) y==and —
T 2z
Solution:
2
y=—:
X

The asymptote is y = 0.
a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept and no z-intercept.
1
Y= %
The asymptote is y = 0.
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a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept and no z-intercept.

Reduction by 4

3 3z + 3
o y=—andy=
T x
Solution:
First simplify the second equation:
_Bw+3_3
x x
3
y=—:
X

The asymptote is y = 0.
a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept and no z-intercept.

y= 3 + 1:
o
The asymptote is y = 1.
a is positive and so the graph lies in the first and third quadrants.
There is no y-intercept. The z-intercept is at (—1;0).

—-6_—5 —4 -3 -2 -

Translation by 3 units in the positive y-direction.

d) y:%andy:—%
Solution:
3
y=—:
x

The asymptote is y = 0.

6.8. Chapter summary




a is positive and so the graph lies in the first and third quadrants.

There is no y-intercept and no z-intercept.
3
y=—-:
i
The asymptote is y = 0.
a is negative and so the graph lies in the second and fourth quadrants.

There is no y-intercept and no z-intercept.

Reflection on z-axis
23. Given the following equation:
y=—32.(4)"+3
a) Calculate the y-intercept. Your answer must be correct to 2 decimal places.
Solution:

N
N
Nus)
S
4
w

<
Il

I
A/?/—\
N = N~ N

—~
—

~—
+
w

Il
ST
S o
(6]
o
_|_
w

The y-intercept is (0; 2,50).

b) Now calculate the z-intercept. Estimate your answer to one decimal place if necessary.
Solution:
We calculate the z-intercept by letting y = 0. Then start to solve for x.
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We can see that the exponent must be between 1 and 2. By trial and error we get 1,3. Therefore the z-intercept
is (1,3;0).

24. Sketch the following functions and identify the asymptotes:

a) y=3"+2
Solution:
The y-intercept is (0; 2). There is no z-intercept. The asymptote is at y = 2.
a > 1 therefore the graph curves upwards.

Y
4 i
3
/ (0;3)
_____________ 2.0______________
y=2
1 1
X
3 -2 -1 |9 1 2 3
b) y=—4x2°
Solution:
The y-intercept is (0; —4). There is no z-intercept. The asymptote is at y = 0.
a < 1 therefore the graph curves downwards.
Y
X

Ady=(3)"-2
Solution:
The y-intercept is (0; —2). The z-intercept is (0,6;0). The asymptote is at y = —2.
0 < a < 1 therefore the graph curves downwards.
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25. The form of the curve graphed below is y = a . 2% + g. One point is given on the curve: Point A is at (—3; —3,625).
Find the values of a and ¢, correct to the nearest integer.

(S I U NGNS SN~ NN Je')

—‘8—‘7—‘6—‘5—‘4—‘3—‘2—‘11 1 2 3 4 5 6 7 8

Solution:
The asymptote lies at y = —4. Therefore q is —4.
At this point we know that the equation for the graph must be y = a.2% — 4.

y=a(2)" -4
(=3,625) = a(2)"® — 4
—3,625+4 =a(2)?
0,375 = a(0,125)
3=a

a=3andg=—4
26. Given the following graph, identify a function that matches each of the given equations
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1 x
vu=-2(;)
Solution:

h(z)

b) y=3,2°"
Solution:
f(z)

o y=-2"
Solution:
k()

d) y=3°
Solution:
g(z)

27. Use the functions f(z) = 3 — x, g(x) = 22° — 4; h(z) = 3% — 4; k() = % — 1, to find the value of the following:

a) f(7)

Solution:

b) g(1)
Solution:

Q) h(—4)
Solution:
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d)

e)

f)

g

h(—4)=3"*—4

323
- 81
k(5)
Solution:
k(5) = % —1
T
)
f(=1)+h(-3)
Solution:
F(-1)+h(-3)=3—-(-1)+3">—-4
1
~ 97
h(g(=2))
Solution:
g9(—2) = 2(-2)* -4
= 4l
h(g(—2)) = h(4)
=3'_4
7
k(f(6))
Solution:
f(6) =3—(6)
=-3
k(f(6)) = k(=3)
_ 3 —1
2(-3)
3
-2

28. Determine whether the following statements are true or false. If the statement is false, give reasons why.

a)

The given or chosen y-value is known as the independent variable.
Solution:

False, the given or chosen y-value is the dependent variable because it’s value depends on the independent
variable z.

A graph is said to be continuous if there are breaks in the graph.
Solution:

False, a graph is said to be continuous if there are no breaks in it.
Functions of the form y = ax + q are straight lines.

Solution:

True

Functions of the form y = £ 4 ¢ are exponential functions.

Solution:

False, functions of the form y = £ + g are hyperbolic functions.

An asymptote is a straight line which a graph will intersect at least once.
Solution:

False, an asymptote is a straight line that a graph will never intersect.
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f) Given a function of the form y = az + g, to find the y-intercept let z = 0 and solve for y.
Solution:

True
29. Given the functions f(x) = 2z% — 6 and g(z) = —2x + 6.

a) Draw f and g on the same set of axes.
Solution:
For g(z) the y-intercept is (0; 6) and the z-intercept is (3;0).
For f(z) the y-intercept is (0; —6) and the z-intercepts are (v/3;0) and (—v/3;0).

Y

16 |
14 |
12 |

(0; —6)

b) Calculate the points of intersection of f and g.
Solution:

The z-values of the points of intersection can be found by setting f(z) = g(z):

22° —6=—2x+6
22° 422 —12=0
4+ -6=0
(x—2)(z+3)=0
sx=2andz = -3

The y-values can be obtained by substituting the z-values into either equation:

9(x)
g9(x)
Therefore the points of intersection are (—3;12) and (2; 2).
c) Use your graphs and the points of intersection to solve for z when:
i. f(z)>0
ii. g(z) <0
iii. f(z) < g(x)

Solution:

= 2(-3)+6=12
=—2(2)+6=2

Let f(z) =0

26> —6=0
22° =6
z? =3
z=+V3

Therefore, for f(z) > 0, 2 € (—o0; v/3) U (v/3; 0).

6.8. Chapter summary




Letg(z) =0

—2x4+6=0
—2r = —6
W= &

Therefore, for g(x) < 0, = € (3;00).
iii. This is found by looking at where the graph of f(z) lies underneath the graph of g(z).
For f(z) < g(z), z € [-3;2].
d) Give the equation of the reflection of f in the z-axis.
Solution:
Yy = —22%2 4+ 6
30. After a ball is dropped, the rebound height of each bounce decreases. The equation y = 5(0,8)® shows the relation-

ship between the number of bounces x and the height of the bounce y for a certain ball. What is the approximate
height of the fifth bounce of this ball to the nearest tenth of a unit?

Solution:
For the fifth bounce z = 5. Now we can solve for y:

y =5(0,8)"
5
()
5
_5 1024
3125
= 5(0,38)
= 1,6 units

Therefore the approximate height of the fifth bounce is 1,6 units

31. Mark had 15 coins in R 5 and R 2 pieces. He had 3 more R 2 coins than R 5 coins. He wrote a system of equations
to represent this situation, letting « represent the number of R 5 coins and y represent the number of R 2 coins. Then
he solved the system by graphing.

a) Write down the system of equations.

Solution:

Let x = R 5 coins and y = R 2 coins. Then the system of equations is:
z+y=15y=x+3

Draw their graphs on the same set of axes.

Solution:

For z + y = 15 the y-intercept is (0; 15) and the z-intercept is (15;0).
For y = x + 3 the y-intercept is (0; 3) and the z-intercept is (—3;0).

g

c) Use your sketch to determine how many R 5 and R 2 pieces Mark had.

Solution:
From the sketch we see that the graphs intersect at (6;9). Checking algebraically we get:
Substitute the value of y = —z + 15 into the second equation:
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—x+15=z+3
—2x =—12

Sx=6

Substitute the value of x back into the first equation:

y=—(6)+15
=9

Mark has 6 R 5 coins and 9 R 2 coins.

32. Shown the following graph of the following form: y = asin 6 + ¢ where Point A is at (90°;4,5), and Point B is at
(180°; 3), determine the values of a and q.

Y

o
>

iz
30 60 90 120 150 180 210 240 270 300 330 360

Solution:

To find g we note that g shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point B is at (180°;3). For an unshifted sine graph point B would be at (180°;0). For this graph we see
that this point has been shifted up by 3 spaces. Therefore ¢ = 3.

To find a we note that the y-value at the middle (point B) is 3, while the y-value at the top (point A) is 4,5. We can
find the amplitude by working out the distance from the top of the graph to the middle of the graph: 4,5 — 3 = 1,5.
Therefore a = 2.

The complete equation for the graph shown in this question is y = g sin 6 + 3.
Therefore a = 2 and ¢ = 3.

33. The graph below shows a trigonometric equation of the following form: y = a cos 6 + g. Two points are shown on
the graph: Point A at (90°; 0), and Point B: (180°; —3). Calculate the values of a (the amplitude of the graph) and ¢
(the vertical shift of the graph).

i
120 150 180 210 240 270 300 330 360

Solution:

To find g we note that g shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point A is at (90°;0). For an unshifted cosine graph point A would be at (90°;0). For this graph we see
that this point has not been shifted. Therefore ¢ = 0.

To find a we note that the y-value at the middle (point A) is 0, while the y-value at the bottom (point B) is —3.
We can find the amplitude by working out the distance from the middle of the graph to the bottom of the graph:
0 — (—3) = 3. Therefore a = 3.

The complete equation for the graph shown in this question is y = 3 cos .
Therefore a = 3 and g = 0.

34. On the graph below you see a tangent curve of the following form: y = atan 6 + q. Two points are labelled on the
curve: Point A is at (0°; —3), and Point B is at (45°; —2).
Calculate, or otherwise determine, the values of a and gq.
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B

>

Solution:

To find g we note that g shifts the graph up or down. To determine g we can look at any point on the graph. For
instance point A is at (0°; —3). For an unshifted tangent graph point A would be at (0°;0). For this graph we see
that this point been shifted downwards by 3. Therefore ¢ = —3.

To find a we can substitute point B into the equation for the tangent graph:

y=atanf —3
(—2) = atan45° — 3
—2—a(=1)—3
—24+3=—-a
=l==a
l=a

The complete equation is: y = tan6 — 3.
Therefore a = 1 and ¢ = —3.
35. Given the following graph, identify a function that matches each of the given equations:

Y

a) y=2,3cosf
Solution:
g(z)

b) y =0,75cos 6
Solution:

f(z)
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c) y=4cosf
Solution:
k()

d) y =3cosf
Solution:
h(z)

36. The graph below shows functions f(z) and g(z).

Y

4| g(x) =3,5cos0

What is the equation for f(x)?
Solution:
f(z) = —=3,5cos0
37. With the assistance of the table below sketch the three functions on the same set of axes.

[ 0° [ 45° | 90° 135° | 180° | 225° [ 270° 315° | 360°
tan @ 0 [1 undefined | —1 0 1 undefined | —1 0
2tand [0 [ 2 undefined | —2 0 2 undefined | —2 0
1tand [0 | 2 undefined | =2 | 0 1 undefined | =2 | 0
Solution:
)
1 1
8 | \ y = 2tan6
71 : 1y = tan 6
1 1
g : ly = 1 tan6
4| : :
3 4+ 1 1
1 1
2 | ! !
1 1
11 1 1
1 1
t T t T 4 X
1] 45 90 80 225 270 60
-2 I I
31 ! |
4 |
5 | : :
_6 | 1 1
_7 1 I 1
1 1
_8 AL I I
1 1
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38. With the assistance of the table below sketch the three functions on the same set of axes.

[ 0° | 90° | 180° | 270° | 360°
sinf+1 |1 2 1 0 1
sinf+2 |3 2 2 1 2
sin—2 | -2 [ -1 [ -2 -3 -2
Solution:
Yy
sin @ + 2

sinf + 1

— [\&) w
)2

\

90 180 270 360
sinf — 2

| | |
w [\V] =
8

39. Sketch graphs of the following trigonometric functions for 6 € [0°; 360°]. Show intercepts and asymptotes.

a) y = —4cosf
Solution:
The y-intercept is (0°; —4). The z-intercepts are (90°;0) and (270°;0). There are no asymptotes.
The graph is not shifted up or down since ¢ = 0. The graph is stretched by 4 and reflected in the z-axis.

(90°;0) (270°;0)

>

0° 180° 270¢° 360°

(0°;—4)

b) y =sinf — 2
Solution:
The y-intercept is (0°; —2). There are no z-intercepts. There are no asymptotes.
The graph is shifted down by —2 since ¢ = —2. The graph is not stretched since a = 1.
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- - - - (7]
90° 180° 270° 360°

c) y=—2sinf+1
Solution:
The y-intercept is (0°; 1). The z-intercepts are (30°;0) and (150°;0). There are no asymptotes.
The graph is shifted up by 1 since ¢ = 1. The graph is stretched by —2 and reflected in the x-axis since a = —2.

Y

\ (30°;0) 150°;0)
: : )

90° 180° 270° 360°

d) y=tanf +2
Solution:
The y-intercept is (0°;2). The z-intercepts are (116,57°;0) and (296,57°;0). The asymptotes are z = 90° and
x = 270°.
The graph is shifted up by 2 since ¢ = 2. The graph is not stretched since a = 1.

y
I I
I I
51 - !
I I
47 : :
I I
3| | |
I I
2 1 1
I I
14 I I

1 f116,57°0) | [296,57°30)

‘ ‘ , ‘

Lo 180°  210°)  360°
—a)t | |
I I
~3 | |
I I
I I
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Solution:
The y-intercept is (0°;0,5). The z-intercepts are (90°;0) and (270°;0). There are no asymptotes.
1

The graph is not shifted upwards or downwards since ¢ = 0. The graph is stretched by 0,5 since a = 5.

Y

(90°;0)  (270°;0)

90 180° 0° 360°

40. State the coordinates at £ and the range of the function.

a)
Yy
3 1
y = 2sinf
2 1
1 1
+ t r xr

90 18 270 60
1|
—9 ]

E
_3 |
Solution:
E:(270°;—2)and —2<y<2
b)

Yy
3 1
2 4

E
1 4

: — T

9 180 70 360
11
=9 4

y = 2cosf

73 |

Solution:
E = (360°;2)and —2<y <2

41. State the coordinates at E and the domain and range of the function in the interval shown.
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71 y=tanf —1

f f f f x
1 L w0 1 270 360

Solution:
E = (45°;0) , range y € R and domain 0 < z < 360,z # 90,6 # 270
42. For which values of 8 is the function decreasing, in the interval shown?

Y

90 180 270 360

y=2cosf+1

Solution:
0° < 60 < 180°
43. For which values of ¢ is the function increasing, in the interval shown?

Y
3 -+
2 -+
1 £+

t t r x

90 18 270 60
=1 4
=) 1k
31
y = 3sinf

Solution:
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0° < 6 < 90° and 270° < 6 < 360°
44. For which values of 4 is the function positive, in the interval shown?

Y

3 |
y:cos<9+%

90 180 270 360

Solution:
0° < 0 < 360°

45. Given the general equations y = mz + ¢, y = ax® + q, y = 4 +qy=a.b"+qy=asinfd+q,y=acosf+q
X
and y = atan 6, determine the specific equations for each of the following graphs.

a)

Solution:
This is a straight line graph and so the general equation is y = mz + ¢. The y-intercept is at (0; 0) and so ¢ = 0.
To find m we substitute in the given point into the equation and solve for m:

Yy =mz
—6=—-2m

m=3

Therefore the equation is y = 3.
b)

(1;1)
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Solution:
This is a parabola and so we use y = axz? + ¢. The y-intercept is at (0; 3) and so ¢ = 3.
We substitute the point (1; 1) into the equation and solve for a:

Yy = az® +3
1=a(1)’+3
—2=a
Therefore the equation is y = —2z2 + 3.
c)
Yy
0 X
(3;-1)
Solution:

This is a hyperbola and so we use y = 2 + q. There is no z-intercept and so the graph has not been shifted
upwards or downwards. Therefore g = 0.

We substitute the point (3; —1) into the equation and solve for a:

a
y=—
x
=Y
3
—-3=a
Therefore the equation is y = =2.
d)
Y
(4;6)
(0;2)
xr
0]
Solution:

This is a straight line graph and so the general equation is y = maz + ¢. The y-intercept is at (0;2) and so ¢ = 2.
To find m we substitute the point (4; 6) into the equation and solve for m:
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Yy =mx + 2
6 =4m + 2
m=1

Therefore the equation is y = = + 2.

e)
Y
x
4|
Solution:
This is a sine graph and so the general equation is y = asin 6 + q.
To find a we note that the y-value at the bottom is —4, while the y-value at the top is 6. We can find the
amplitude by working out the distance from the bottom of the graph to the top of the graph and dividing this
value by 2: w = 5. Therefore a = 5.
To find ¢ we note that g shifts the graph up or down. To determine ¢ we can look at any point on the graph.
For instance we can see that when z = 180°, y = 1. For an unshifted sine graph with the same a value (i.e.
5sin 6) this point would be at (180°;0). For this graph we see that this point has been shifted upwards by 1
unit. Therefore g = 1.
The complete equation for the graph shown in this question is y = 5sin 6 + 1.
f)

(2;9)

Solution:
This is an exponential graph and so we use y = a . b* + q. We see that the asymptote isaty = 1 and so ¢ = 1.
To find a we substitute the point (0; 3) into the equation:

y=a.b®+1
3=a.b’+1
a=2

To find b we substitute the point (2;9) into the equation:
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y=2.b"+1

9=2.0"+1
4=1p
2% = p?
b=2

Therefore the equation is y = 2 x 2% + 1.
8)

Solution:

This is a tangent graph and so we use y = atan 6 + g. To find ¢ we note that the graph has been shifted down
by 2 units (the point (180°; —2) is given). Therefore ¢ = —2.
To find a we substitute (135°; —1) into the equation:

y=atanf — 2
—1=atan(135°) — 2

l1=—-a
a=-—1
Therefore the equation is y = —tan 6 — 2.
46.
Yy
3
2 f(=)
G
9(x)
1
A D
x
360

a) State the coordinates at A, B, C and D.
Solution:
A(90°;1), B(90°; —1), C(180°;2) and D(360°; 1)
b) How many times in this interval does f(z) intersect g(x).
Solution:
0

6.8. Chapter summary




c) What is the amplitude of f(z).
Solution:
1

d) Evaluate: f(180°) — g(180°) .
Solution:

f(180°) — ¢g(180°) =2 — (—3)

=5
47.
Y
=il
. @)
-3
-4
a) State the coordinates at A, B, C and D.
Solution:
A(90°;1), B(270°;3), C(270°;1) and D(360°; 2)
b) How many times in this interval does f(x) intersect g(x).
Solution:
2
¢) What is the amplitude of g(z).
Solution:
3
d) Evaluate: g(180°) — f(180°) .
Solution:
£(180°) — g(180°) =4 — 2
=2
48. y = 2% and y = —2% are sketched below. Answer the questions that follow.
y
_Jm
R .
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a) Calculate the coordinates of M and N.

Solution:

M is the y-intercept of y = 2% and so y = 2° = 1. Therefore the coordinates of M are (0;1).
N is the y-intercept of y = —2% and so y = —(2%) = —1. Therefore the coordinates of N are (0; —1).
Therefore M (0;1) and N(0; —1).

Calculate the length of M N.

Solution:

M and N both lie on the y-axis and so they both lie on a straight line.

Therefore MN =1+ 1= 2.

Calculate the length of PQ if OR = 1 unit.

Solution:

At P, z = —1, therefore y = 27" = 1.

AtQ, z = —1, therefore y = —(27") = —3.

Therefore length PQ = 1 + 1 = 1.

=5

@

d) Give the equation of y = 27 reflected about the y-axis.
Solution:
y=27°

e) Give the range of both graphs.
Solution:

Range y = 2%: (0; 00)
Range y = —2%: (—o0;0)

49. Plot the following functions on the same set of axes and clearly label all points of intersection.

— _92
. Y z” +3
y=2x+4
Solution:

Fory = —2x% + 3:

The y-intercept is at (0; 3). The z-intercepts are at (\/g, 0) and (—\/g; O).
Fory = 2z + 4:

The y-intercept is at (0;4). The z-intercept is at (—2; 0).

There are no points of intersection.

12

10 y=2r+4

— _9z2
_10 y=-2z°+3

—12

b) Y= z? —4
y =3z

Solution:

Fory = z? — 4:

The y-intercept is at (0; —4). The z-intercepts are at (2;0) and (—2;0).
For y = 3z:

The y-intercept is at (0; 0). The z-intercept is at (0; 0).

To find the point of intersection we equate the two functions:
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z° —4 =3z
2’ —3x—-4=0
(x—4)(x+1)=0
r=4orxz=-1
y = 3(4) ory = 3(1)
y=12o0ry = -3

Therefore the graphs intersect at (4;12) and (—1; —3).

Yy
16 y=a°—4

14
12 (4;12)

10

-6 —4 = 4 6 ’
(=1;-3)

50. f(z) = 4% and g(z) = —4a> + q are sketched below. The points A(0; 1) and B(1; 4) are given. Answer the questions

that follow.
Yy
f(z) =4*
: B
A :
/ = )
C
g(z) = —4a® +¢

a) Determine the value of q.
Solution:
Point A is the y-intercept of g(z) and so ¢ = 1.

b) Calculate the length of BC.
Solution:
Bisat (1;4) and so C'is at (1;y). To find y we substitute point C' into g(z):

g(z) = —42° +1
y=—4(1)>+1
=-3

Therefore BC' = 3 + 4 = 7 units.
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c) Give the equation of f(z) reflected about the z-axis.
Solution:
y=—4"
Give the equation of f(z) shifted vertically upwards by 1 unit.
Solution:
y=4"+1
Give the equation of the asymptote of f(z).
Solution:
y=0
f) Give the ranges of f(z) and g(z).
Solution:
Range f(z): (0; 00), Range g(z): (—o0; 1]

51. Given h(z) = 2> — 4 and k(z) = —z? + 4. Answer the questions that follow.

=

L

a) Sketch both graphs on the same set of axes.
Solution:
For h(x) the y-intercept is at (0;4). The z-intercepts are at (2;0) and (—2;0).
For k(z) the y-intercept is at (0; —4). The z-intercepts are at (2;0) and (—2;0).

b) Describe the relationship between h and k.
Solution:

h(z) =2° — 4

k(z) = —z® +4
= —(as2 —4)
= —h(z)

k(z) is therefore the reflection of h(z) about the z-axis.
c) Give the equation of k() reflected about the line y = 4.
Solution:
y=ua?+4
d) Give the domain and range of h.
Solution:
Domain h: (—oo; 00). Range h: [—4; c0).
52. Sketch the graphs of f(0) = 2sin € and g(0) = cos @ — 1 on the same set of axes. Use your sketch to determine:
a) f(180°)
b) g(180°)
) g(270°) — £(270°)
d) The domain and range of g.
e) The amplitude and period of f.
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Solution:

® 90° 180 270° 0°

a) f(180°) =0

b) g(180°) = —2

0 g(270°) — f(270°) = -1 — (-2) = —1+2=1
d) Domain: [0° 360°]. Range: [—2;0]

e) Amplitude: 2. Period: 360° .

53. The graphs of y = x and y = % are shown in the following diagram.

Calculate:

a) The coordinates of points A and B.
Solution:
A and B are the points of intersection of the two functions. Therefore:

8

r=—
o

2

ar =

x=+V8

Since the equation of the straight line is y = x these are also the y-values of the points of intersection.
Therefore A(+/8;+/8) and B(—+/8; —/8)

The length of C'D.

Solution:

C has the same x value as A and D has the same z value as B.

Therefore C(—+/8;0) and D(+/8;0).

CD =8+ 8 =28.

The length of AB.

Solution:

Using Pythagoras:

g

e
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OD = /8 units and AD = /8 units
AO? = OD? + AD?

= (V8)” + (v8)?
=8+38
=16
.. AO = 4 units
Similarly, OB = 4 units
.. AB = 8 units
d) The length of EF, given G(—2;0).
Solution:
F and E have the same « value as point G. F lies on y = z and so F(—2;—2). E liesony = 2 and so
BE(—2;—4).
Therefore length EF = 2 + 4 = 2 units.
54. Given the diagram with y = —32% + 3 and y = —%.
Y
(o}
D v=-=%

y=-3¢>+3

a) Calculate the coordinates of A, B and C.
Solution:
A and B are the z-intercepts of y = —3z2 + 3. C'is the y-intercept of y = —3z2 + 3.
Therefore point C'is at (0; 3).
Points B and A are at (1;0) and (—1; 0) respectively.
Therefore A(—1;0), B(1;0), C(0;3)
b) Describe in words what happens at point D.
Solution:
The parabola and the hyperbola intersect at point D which lies in the fourth quadrant.
¢) Calculate the coordinates of D.
Solution:

18

-==-32+3
X

—18 = —3z° + 3z

0= —32° + 3z + 18
3

0=z —zI—6
0= (z —2)(z® + 2z +3)
B=2

f@)=@2°-2-6=0
whenz =2,y =—3(2)>+3=-9
-.D(2;-9)

d) Determine the equation of the straight line that would pass through points C' and D.
Solution:
Determine gradient D(2; —9) and C(0; 3):
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C is the y-intercept and so ¢ = 3.
Therefore y = —6z + 3.

55. The diagram shows the graphs of f(0) = 3sinf and g(8) = — tan 6

a) Give the domain of g.
Solution:
Domain: {6 : 0° < 0 < 360°,0 # 90° 270°}
b) What is the amplitude of f?
Solution:
Amplitude: 3
c) Determine for which values of 6:
i. f(6)=0=g(0)
ii. f£(0) x g(0) <0
iii. 25 >0
iv. f(0) is increasing
Solution:
i. {0° 180°; 360°}
ii. (0% 90°) U (270°% 360°)
iii. {6 :90° < 6 < 270° 6 # 180°}
iv. (0° 90°) U (270°% 360°)
56. Determine the equations for the graphs given below.

a)

12

10

(—3;6) 6

-5 —4 -3 -2\-1 1 2 3 4 5
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Solution:
For the straight line:

Yy =mx—+c

c=0
_6-(-2)
T -3-1
m= —2
y=—2x
For the parabola:
y=az’+q
q=-3
y = az® — 3
6=a(-3)°-3
9 =9a
a=1
y=a°-3
Therefore the equations are: y = —2z en y = x> — 3.
b)
y
5 3
4}
Solution:

For the straight line:

Yy =mx—+c
c=1
9—-1
T2-0
m=4

y=4x+1

For the exponential graph:

y=a.b" +q
q=0
y=a.b®
1=a(®’)
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y=>"

9 =2
3% =p?
b=3
y=3"

Therefore the equations are y = 4z + 1 and y = 3”.
57. Choose the correct answer:

a) Which of the following does not have a gradient of 3?

i.y=3x+6
ii. 3y=9 -1
ii. 3(y—1) ==
iv. 3(y—3) =6z
Solution:

(iv)
b) The asymptote of zy = 3 + z is:
i. 3
i. 1
iii. —3
iv. —1

Solution:

(if)
58. Sketch the following

a) y=-—15%
Solution:
The asymptote is at y = 0. The y-intercept is at (0; —1). There is no z-intercept.

@
—6 —5 —4 -3 = 1 2 3 45 6

y=-15"

b) xy =5+ 2z
Solution:
First rewrite the equation in standard form:

Ty =5+ 2z
5
y=—_+2
%

There is no y-intercept. The z-intercept is at (—2,5;0). The asymptote is at y = 2.
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C 2y+2x=3
Solution:
First write the equation in standard form:

2y+2x=3

n

—6 5 —4 -3 —2 —1 1 3.4 5 6
-1
2
-3
=—z+3

y=

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
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7  Euclidean geometry

¢ Content covered in this chapter includes revision of lines, angles and triangles. The mid-point theorem is introduced.
Kites, parallelograms, rectangle, rhombus, square and trapezium are investigated.

¢ Solving problems and proving riders is only covered later in the year. The focus of this chapter is on introducing the
special quadrilaterals and revising content from earlier grades.

¢ Revision of triangles should focus on similar and congruent triangles.
¢ Sketches are valuable and important tools. Encourage learners to draw accurate diagrams to solve problems.

¢ It is important to stress to learners that proportion gives no indication of actual length. It only indicates the ratio
between lengths.

¢ Notation - emphasise to learners the importance of the correct ordering of letters, as this indicates which angles are
equal and which sides are in the same proportion.

GeoGebra is a useful tool to use for sketching out the worked examples and activities.

7.1 Introduction

Angles

Properties and notation

Parallel lines and transversal lines

Exercise 7 — 1:

1. Use adjacent, corresponding, co-interior and alternate angles to fill in all the angles labelled with letters in the diagram:

@ 7A9°

Solution:
You can redraw the diagram and fill in the angles as you find them.

a = 180°—42° =138° (Zson astrline)
b =42° (vertopp £s =)
c =138° (vertopp £s =)
d =138° (co-int Zs; AB || CD)
e = 180°— 138° =42° (Zson astr line)
f =138° (vert opp £s =)
g =42° (vertopp £s =)
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2. Find all the unknown angles in the figure:

Solution:

B,
D,
y
Gs
Cs
G
Go
Cs
P
By
Gy

3. Find the value of z in the figure:

Solution:

A

= 180° — 70° = 110°
= 180° — 80° = 100°
= 70°

= 80°

= 70°

= 70°

= 180° — 70° — 80° = 30°
= 30°

= 30°

= 80°

= 80°

~/

60°

a\
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(Zs on a str line)
(co-int £s; AD || EH)
(co-int Zs; AD || EH)
(corresp Zs; BF' || CG)
(corresp Zs; BF' || CG)
(Zs on a str line)

(@t Zs; CF || DG)

(alt Zs; BF || CG)
(sum of Z’s str. line)
(Zs on a str line)




~/

1
<g_ 20°
60° Yl 2

x\

Y1 = 60° (corresp £s; AB || DC).
Y2 = z (corresp /s; AB || DC).

ooz 4 60° 4+ (z — 20°) = 180° (s on astr line)
2z = 180° — 40°
2x = 140°
Sz =T0°

4. Find each of the unknown angles marked in the figure below. Find a reason that leads to the answer in a single step.

B /
D
55°
E
i/ p
Y r F
xz
S
A C G
a) ¢
Solution:
% and ABC are alternate interior angles on transversal BC. Therefore, they must be equal in size since AB ||
CD.
Therefore & = 55°.
b) 5
Solution:

We have just found that & = 55°. & + § + 90° = 180° (Zs on a str line)

0° — 55°

o 7
Solution:
ZAEF and 7 are corresponding angles (AB || CD).

Therefore: # = 135°.
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d)

e)

f)

]
Solution:
7+ ¢ = 180° (£s on a str line)

80° — 135°

I
o
[

o

()

p
Solution:

p = ¢ (vert opp £s =)

Therefore: p = 45°.

Based on the results for the angles above, is EF || CG?

Solution:

To prove EF || CG we need to show that one of the following is true:
* 5= p (corresp £s)

§ =g (alt Ls)
* §+4 7 = 180° (co-int £s)

However § # p, therefore EF is not parallel to CG.

5. Find each of the unknown angles marked in the figure below. Find a reason that leads to the answer in a single step.

a)

b)

o)

d)

Iy

a

Solution:

a and LM N are alternate interior angles on transversal M N. Since LM || NO they must be equal in size.
Therefore a = 50°.

b

Solution:

We have just found that & = 50°. a -+ b+ 90° = 180° (s on a str line)

C

Solution:

ZLPQ and ¢ are corresponding angles (LM || NO).
Therefore: ¢ = 140°.

é

Solution:

¢+ é = 180° (£s on a str line)
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Solution:
d = é (vert opp 4s =)
Therefore: d = 40°.
f) Based on the results for the angles above, is PQ || NR?
Solution:

To prove PQ || NR we need to show that one of the following is true:

b=d (corresp /s)
o b=cé(alt Ls)
b = 180° (co-int £s)
b = d (corresp /), therefore PQ || NR. We also note that b = é and b + & = 180°.

e
¢

6. Determine whether the pairs of lines in the following figures are parallel:

a)
P R
Solution:
If OP || QR then OAB + QBA = 180° (co-int £s). But OAB + QBA = 115° 4 55° = 170°. Therefore there
are no parallel lines, OP is not parallel to QR. Note that we do not consider ST as this is a transversal.
b)
M
(0]
K
Q 1/2 2 45° R
Y40 V'3
L
N P
Solution:
Ky = 180° — 124° = 56° (Zs on a str line). If M N || OP then K> would be equal to L, . M N is not parallel
to OP. Note that QR is a transversal.
o)
K
T 3l 2 Y
959 !
M 2| 4 N
3| 85°
L
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Solution:
Let U be point of intersection of lines KL and TY and V be the point of intersection of lines KL and M N.

Uy = 95°
Uy =180° —95°  (Zson a str line)
U = 85°
Vi=85°  (given)
S Va=U

These are corresponding angles ". TY || M N.
7. If AB is parallel to CD and AB is parallel to EF’, explain why C'D must be parallel to EF.

C D
A B
E F

Solution:
If @ = 2 and b = a then we know that b = 2.
Similarly if AB || CD and EF' || AB then we know that EF' || CD.

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.
1.2G5Y 2.2G5Z 3.2G62 4.2G63 5.2G64 6a.2G65 6b.2G66 6C.2G67 7. 2G68

%
]
www.everythingmaths.co.za m.everythingmaths.co.za

7.2 Triangles

Classification of triangles

Congruency

Similarity

The theorem of Pythagoras

Exercise 7 — 2:

1. Calculate the unknown variables in each of the following figures.

a)
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Solution:
The triangle is isosceles therefore z = y (£s opp equal sides).

180° = 36° — 2z (sum of Zs in A)

2x = 144°
Lrx=T2°=y
b)
N
0
68° -
P (0]
Solution:
z is an exterior angle, therefore PNO + OPN = x (ext £ of A).
z = 30° + 68°
= 98°
c)
N
68° @
P 16} ks"
Solution:
First find y. y + 68° = 180° (Zs on a str line). Therefore y = 112°.
y is an exterior angle, therefore PNO + OPN = y (ext Z of A).
112° = x + 68°
r = 112° — 68°
= 44°
Therefore y = 112° and = = 44°.
d)
N
19, v
116
P 0 "
76
s
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Solution:

NPO =180°— PNO — NOP  (sum of Zsin A)
= 180° — 90° — NOP
=90°— NOP

RSO =180° — ORS — ROS  (sum of Zsin A)
= 180° — 90° — ROS
=90° — ROS
NOP = ROS (vert opp 4£5).
.. NPO = RSO.
Therefore AN PO and AROS are similar because they have the same angles.
Similar triangles have proportional sides:

NP NO
RS~ OR
19 x
76~ 116
Sox =29

15

Solution:
From the theorem of Pythagoras we have:

22 = 15% + 20°
-z =625
=25

> 14 R
6 i i T
P y o S 21 T

Solution:
We note that:

NPO = SRT  (given)
PNO = RTS (given)
-.PNO = RTS (sum ofZs in A)
. ANPO ||| ATSR (AAA)
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Now we can use the fact that the sides are in proportion to find z and y:

NO TS
OP TR
14 21
12 z
21 %12
T
=18
OP SR
NP TR
y 6
12 18
18y =72
y=4

Therefore z = 18 and y = 4.
8)

Solution:
From the theorem of Pythagoras:

z? =15 — 9
r =144
=12
y2 _ 1‘2 + 52
y? =144 + 25
y = V169
y =13
Therefore z = 12 and y = 13.
2. Given the following diagrams:
Diagram A
E
B
A/Q\AC . i
Diagram B
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B E
A @ D F
Which diagram correctly gives a pair of similar triangles?

Solution:

Diagram A shows a pair of triangles with all pairs of corresponding angles equal (the same three angle markers are
shown in both triangles). Diagram B shows a pair of triangles with different angles in each triangle. All six angles are
different and there are no pairs of corresponding angles that are equal.

Therefore diagram A gives a pair of triangles that are similar.
E
A @ D F

E
: /Q\
A C D B

Which diagram correctly gives a pair of similar triangles?
Solution:

Diagram A shows a pair of triangles with different angles in each triangle. All six angles are different and there are
no pairs of corresponding angles that are equal. Diagram B shows a pair of triangles with all pairs of corresponding
angles equal (the same two angle markers are shown in both triangles and the third angle in each triangle must be
equal).

Therefore diagram B gives a pair of triangles that are similar.

3. Given the following diagrams:
Diagram A

Diagram B

4. Have a look at the following triangles, which are drawn to scale:

B F

A m C D q E

Are the two triangles congruent? If so state the reason and use the correct notation to state that they are congruent.
Solution:

We are not told if n = r» and m = g or n = g and m = r therefore we cannot say that the sides are the same length.
Also we are not given any information about the angles of the two triangles. Therefore we cannot say if the two
triangles are congruent.

5. Have a look at the following triangles, which are drawn to scale:

N R
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Are the two triangles congruent? If so state the reason and use the correct notation to state that they are congruent.
Solution:

Note that the two pairs of sides are equal, as indicated by the z and y. In addition, the angle between those two sides
are marked as equal (this is the included angle).

Therefore, these two triangles are congruent. APNM = AQSR, reason: SAS.

. State whether the following pairs of triangles are congruent or not. Give reasons for your answers. If there is not
enough information to make a decision, explain why.

a)
B
E
A
D
Solution:
AC =CE (given)
BC =CD (given)
ACB = DCE (vert opp £s =)
.ANABC = AEDC SAS
b)
B
A @ D
Solution:

We have two equal sides (AB = BD and BC is common to both triangles) and one equal angle (A = D)
but the sides do not include the known angle. The triangles therefore do not have a SAS and are therefore not
congruent. (Note: AC'B is not necessarily equal to DC'B because it is not given that BC' L AD).

Solution:

There is not enough information given. We need at least three facts about the triangles and in this example we
only know two sides in each triangle.

Note that BC'D and EC A are not straight lines and so we cannot use vertically opposite angles.

7.2. Triangles




&)

o]

Solution:

There is not enough information given. Although we can work out which angles are equal we are not given any
sides as equal. All we know is that we have two isosceles triangles. Note how this question differs from part a).
In part a) we were given equal sides in both triangles, in this question we are only given that sides in the same
triangle are equal.

e)

B
A @

D

Solution:
AC = AC (common side)
BAC = DAC  (given)
ABC = ADC  (given)
. ANABC = ANADC AAS
For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’.

la. 2G6G  1b. 2G6H 1c. 2G6)  1d. 2G6K  Te. 2G6M  1f. 2G6N  1g. 2G6P 2.2G6Q
3. 2G6R 4. 2G6S 5.2G6T 6a.2G6V  6b. 2G6W  6¢c. 2G6X  6d. 2G6Y  6e. 2G6Z

L)
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7.3 Quadrilaterals

Mathopenref has some useful simulations on different types of quadrilaterals. Clicking on any of the named quadrilaterals
will take you to a page specific to that quadrilateral.

Parallelogram

Exercise 7 — 3:

1. PQRS is a parallelogram. PS = OS and QO = QR. SOR = 96° and QOR = z.

P S

a) Find with reasons, two other angles equal to x.
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Solution:

SRO = QOR = z (alt Zs; SR || 0Q).

ORQ = QOR = z (s opp equal sides).
Therefore SRO and ORQ are both equal to .

b) Write P in terms of z.
Solution:

P =QRS (opp Zs of || m)
= SRO + ORQ

P =2z

¢) Calculate the value of z.
Solution:

SOR =96°  (given)
SOP = P (Zs opp equal sides)
180° = P + 96° + QOR (sum of Zs on a str line)

84° =2z +
3z = 84°
cox=28°

2. Prove that the diagonals of parallelogram M N RS bisect one another at P.

M N
S R
Hint: Use congruency.
Solution:
First number each angle on the given diagram:
M

In AMNP and ARSP:

M, =R, (ltss; MN | SR)
P, =P; (vert opp £s =)
MN = RS (opp sides of || m)

Therefore AMNP = ARSP (AAS).
Now we know that M P = RP and therefore P is the mid-point of M R.
Similarly, in AMSP and ARN P:

7.3. Quadrilaterals




My =R, (altZs; MS || NR)
P, =P, (vert opp 4s =)
MS = RN (opp sides of || m)

Therefore AMSP = ARNP (AAS).
Now we know that NP = SP and therefore P is the mid-point of N S.
Therefore the diagonals of a parallelogram bisect each other.
For more exercises, visit www.everythingmaths.co.za and click on ‘Practise Maths’. 1. 2G72 2. 2G73
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Exercise 7 — 4:

1. ABCD is a quadrilateral. Diagonals AC' and BD intersectat T. AC = BD, AT = TC, DT = T B. Prove that:

B C

a) ABCD is a parallelogram

Solution:

AT = TC (given)

.. DB bisects AC' at T’

and DT = T'B (given)

. AC bisects DB at T

therefore quadrilateral ABCD is a parallelogram (diag of ||m)
b) ABCD is a rectangle

Solution:

AC = BD (given).

Therefore ABC'D is a rectangle (diags of rectangle).

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’. 1. 2G74
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Rhombus

Square

Trapezium

In British English a trapezium is used to indicate a quadrilateral with one pair of opposite sides parallel while in American
English a trapezium is a quadrilateral with no pairs of opposite sides parallel. We will use the British English definition of
trapezium in this book.
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In British English a trapezoid is used to indicate a quadrilateral with no pairs of opposite sides parallel while in American
English a trapezoid is a quadrilateral with one pair of opposite sides parallel.

Exercise 7 — 5:

1. Use the sketch of quadrilateral ABC'D to prove the diagonals of a kite are perpendicular to each other.

Solution:
First number the angles:

In AADO and AABO:

AD =AB given)
common side)
given)

SAS)

BAO =D
S AADO =A
ABO =A

PR

In AADB:

let Ay = A, = ¢
and let ADO = ABO =p
2t + 2p = 180° (sum of Zsin A)
St+p=90°

Next we note that:

O1 = ABO + A; (ext Z of )

01 =p+t
=90°
. AC 1L BD

Therefore the diagonals of a kite are perpendicular to each other.
2. Explain why quadrilateral W XY Z is a kite. Write down all the properties of quadrilateral W XY Z.
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Solution:

Quadrilateral W XY Z is a kite because is has two pairs of adjacent sides that are equal in length.
e Diagonal between equal sides bisects the other diagonal: WP = PY.
+ One pair of opposite angles are equal: W, = Y;.

» Diagonal between equal sides bisects the interior angles and is an axis of symmetry: X1 = Xo.
» Diagonals intersect at 90°: WY | PX.

For more exercises, visit www.everythingmaths.co.za and click on 'Practise Maths’. 1. 2G75 2. 2G76
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Exercise 7 — 6:

1. The following shape is drawn to scale :

Give the most specific name for the shape.
Solution:

We start by counting the number of sides. There are four sides in this figure and so it is either just a quadrilateral or
one of the special types of quadrilateral.

Next we ask ourselves if there are any parallel lines in the figure. You can look at the figure to see if any of the lines
look parallel or make a quick sketch of the image and see if 