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Abstract

The leverage effect refers to the generally negative correlation between an asset return
and its changes of volatility. A natural estimate consists in using the empirical correlation
between the daily returns and the changes of daily volatility estimated from high frequency
data. The puzzle lies in the fact that such an intuitively natural estimate yields nearly
zero correlation for most assets tested, despite the many economic reasons for expecting
the estimated correlation to be negative. To better understand the sources of the puzzle,
we analyze the different asymptotic biases that are involved in high frequency estimation
of the leverage effect, including biases due to discretization errors, to smoothing errors
in estimating spot volatilities, to estimation error, and to market microstructure noise.
This decomposition enables us to propose novel bias correction methods for estimating
the leverage effect.
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1. Introduction

The leverage effect refers to the observed tendency of an asset’s volatility to be negatively
correlated with the asset’s returns. Typically, rising asset prices are accompanied by declining
volatility, and vice versa. The term “leverage” refers to one possible economic interpretation
of this phenomenon, developed in Black (1976) and Christie (1982): as asset prices decline,
companies become mechanically more leveraged since the relative value of their debt rises
relative to that of their equity. As a result, it is natural to expect that their stock becomes
riskier, hence more volatile. While this is only a hypothesis, this explanation is sufficiently
prevalent in the literature that the term “leverage effect” has been adopted to describe the
statistical regularity in question. It has also been documented that the effect is generally
asymmetric: other things equal, declines in stock prices are accompanied by larger increases in
volatility than the decline in volatility that accompanies rising stock markets (see, e.g., Nelson,
1991; and Engle and Ng, 1993). Various discrete-time models with a leverage effect have been
estimated by Yu (2005).

The magnitude of the effect, however, seems too large to be attributable solely to an increase
in financial leverage: Figlewski and Wang (2000) noted among other findings that there is no
apparent effect on volatility when leverage changes because of a change in debt or number of
shares, only when stock prices change, which questions whether the effect is linked to financial
leverage at all. As always, correlation does not imply causality. Alternative economic inter-
pretations have been suggested: an anticipated increase in volatility requires a higher rate of
return from the asset, which can only be produced by a fall in the asset price (see, e.g., French
et al., 1987; and Campbell and Hentschel, 1992). The leverage explanation suggests that a
negative return should make the firm more levered, hence riskier and therefore lead to higher
volatility; the volatility feedback effect is consistent with the same correlation but reverses the
causality: increases in volatility lead to future negative returns.

These different interpretations have been investigated and compared (see Bekaert and Wu,
2000), although at the daily and lower frequencies the direction of the causality may be difficult
to ascertain since they both appear to be instantaneous at the level of daily data (see Bollerslev
et al., 2006). Using higher frequency data, namely, five-minute absolute returns, to construct a
realized volatility proxy over longer horizons, Bollerslev et al. (2006) find a negative correlation
between the volatility and the current and lagged returns, which lasts for several days, low

correlations between the returns and the lagged volatility, and strong correlation between the



high frequency returns and their absolute values. Their findings support the dual presence of a
prolonged leverage effect at the intradaily level, and an almost instantaneous volatility feedback
effect. Differences between the correlation measured using stock-level data and index-level data
have been investigated by Duffee (1995). Bollerslev et al. (2012) develop a representative agent
model based on recursive preferences in order to generate a volatility process which exhibits
clustering, fractional integration, and has a risk premium and a leverage effect.

Whatever the source(s) or explanation(s) for the presence of the leverage effect correlation,
there is broad agreement in the literature that the effect should be present. So why is there
a puzzle, as suggested by the title of this paper? As we will see, using high frequency data
and standard estimation techniques, the data stubbornly refuse to conform to these otherwise
appealing explanations. We find that, at high frequency and over short horizons, the estimated
correlation p between the asset returns and changes in its volatility is close to zero, instead of
the strong negative value that we have come to expect. At longer horizons, or especially using
option-implied volatilities in place of historical volatilities, the effect is present. If we accept
that the true correlation is indeed negative, then this is especially striking since a correlation
estimator relies on second moment, or quadratic (co)variation, and quantities like those should
be estimated particularly well at high frequency, or instantaneously, using standard probability
limit results. We call this disconnection the “leverage effect puzzle,” and the purpose of this
paper is to examine the reasons for it.

At first read, this behavior of the estimated correlation at high frequency can be reminiscent
of the Epps Effect. Starting with Epps (1979), it has indeed been recognized that the empirical
correlation between the returns of two assets tends to decrease as the sampling frequency of
observation increases. One essential issue that arises in the context of high frequency estimation
of the correlation coefficient between two assets is the asynchronicity of their trading, since
two assets will generally trade, hence generate high frequency observations, at different times.
Asynchronicity of the observations has been shown to have the potential to generate the Epps
Effect.!

However, the asynchronicity problem is not an issue here since we are focusing on the

estimation of the correlation between an asset’s returns and its (own) volatility. Because the

' As a result, various data synchronization methods have been developed to address this issue: for instance,
Hayashi and Yoshida (2005) have proposed a modification of the realized covariance which corrects for this effect;
see also Large (2007), Griffin and Oomen (2008), Voev and Lunde (2007), Zhang (2011), Barndorff-Nielsen et al.
(2011), Kinnebrock and Podolskij (2008), and Ait-Sahalia et al. (2010).



volatility estimator is constructed from the asset returns themselves, the two sets of observations
are by construction synchrone. On the other hand, while asynchronicity is not a concern, one
issue that is germane to the problem we consider in this paper is the fact that one of two variables
entering the correlation calculation is latent, namely, the volatility of the asset returns. Relative
to the Epps Effect, this gives rise to a different set of issues, specifically, the need to employ
preliminary estimators or proxies for the volatility variable, such as realized volatility (RV), for
example, in order to compute its correlation with asset returns. We will show that the latency
of the volatility variable is partly responsible for the observed puzzle.

One further issue, which is in common at high frequency between the estimation of the
correlation between two asset returns and the estimation of the correlation between an asset’s
return and its volatility, is that of market microstructure noise. When sampled at sufficiently
high frequency, asset prices tend to incorporate noise that reflects the mechanics of the trading
process, such as bid/ask bounces, the different price impact of different types of trades, limited
liquidity, or other types of frictions. To address this issue, we will analyze the effect of using
noise-robust high frequency volatility estimators for the purpose of estimating the leverage
effect.?

Related studies include the development of nonparametric estimators of the covariance be-
tween asset returns and changes in volatility in Bandi and Reno (2012) and Wang and Mykland
(2009). Both papers propose nonparametric estimators of the leverage effect and develop the
asymptotic theory for their respective estimators; our focus by contrast is on understanding the
source of, and quantifying, the bias(es) that result from employing what is otherwise a natural
approach to estimate that correlation.

Our main results are the following. We provide theoretical calculations that disentangle the

2In the univariate volatility case, many estimators have been developed to produce consistent estimators
despite the presence of the noise. These include the Maximum-Likelihood Estimator (MLE) of Ait-Sahalia
et al. (2005), shown to be robust to stochastic volatility by Xiu (2010), Two Scales Realized Volatility (TSRV)
of Zhang et al. (2005), Multi-Scale Realized Volatility (MSRV), a modification of TSRV which achieves the
best possible rate of convergence proposed by Zhang (2006), Realized Kernels (RK) by Barndorff-Nielsen et al.
(2008), and the Pre-Averaging volatility estimator (PAV) by Jacod et al. (2009). Related works include Bandi
and Russell (2006), Delattre and Jacod (1997), Fan and Wang (2007), Gatheral and Oomen (2010), Hansen
and Lunde (2006), Kalnina and Linton (2008), Li and Mykland (2007), Ait-Sahalia et al. (2011), and Li et al.
(2009). To estimate the correlation between two assets, or any two variables that are observable, Zhang (2011)
proposed a consistent Two Scales Realized Covariance estimator (TSCV), Barndorff-Nielsen et al. (2011) a
Multivariate Realized Kernel (MRK), Kinnebrock and Podolskij (2008) a multivariate Pre-Averaging estimator,
and Aft-Sahalia et al. (2010) a multivariate Quasi-Maximum Likelihood Estimator (QMLE).



biases involved in estimating the correlation between returns and changes in volatility, when
a sequence of progressively more realistic estimators is employed. We proceed incrementally,
in such a way that we can isolate the sources of the bias one by one. Starting with the spot
volatility, an ideal but unavailable estimator since volatility is unobservable, we will see that the
leverage effect parameter p is already estimated with a bias that is due solely to discretization.
This bias is small when the discretization step is small, but we will soon see that the optimal
discretization step is not small when more realistic measures of volatilities are used. The
unobservable spot volatility is frequently estimated by a local time-domain smoothing method
which involves integrating the spot volatility over time, locally. Replacing the spot volatility
by the (also unavailable) true integrated volatility, the bias for estimating p is very large, but
remains quantifiable. The incremental bias is due to smoothing. Replacing the true integrated
volatility by an estimated integrated volatility, the bias for estimating p becomes so large that,
when calibrated on realistic parameter values, the estimated p becomes essentially zero, which
is indeed what we find empirically. The incremental bias represents the effect of the estimation
error. We then examine the effect of using noise-robust estimators of the integrated volatility,
and compute the resulting additional bias term, which can make the estimated leverage effect
to go in the reverse direction. Based on the above results, we propose a regression approach to
compute bias-corrected estimators of p. We mainly investigate these effects in the context of the
Heston stochastic volatility model, which has the advantage of providing explicit expressions
for all these bias terms. The effect of a jump component in the price process is also further
analyzed.

The paper is organized as follows. Section 2 documents the presence of the leverage effect
puzzle. The prototypical model for understanding the puzzle and nonparametric estimators
for spot volatility are described in Section 3. Section 4 presents the main results of the paper,
which unveil the biases of estimating the leverage effect parameter in all steps of approximations.
Section 5 analyzes the role that price jumps can play when measuring the leverage effect. A
possible solution to the puzzle is proposed in Section 6. Section 7 demonstrates the leverage
effect puzzle, the effectiveness of the proposed solution, and the robustness to alternative models
by Monte Carlo simulations. Section 8 presents empirical studies based on high frequency data
from Standard and Poor’s 500 Index (S&P 500) and Microsoft. Section 9 concludes. The

Appendix contains the mathematical proofs.



2.  Motivation: The leverage effect puzzle

To motivate the theoretical analysis that follows, we start with a straightforward empirical
exercise to illustrate the leverage effect puzzle. Fig. 1 presents the time series of the log-returns
of the S&P 500 index and the index itself. Large volatility periods accompanied by a decline

of the index are symptomatic of the leverage effect.
+++ Insert Figure 1 Here +++

Slightly more formally, a scatter plot of estimated changes of volatilities and returns provides
a simple way to examine graphically the relationship between estimated changes in volatility
and changes in log-prices (i.e., log-returns). Fig. 2 shows scatter plots of the differences of
estimated daily volatilities Vt — ‘A/t,m against the corresponding returns of horizon m days for
several assets, where V; is the integrated daily volatility estimated by the noise-robust TSRV
estimator. If we start with long horizons, as shown in Fig. 2, we see that the effect is present

albeit seriously underestimated in the data.
+++ Insert Figure 2 Here +4+

In addition to the evidence that comes from long horizons, the effect is even stronger empir-
ically if we use a different measurement altogether of the asset volatility, based on market prices
of derivatives. In the case of the S&P 500 index, we employ VIX, which is the square-root of
the par variance swap rate with 30 days to maturity; that is, VIX measures the square-root
of the risk-neutral expectation of the S&P 500 variance over the next 30 calendar days. Using
this market-based volatility measure, the leverage effect is indeed very strong as demonstrated

in Fig. 3.3

3VIX is subject to a risk premium which might make the observed correlation between VIX changes and
asset returns even more negative than what results from the leverage effect, if the risk premium happens to
increase when prices go down. So the point of Fig. 2 is not to suggest that VIX provides a solution to the
measurement problem, but simply to investigate the magnitude of the effect when employing a data source for
volatility that is not directly obtained from the price data itself. The leverage effect can be measured using
options data by estimating a parametric model which also takes into account the risk premia: see, for example,
Pan (2002) who estimates p near —0.5, including jumps in prices, Bakshi et al. (1997) who estimate p in the
range [—0.6, —0.8] without jumps, and around —0.5 when including jumps, and the likelihood-based estimates
in Alt-Sahalia and Kimmel (2007) near —0.75 without jumps but across a wide range of parametric stochastic

volatility specifications.



+++ Insert Figure 3 Here +++

Yet, starting at the daily horizon, even when using high frequency volatility estimates, we
see in Fig. 4 that the scatter plot of Dy =V,—Vi4 against daily returns R; shows no apparent
leverage effect for the different assets considered. As discussed in the Introduction, different
economic explanations provide for different causation between returns and their volatility. To
be robust against the timing differences that different causality explanations would generate, we
next examine scatter plots of different time lags and leads such as {(D,_1, R;)} and {(D;, R;_1)}.
The evidence again reveals no leverage effect. Similar results are obtained if we employ different

time periods and/or different noise-robust volatility estimators such as QMLE or PAV.
+++ Insert Figure 4 Here +++

There are sound economic rationales to support a prior that a leverage effect is present
in the data, and we do indeed find it in Figs. 1 and 2. So why are we unable to detect it on
short horizons based on high frequency volatility estimates that should provide precise volatility
proxies? This is the nature of the “leverage effect puzzle” that we seek to understand. Can it
be the result of employing estimators that are natural at high frequency for the latent volatility
variable, but somehow result in biasing the estimated correlation all the way down to zero?
Why does this happen? The goal of this paper is to understand the sources of the puzzle and

propose a solution.

3. Data generating process and estimators

In order to study the leverage effect puzzle, we need two ingredients: nonparametric volatil-
ity estimators that are applicable at high frequency, and data generating processes for the log-
returns and their volatility in the form of a stochastic volatility model. Employing a specific
stochastic volatility model has the advantage that the properties of nonparametric estimators
of the correlation between asset returns and their volatility become fully explicit. We can derive
theoretically the asymptotic biases of different nonparametric estimators applied to this model,
and verify their practical relevance via small-sample simulation experiments. Putting together,
these ingredients lead to a solution to the leverage puzzle by introducing a tuning parameter
(represented by m below) that attempts to minimize the estimation bias. Of course, this so-

lution assumes the constraints implicit in the estimation of the leverage effect in practice: in



keeping with the spirit of the analysis of the paper, we attempt to fix the estimator employed
in practice, rather than design a better estimator from scratch. In Section 5 and Section 7,
we discuss generalizations of the model considered here; in particular, we study what happens

when jumps are present.

3.1.  Stochastic volatility model

The specification we start with for this purpose is the stochastic volatility model of Heston

(1993) for the log-price dynamics:
dX, = (1 — v, /2)dt + v}"*dB, (1)
dvy = k(o — vp)dt + W/tl/gth, (2)

where B and W are two standard Brownian motions with E(dB;dW;) = pdt, and the parameters
1, o, K, v, and p are constants. We assume that the initial variance 1y > 0 is a realization from
the stationary (invariant) distribution of (2) so that v, is a stationary process. Under Feller’s
condition 2k > 2, the process v, stays positive, a condition that is always assumed in what
follows. Note that

p = lim Corr(vp4s — vy, Xytrs — Xi) (3)

5—0
so that the leverage effect is summarized by the parameter p under the Heston model (1)—(2).

/% in the following. In Section 5 and Section 7, we will add jumps to the

We use o, to denote th
model to investigate their impact on the estimation of p.

Throughout the paper, we refer to the correlation (3) between changes in volatility and
changes in asset log-prices, i.e., returns, as the “leverage effect.” Other papers define it as the
correlation between the level of volatility and returns, or the correlation between the level of
absolute returns and returns (see, e.g., Bollerslev et al., 2006.) The latter definition, however,
would not predict that the parameter p should be identified as the high frequency limit of
that correlation; while that alternative definition is appropriate at lower frequencies, it yields
a degenerate high frequency limit since it measures the correlation between two variables that
are of different orders of magnitude in that limit. High frequency data can be employed to
estimate the correlation between volatility levels and returns, but only over longer horizons, as
it is indeed employed in Bollerslev et al. (2006).

We consider a different problem: the nature of the “leverage effect puzzle” we identify lies

in the fact that it is difficult to translate the otherwise straightforward short horizon / high

frequency limit (3) into a meaningful estimate of the parameter p.

8



3.2.  Nonparametric estimation of volatility and sampling

Our first task will be to understand why natural approaches to estimate p based on (3) do
not yield a good estimator when nonparametric estimates of volatility based on high frequency

data are employed. With a small time horizon A (e.g., one day or A = 1/252 year), let

t
Via = / veds (4)
t—A

denote the integrated volatility from time ¢t — A to t and \A/LA be an estimate of it based on
the discretely observed log-price process X;, which additionally may be contaminated with the
market microstructure noise. Recall that the quantity of interest is p and is based on (3).
However, the spot volatility process v; is not directly observable and has to be estimated by

Aflf/t,A. Thus, corresponding to a given estimator V, a natural and feasible estimator of p is
p= COTT(VtJrs,A - %,A, Xiys — Xt)- (5)

With s = A, IA/H& A and V}A are estimators of integrated volatilities over consecutive intervals.
This is a natural choice for parameter s: changes of daily estimated integrated volatility are
correlated with changes of daily prices in two consecutive days. However, as to be demonstrated
later, the choice of s = mA (changes over multiple days apart) can be more advantageous.

We now specify the different nonparametric estimators of the integrated volatility that will
be used for Vt,A. We assume that the log-price process X, is observed at higher frequency,
corresponding to a time interval ¢ (e.g., one observation every ten seconds). In order for the
nonparametric estimate Vt,A to be sufficiently accurate, we need § < A; asymptotically, we
assume that A — 0 and 6 — 0 in such a way that A/d — oc.

In the absence of microstructure noise, the log-prices X; a5 (1 = 0,1,--- , A/d) are directly

observable, and the most natural (and asymptotically optimal) estimator of V; A is the realized

volatility
A/5-1
ngv - Z (Xi—ararns — Xi-ati)® (6)
=0

Here, for simplicity of exposition, we assume there is an observation at time ¢t — A, and that the
ratio A /0 is an integer (denoted by n throughout the paper); otherwise A/§ should be replaced
by its integer part [A/d], without any asymptotic consequences.

In practice, high frequency observations of log-prices are likely to be contaminated with

market microstructure noise. Instead of observing the log-prices X; a5, we observe the noisy



version
Zy—A+vis = Xe—Atis T €—Atis, (7)

where the €;_a;5’s are white noise random variables with mean zero and standard deviation o..
With this type of observation, we can use noise-robust methods to obtain consistent estimates
of the integrated volatility. We will primarily employ PAV as it is one of the rate-efficient
estimators. Results for TSRV are available in the Appendix for comparison purposes. The
PAV estimator with weight function chosen as g(x) = x A (1 — z) is defined as follows: with
Opay a constant and k, = [Opav+y/n] the window length over which the averaging takes place,
let

n—kn+1 kn—1 |kn/2]—1
V;PAV. 9PAV\/_ Z " sz:/zj i At (i+5)s Z i At (i45)s )
6 n—1
Zyas(isn)s — Zi-nvis)’- 8
Q%Avn ;( t—A+(i+1)6 t—A+ 5) ( )

A consistent estimator of the variance of this estimator is available, as well as a consistent

estimator of the integrated quarticity [ , otds (see (62)).

4. Biases in estimation of the leverage effect

We now present the results of the paper, consisting of the biases of estimators of the leverage
effect parameter p in four progressively more realistic scenarios, each employing a different non-
parametric volatility estimator. We stress again that our purpose in analyzing these estimators
is to match the empirical practice. These progressive scenarios help us document an incremen-
tal source for the bias: discretization, smoothing, estimation error, and market microstructure
noise. The results in this section are based on the model (1)—(2): we apply nonparametric

estimators, but study their properties when they are applied to a specific parametric model.

4.1.  True spot volatility: Discretization bias

First, we consider the unrealistic but idealized situation in which the spot volatility process
vs is in fact directly observable. This helps us understand the error in estimating p that is due
to discretization alone. Theorem 1 reports the correlation between asset returns and changes

of the instantaneous volatility, from which the bias can easily be computed.
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Theorem 1. Changes of the true spot volatility and changes of log-prices have the following

correlation:

l—e ks
P "
Corr(Vst — vy, Xsyt — X¢) = ) (9)

o+ =) (8- 2) s

Let us denote the right-hand side of the expression in (9) as Ci(s,,v,a, p). From The-

orem 1, the bias due to the discrete approximation can be easily computed, in the form
Ci(s,k,y,a,p) — p. In particular, we have the following proposition expressing the bias as
a function of the integration interval A and the interval length over which changes are evalu-

ated, mA, m > 1, under different asymptotic assumptions on the sampling scheme:

Proposition 1. When mA — 0 (either with m fized and A — 0, or m — oo and mA — 0),
we have

p(v* — dykp + 4K°)
16K

Since the value p is negative, the first order of the bias is positive, which pulls the function

mA + o(mA). (10)

COTT<Vt+mA — Vg, Xipma — Xt) =p—

Cy(s,k,7v,a, p) towards zero, weakening the leverage effect. Fig. 5 shows how the function
C1(mA, K, 7, a, p) varies with m for two sets of parameter values: (p, k,~, a, ) = (—0.8,5,0.5,
0.1,0.05) and (p, k,7, o, 1) = (—0.3,5,0.05,0.04,0.02) when A is taken to be 1/252 (one day).
The former set of parameters was adapted from those in Ait-Sahalia and Kimmel (2007) and
the latter set was taken to weaken the leverage effect but still maintain Feller’s condition:

2ka > 2. As expected, the smaller the m, the smaller the discretization bias.

+++ Insert Figure 5 Here ++4+

4.2.  True integrated volatility: Smoothing bias

The spot volatilities are latent. They can be (and usually are) estimated by a local average of
integrated volatility, which is basically a smoothing operation, over a small time horizon A. How
big are the biases for estimating p even in the idealized situation where the integrated volatility is
known precisely? The following theorem gives an analytic expression for the resulting smoothing

bias:

Theorem 2. Changes of the true integrated volatility and changes of log-prices have the fol-

lowing correlation:
Cort(Vigma.a — Via, Xepma — Xi) = A/ (ByCh), (11)

11



where

Ay = 29(1 — Ak) + 4AK?p — 2ye B 4 g~ AK(m+Y (€227 (v — drp) — 262" (v — 26p) +7)

By = 2y/e-dntmt1) (2e6m — (¢Ar — 1)%) 4 27k — 2,

and

Cy = /7?2 (Akm + e=8mm — 1) + dykip (—Arm — e=85m 4 1) + AARPm.

While the expressions in Theorem 2 are exact, further insights can be gained when we
consider the resulting asymptotic expansion as A — 0. We consider both situations where m

is fixed and m — oo while still mA — 0.

Proposition 2. The following asymptotic expansions show the incremental bias due to smooth-

ing induced by the local integration of spot volatilities:
(2m —1)
m? —m/3
{ O(A) when A — 0 for any m

o(mA) when m — co and mA =0

Corr(Vigma.a — Via, Xegma — Xy) = Corr(Vppma — v, Xegma — Xi) (12)

The first factor on the right-hand side of (12) is the same as if the true spot volatility were
observable. For the second factor, it is the asymptotic bias, which is /3/8 ~ 0.612 when
m = 1. Note that the asymptote of the bias factor

(2m - 1) :1+O(i

when m is large. 13
T3 —) g (13)

Hence, when m is large, the bias of estimated p based on integrated volatilities is asymptotically
the same as that of the estimated p based on spot volatilities.

Fig. 5 shows the resulting numerical values for the same sets of parameter values considered
above. They are plotted along with the correlations of the other estimators to facilitate com-
parisons. First, as expected, the bias is larger than that when spot volatilities are available.
Fig. 5 also reveals an interesting shape of biases of the idealized estimate of spot volatility.
When m is small, the bias is large and so is when m is large. There is an optimal choice of
m that minimizes the bias. For the case A = 1/252, with the chosen parameters as in the left
panel of Fig. 5 [(p, &, v, a, u) = (—0.8,5,0.5,0.1,0.05)], the optimum is my = 8 with the optimal
value —0.74, leading to a bias of 0.06. On the other hand, using the natural choice m = 1, the

estimated correlation is about —0.5, meaning that the bias is about 40% of the true value.

12



4.3.  Estimated integrated volatility: Shrinkage bias due to estimation error

Theorems 1 and 2 provide a partial solution to the puzzle. If the spot volatility were
observable, the ideal estimate of leverage effect is to use the change of volatility over two
consecutive intervals against the changes of the prices over the same time interval, i.e., m = 1.
However, when the spot volatility has to be estimated, even with the ideally estimated integrated
volatility V; a, the choice of m = 1 is far from being optimal. Indeed, the resulting bias is quite
large: for p = —0.8, with the same set of parameters as above, the estimated p is about —0.5
even when employing the idealized true integrated volatility V; o. When the sample version
of integrated volatility is used, we should expect that the leverage effect is further masked by
estimation error. This is due to the well-known shrinkage bias of computing correlation when
variables are measured with errors. In fact, we already know that it becomes so large that it
masks completely the leverage effect when m = 1 is used as in Fig. 4. We now derive the
theoretical bias expressions corresponding to this more realistic case.

The following theorem calculates the bias of using a data-driven estimator of the integrated
volatility in the absence of microstructure noise. In other words, we use the realized volatility
estimator. As introduced in Section 3.2, we use n to denote the number of observations during
each interval A, and assume for simplicity that the observation intervals are equally spaced at

a distance § = A/n.

Theorem 3. When A — 0 and nA — C € (0,00), the following expansion shows the incre-

mental bias due to estimation error induced by the use of RV:

COH(‘Z&T&A,A - ‘752/, Xipma — Xt) (14)
(2m —1) 12ak + 672 ! Ry
= Corr(Virma — Viy Xiema — X 1+ + R,
(Verma — Ve, Xeyma t)2 e (3v2m — ?)rC — %W%QCCm

where REY is O(A) for any fized m, with C,, above replaced by 0; and o(mA) when m*A —
Cr, € (0,00).

The above theorem documents the bias when there is no market microstructure noise. In-
terestingly, it is decomposed into two factors. The first factor is the smoothing bias and the
second factor is the shrinkage bias due to the estimation errors. The second factor reflects the
cost of estimating the latency of volatility process. The larger the C', the smaller the shrinkage
bias. Similarly, within a reasonable range such that mA is not too big, the larger the m, the

smaller the shrinkage bias.

13



To appreciate the bias due to the use of RV, the main term in Theorem 3 as a function of
m is depicted in Fig. 5 for the same sets of the aforementioned parameters. The daily sampling
frequency is taken to be n = 390 (one observation per minute) so that C' = 390/252. The
choice of m = 1 corresponds to the natural estimator but it results in a very large bias.

Even in the absence of market microstructure noise, the estimated correlation based on the
natural estimator

ﬁRv = COYY(VtEVA,A - ‘Z&/? Xiya — Xy) (15)

is very close to zero. This provides a mathematical explanation for why the leverage effect
cannot be detected empirically using a natural approach. On the other hand, Theorem 3 also
hints at a solution to the leverage effect puzzle: with an appropriate choice of m, there is hope
to make the leverage effect detectable. For the left panel of Fig. 5, if the optimal m = 15 is

used, the estimated correlation is about —0.68, when the true value is —0.8.

4.4.  Estimated noise-robust integrated volatility: Shrinkage bias due to es-

timation error and noise correction error

Under the more realistic case where the presence of market microstructure noise under (7)
is recognized, the integrated volatility V; is estimated based on noisy log-returns, using bias-
corrected high frequency volatility estimators such as TSRV or PAV. In this case, as we will see,
detecting the leverage effect based on the natural estimator is even harder. It may in fact even
result in an estimated correlation coefficient with the wrong sign. Again, the tuning parameter
m can help with the issue.

We consider the PAV estimator as defined in (8), the corresponding result for TSRV can be
found in the Appendix.

Theorem 4. When A — 0, n'/2A — Cpay, and 02/A — C. with Cpay and C. € (0,00), the
following expansion shows the incremental bias due to estimation error and noise correction

induced by the use of PAV:

Corr(Vimaa = ViRV, Ziyma — 1) (16)
(2m —1)

2/m? —m/3

where REAV is O(A) for any fized m, with C,, below replaced by 0; and o(mA) when m?A —

= Corr(Vprma — Vi, Xeyma — X¢) (1+ A4+ By + 04)*1/2 + RfAV
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Cm € (0,00), and

A — 24®g,0pay (20K +77)
LT 3Chavry(6m — 2 — 3kC,,)
b 96D,,C.
L Opav 2 Cpavy2(6m — 2 — 3kChy)
48P,,C?
04 _ 11V

T 03y 3Cravar?(6m — 2 — 3kC,,)’

_ _ 1 _ 1 _ _151
where 1y = Q1 =5, P12 = 55, P2 =

1_127 967 80640 °

For the same reasons behind the above theorem, using the parameter m helps in resolving
the leverage effect problems. When fpay is taken to be 0.5, with m = 1 and the same set of
parameters (p, k,7v, «, i, A, n) = (—0.8,5,0.5,0.1,0.05,1/252,390), the leverage effect is barely
noticeable whereas using m = 25 yields a correlation of about —0.60. Even though the bias is
large, the leverage effect is clearly noticeable.

Again, the estimation biases can be decomposed into two factors. The first factor is the
smoothing bias, the same as that in the RV. The second factor reflects the shrinkage biases due
to estimation errors and noise correction errors. The rate of convergence of PAV is slower than
that of RV (but RV is biased). This is reflected in the factor Cpay which is of order n'/2A,
rather than C' = nA in RV.

Theorem 4 and a parallel result to Theorem 4 for TSRV (see Theorem 6 in the Appendix) are
illustrated in Fig. 5 in which the main terms of the correlations are graphed. For TSRV, when
Orsry is taken to be 0.5 (see details about the TSRV setting and notation in the Appendix),
with m = 1 and the same set of parameters (p, k, 7y, a, A,n) = (—0.8,5,0.5,0.1,1/252,390), the

leverage effect is nearly zero whereas using m = 37 yields a correlation of about —0.48.

4.5.  Another view on sources of biases

The correlation between the returns of an asset and their volatilities is their covariance
divided by their standard deviations. A natural question is which of these three quantities are
understated/overstated in the process. We focus on the case where m?A — C,, € (0,00) for

ease of presentation below.
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Under the conditions of Theorem 4, we have (see details in the Appendix)

Cov(VEAA = VIR, Zitma — Z) = Cov(Vigman — Via, Xeama — Xi))(1 + 0o(mA)),
1

m
Var(Zt+mA — Zt) = Var(X,H,mA — Xt)[l -+ O(mA)]

Var(VEW, o = VYY) = Var(Vipmaa — Via)[l + O(—) + o(mA)],

That means that the shrinkage bias due to estimation error mainly comes from the denominator,
more specifically, the variance of change in volatilities.
By contrast, both the covariance and variance contribute to the source of the smoothing

bias. Indeed, under the same conditions as above, we have
1
COV(WerA,A - ‘/;‘,,Aa Xitma — Xt)) =A COV(Vt+mA — Vg, Xprma — Xt)(l - % + 0(mA>)7
1
Var(Vigmaa — Via) = A? Var (v ma — ) (1 — 3 + o(mA)).

Hence, both the numerator and the denominator, more specifically, the covariance and the
variance of change in volatilities, contribute to the smoothing bias.

For the discretization bias, we have the following relations:

1 1
—— Cov(Virma — Ve, Xirma — Xi) = ayp — §a’ympmA + o(mA),

mA
— Var(Vyyma — ) = ay? — 5@72/€mA + o(mA),
1 aymA(y — 4k
m_A Var(Xt+mA - Xt) =a+ 7 (87{ p) + O(mA)

They imply that all three components in the calculation of the correlation contribute to the

discretization bias.

5. The effect of jumps

Jumps are an important feature of asset returns. The extent to which their presence impacts
the measurement of the leverage effect depends primarily on two factors: first, price jumps that
are not accounted for when estimating volatility do bias upwards the volatility estimates and
affect the correlation measurement; second, if there are jumps in volatility and the volatility
process tends to jump at the same time as the price process, then the bias can go in either

direction depending upon whether those co-jumps tend to be of the same sign or not.
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If we allow for co-jumps in price and volatility, then the notion of a leverage effect needs to
be extended to incorporate not only the correlation arising between the two Brownian shocks,
but also the correlation arising between the two jump terms. This results in a total covariation

that includes both a continuous and a discontinuous part, namely,

t
pfy/o vsds + Zogsgt (AX) (Avy),

where AX, and Av, denote jumps in log-price and volatility, respectively. The total quadratic

variations are

t t
/0 veds + Zogsgt (AX5)2 and 72/0 veds + Zogsgt (Avs)2.

Now there are different possible definitions for the leverage effect: one is p, as before, which
we can estimate using the continuous part of the covariation. But another part is due to the
co-jumps, » ., (AX;) (Avy).

The two parts can in principle be estimated consistently, although any estimates of the latter
are likely to be unreliable in practice since they would necessarily rely on observing jumps that
are rare to begin with for each series, but in fact rely on jumps in both price and volatility series
that happen at the same time. We will therefore focus on analyzing the first effect, namely, the
impact of price jumps on estimating the correlation between the Brownian shocks to price and
volatility, involving a direct effect on the covariation measurement and an indirect effect on the
volatility level measurement. The impact of co-jumps will be studied via simulation in Section
7.2.

We consider for this purpose a natural extension of the Heston model that allows for jumps

in the price process, as follows

dX, = (1 — v,/2)dt + v;*dB, + J,dN, (17)
dvy = k(o — vy)dt + ’yutl/2th, (18)

where B, and W, are Brownian motions with correlation p, N, is a Poisson process with intensity
A, and J; denotes the jump size which is assumed independent of everything else. We assume
that J; follows a distribution with mean zero and variance o%. We label this model Heston(J).

We analyze what happens to natural estimators of the leverage effect parameter p. In the

absence of market microstructure noise, we employ the truncated realized volatility estimator

AJ5—1
~RV,TR __ 2
Vt’A = Z (Xi—at(i+1)s — Xi—atis) 1{‘Xt—A+(i+1)5_Xt—A+i6 <a5=} (19)
i=0
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for some w € (0,1/2) and a > 0. VLPX’TR

is a consistent estimator of the integrated volatility
Via that filters out the large increments for the purpose of computing the continuous part of
the quadratic variation. By including only increments that are of an order of magnitude smaller
than what the jumps can generate, this estimator computes the sum of squared log-returns only
for log-returns that are likely to have been generated by the Brownian part of the model, and is
known to effectively address the problem of the upward bias in volatility that is caused by the
jumps (see Mancini, 2009 and Ait-Sahalia and Jacod, 2009). Without truncation, price jumps
could be a substantial source of attenuation of the leverage effect.

We have the following result about the correlation when the truncated realized volatility is

used as a proxy for the continuous part of the volatility:

Theorem 5. When A — 0, nA — C, and m*A — C,, with C, C,, € (0,00), and 5/16 <
w<1/2,

(2m —1)

Corr(‘zi\gzi - A;X/’TR, Xiyma — Xi) = Corr(Viyma — v, Xepma — Xi) 2 (20)
m?—m/3
2 ~1/2 Yo _ qop 2
(1+ 12ak + 67 ) a+ (5 — 1%)mA + o(mA)
| ' o(mA).
(3v2m — 42)kC — 342k2CC,y, o+ 02X+ (2 - 252)mA

Theorem 5 shows that, once we filter out the jumps using truncated realized volatility, then
up to an additional bias factor which is due to the addition of jump variance in the variance of
Xitma — X3, the estimated leverage effect p is subject to the same bias terms as when jumps

are absent.

6. A solution to the puzzle

Sections 4 and 5 documented the various biases arising when estimating the leverage effect
parameter p in four progressively more realistic scenarios. The message was decidedly gloomy:
even in idealized situations, the bias is large, and attempts to correct for the latency of the
volatility, or for the presence of market microstructure noise, do not improve matters. In fact,
they often make matters worse. But, fortunately, they also point towards potential solutions
to the bias problem, even if one insists upon using estimators that are constructed by plugging

into the correlation log-returns and realized volatility-type estimators.
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6.1.  Back to the latent spot volatility

We focus on model (1)-(2) first. We show that all the additional biases that are introduced
by the latency of the spot volatility can be corrected, and the problem is reduced to the
discretization bias left in Theorem 1.

Recall the asymptotic expression given in Proposition 2, which can be inverted to yield:
2/m?—m/3
(2m —1)

N { O(A) when A — 0 for any m

o(mA) when m — oo, mA — 0

COTT(Vt+mA — U, Xeyma — Xt) = COH(V;erA,A - Vt,A, Xigma — Xt) (21)

Thus, up to a multiplicative correction factor that is independent of the model’s parameters,
the integrated volatility V' can work as well as the spot volatility . The effectiveness of this

simple bias correction is demonstrated in Fig. 6.
+++ Insert Figure 6 Here +++

In the absence of microstructure noise, using the realized volatility (6), the asymptotic
relative bias in comparison with the use of the true spot volatility is given by Theorem 3.
Using the expressions given there, we can correct the bias due to the estimate by realized
volatility back to that based on the spot volatility. However, such a correction involves unknown
parameters in the Heston model, which is nontrivial to estimate due to the stochastic volatility,
which relies on a nonparametric correction. An alternative approach is to use the following
result, demonstrated in the Appendix. This avoids the challenge of directly estimating the
unknown parameters in the model. For ease of presentation we again focus on the case where

m2*A — C, € (0,00) in the following.

Proposition 3. When A — 0, nA — C and m*A — C,, with C and C,, € (0,00),

C . X _ X)) = MC RV _ VRV x _X A
Orr (Virma — Ve, Xegma ) =C3 2m—1) Orr(‘/terA,A Via» Xttma t) +o(mA),
(22)
where c3 is given by
~1/2
4F [0} A?
03:<1— ARVH ARV> : (23)
nvar(vt+mA,A - Vt,A)
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Note that in (23), the stationarity of the process of 14 is used so that the correction factor
does not depend on .

In practice, we can estimate E [o}] nonparametrically based on the fact that the realized
quarticity

R = 23" (Xiviirns — Xevas)'
satisfies
E[RQ}] = A’Elo)(1+ o(1)) (24)

for any fixed A as n — oo. A long-run average of scaled realized quarticity can be used to
estimate E [o}]. The variance in (23) can be estimated by its sample version.

For the PAV estimator, the bias correction admits the same form as (22) with a different
correction factor.
Proposition 4. When A — 0, n'2A — Cpay, 02/A — C., and m*A — C,, for constants
Cpav, C., and C,, € (0,00),

2v/m?2 —m/3
Corr (Vepma — Vi, Xeyma — Xi) = 04(2m—_1)/ Corr(VHmA A V; AN Zivma — Zy) + o(mA),
(25)
where Iy
2(A+ B, + C}
€= (1 12 : j;Av : >PAV ) ’ (26)
n Var(‘/;erAA Via )
with
Aﬁl _ 4(13220pAvE [0’?] A2 B’ _ S(I)HE [03] UzA C:L _ 4@110?

3 27
QPAV 2

V3 o Opavths
where Py, P11, Do, Pog are the constants given in Theorem 4.

One can make use of the long-run average of the quantity I'}? defined in Jacod et al. (2009)
to estimate A}, + B} + C}:

1D n—kn+t1 ken—1 |kn /2] 1
n __ 22 4
b= 30pav Al/293 Z > Zeasiens - Z Zi-n+(+9)5)
=0 ] Lkn/2J
45 By DBy TR e
03 A3/2(W_F) > <k Z Zt=A+(i+9)8 Z Z— At (it5)s
PAV 2 2 P n )
i+2kn,—1
Z (Zi—at(+1)5 — Zt—A+j6)2>

B P <1> c1> 2
11 12 22 2 2
+W(w_% Z (Zs— A+(i+1)8 — Zi—A+is) (Zt—A+(i+3)6 - Zt—A+(i+2)6) .



Then, we have,
ETy) =AY A + By + C))(1+0(1)) (28)

for any fixed A as n — oo. A long-run average of scaled I'}' can be used to estimate A} + Bj+C.

A result parallel to Proposition 4 for TSRV (see Proposition 6) can be found in the Appendix.

6.2.  Correction in the presence of jumps
In the presence of jumps, for model (17)—(18), we have the following result.

Proposition 5. When A — 0, nA — C, and m*A — C,, with C and C,, € (0,00), and
5/16 < w < 1/2,

2+/m2 —m/3 . .
(Qm——l)/ Corr(V A V™ X — Xo) +o(mA),

(29)

COrr(VterA — Uy, Xt+mA - Xt) =Cs

where c5 is given by

~1/2
5= [1- AE [0}] A® / ( Var(Xeyma — Xi) >1/2 (30)
’ nVar(f/tT:rE{A — ‘A/JXZ’TR) Var(Xipma — Xi) — Val"(J(t,t+mA)) 7

Cl’rLd J(S,t) - ZT’G[S,t] (XT‘ - Xr,nf).

To implement the result above in practice, we can estimate E [o] consistently using a long-

. .. -1
run average of truncated realized quarticity %Z?:o (Xit(ir1)s — Xegis)'1 (X5 Xeis| <= }

(scaled by A?), and Var(Jiiyma)) by m times the long-run variance of Y " (Xii(t1)s —

Xt+i6)1{|Xt+(i+1)6_Xt+i5|>a5w}7 for some @ > 0 and 5/16 < @ < 1/2.

6.3.  Correcting the discretization bias from spot volatilities

The above results reveal that the biases due to the various estimates are correctable back
to the case where the spot volatility can be viewed as observable. However, Theorem 1 implies
that the estimate of p based on 14 itself is also biased. If the model were known, then the bias
in (10) can be computed and corrected. However, this depends on the Heston model and its
unknown parameters.

A parameter-independent method is as follows. Let p,, = Corr(viima — Vi, Xivma — X4).

Then, by Theorem 1 we see that
Pm = p+bm + o(mA). (31)
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This suggests that the parameter of interest p (as well as the slope b but this is not needed)
can be estimated by running a linear regression of the data {(m,p,)}. The bias-corrected
estimate of p is simply the intercept of that linear regression. The scatter plot of {(m, p,,)} can
also suggest a region of m to run the above simple linear regression (31). A data-driven choice
of the range of m to be used for the regression is given in Section 7.1.2.

The above discussion suggests a rather general strategy for bias correction. First, compute
the simple correlation between estimated changes of volatilities and changes of prices. Second,
conduct a preliminary bias correction according to (21) — (30) or (61), depending on which
estimated volatilities are used. Third, run the simple regression Eq. (31) for the preliminary
bias-corrected estimated correlations. Fourth, take the intercept of the simple linear regression

as the final estimate. The method turns out to be very effective in practice, as we now see.

7. Monte-Carlo simulations

In this section, we use simulations to reproduce the leverage effect puzzle and its proposed
solution, and to verify the practical validity of the results presented in the previous sections at
finite sample. We devised the bias terms and their correction using the tractable mathematics
of the Heston model. In these simulations, we first seek both to validate the theoretical results
presented in the previous section under the Heston model, and then examine the conjecture
that these corrections can be useful in practice under different data generating processes than

what was assumed in the theory part of the paper.

7.1.  Data generating processes under prototypical models

We first validate the theoretical results above using the Heston model (1)—(2) without price
jumps, and then with price jumps (17)—(18), as assumed in our derivations. We employ broadly
realistic parameter values: o = 0.1, v = 0.5, kK =5, p = —0.8, and p = 0.05 over 252 x5 trading
days in five years (A = 1/252). The sampling frequency is one minute per sample, giving an
intraday number of observations of n = 390. Therefore, the total number of observations over
five years is N = 252 % 390 x 5 = 491,400. The true price is latent. Instead, the observed data
{Zis};22*% are contaminated with market microstructure as in (7): the noise is independent
and identically distributed (i.i.d.) A(0,0?) with o, = 0.0005.
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7.1.1.  Visualizing the leverage effect puzzle

With the latent spot volatility 1, and latent price X; known in simulated data, we can easily
examine the correlation of {(X;a — X—1)a, 1A — V¢—1)a)} over N observations. As expected,
the leverage effect is strong, with the sample correlation being —0.79 for a given realization.
This is in line with the result of Theorem 1.

Next, consider the more realistic situation that the spot volatility needs to be estimated

by a smoothing method such as a local integrated average Vin = f:ﬁ A oZdt. A natural
estimate is the average of daily spot volatility V; A = Z] NN +iA/n In this ideal

. . 2 . . . _ 71 .
situation, o7 A\ ja/, 18 known, resulting in V;a = n ijl o A A/ The correlation of

1229 is —0.49 for the given realization examined above.

{(Xsa — Xea, Visnaa — Viaa) b2
This is in line with the result of Theorem 2. The magnitude of the leverage effect parameter
p is significantly under estimated. To appreciate the effect of the tuning parameter m, the

1260 ™ and

upper panel of Fig. 7 plots the correlation {(Xymja — Xia, Viermiaa — Vean) bz
{(Xatma — Xia, Vigmyaa — Viaa) bz 12607 against m. To examine the sampling variabilities,
the simulation is conducted one hundred times. The averages of the sample correlations are
plotted along with its standard deviation (SD) in the figure. The impact of m can easily be

seen and the natural estimate based on V; o with m =1 is far from optimal.
+++ Insert Figure 7 Here ++4+

In practice, the integrated volatility is not observable. It has to be estimated using the
discretely observed data. In absence of the market microstructure noise, the realized volatility
provides a good estimate of the integrated volatility. Using RV based on the simulated latent
prices X, we have a sample correlation of —0.26 for the same realization discussed above based
on {(X11)a — XtA7V(t+1)AA VRVA)H2. More generally, the correlation of {(X(pm)a
Xin, V(ter)AA VtA V) HZYT™ as a function of m is depicted in the lower left panel of Fig. 7.
As above, this is repeated one hundred times so that the average correlations along with their
errors at each m are computed.

For a more realistic situation, the integrated volatility has to be estimated based on the
contaminated log-prices Z; in (7). The volatility parameter is now estimated by the correlation
VR VO 08 {(Zigsmys — Zus, VISR, o — VRSV 1200 i

a suitable choice of m. The lower mlddle and lower right plots of Fig. 7 show the correlation

{(Z@+m)a = Zea, ‘/(ItD+Am AA
as a function of m. In particular, when m = 1, the sample correlation is merely —0.13 for
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PAV and —0.06 for TSRV for the same simulated path as mentioned above, which would be
interpreted in practice as showing little support for the leverage effect. But we know that this
is due to the statistical bias of the procedure as demonstrated in Theorem 4 and Theorem 6.
For this realization, using PAV with m = 31, the sample correlation is —0.63; and using TSRV
with m = 50, the sample correlation is —0.53. While this is still a biased estimate, the leverage
effect can be clearly seen.

The averages of these correlations, based on the one hundred simulations, against m are

plotted together in Fig. 8. These are in line with the theory (see the left panel of Fig. 5).

+++ Insert Figure 8 Here +++

7.1.2.  Effectiveness of the bias correction method

We now illustrate the effectiveness of the bias correction method proposed in Section 6. We
simulate sample paths with the same parameters as above. Orsgy and fpay are both taken to
be 0.5.

For each volatility or volatility proxy v, V, VRV, VPAY

, and VTSRV, let p,,, be the sample ver-
sion or bias-corrected estimate of p,, = Corr(vyrma — Vi, Xi4ma — X¢). We call this preliminary
bias-correction. In practice, the model parameters are unknown. We use the non parametric
methods as described in Section 6.1 to obtain the preliminary corrections. More specifically,
Elo}] in RV is estimated by the long-run average of scaled realized quarticity based on Eq.
(24); A} + B} + C} in PAV is estimated by the long-run average of scaled I'}" based on Eq. (28).
For the unknown values of E[o{] and ¢2 in TSRV, we use long-run average of Q} as defined in
(62) and long-run average of (‘A/tfg/ — ‘A/;FASRV) /2n as discussed above Eq. (62) in the Appendix.

In our simulation and empirical studies, we employ the following automated method to
select the range of m for the linear extrapolation in Section 6.3. Note that the average of p,,
over many simulations should behave like the black solid curve in Figs. 5, 6, or 8. For each
given sample path, p,, can deviate from the theoretical curve as demonstrated in (the left panel
of) Fig. 9, and the deviation can be large when m is small. Therefore, choosing an appropriate
range for linear extrapolation is important and challenging. Our data-driven procedure goes as

follows

1. Compute p,, for every m in [1,I] (I = 252, say). Let m;y, mg, mg be the positions
corresponding to the smallest, second smallest, third smallest among {ﬁm}%gzao (ag = 6,

say, which avoids instable estimates for small m). The notation {4 e, means the
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sequence p, when m runs from ag to /2. Set m* = max{mi, mg, mg}. m* basically
corresponds to the minimum value of {ﬁm}ir/f:ao, but is computed more robustly. It is the

lower end point of the range of m to be used for regression.

2. Run the simple linear regression based on the pair of the data {m, p,, m=tk for k in
[ko, L — m*], where ko (= 11, say) is the minimum number of data points needed to run
such a regression. Let k* be the value of k that corresponds to the largest multiple-R2.

It is taken to determine the upper end point of the range of values of m to be used.

m*+k*,

3. Run a regression based on {m, p, }m_r.; the intercept of the regression is taken as our

final estimate of p.

In the simulation studies, we take | = 252, ag = 6, and kg = 11. The results are not sensitive
to the choices of these parameters. Fig. 9 demonstrates how this works on a simulated sample
path. More extensive results are given in Table 1, which shows that the automated method

works very well among one hundred simulations.
+++ Insert Figure 9 Here +++

For the simulation studies, we have the data without microstructural noise available and
hence, p,, can be computed based on the realized volatility via (22). Let us denote the bias-
corrected estimate of p as pry after running the automated linear extrapolation algorithm. In
the presence of microstructure noise, p,, can be computed based on PAV (see (25)) or TSRV
(see (61)). After running the automated linear extrapolation algorithm, the results are denoted,
respectively, as ppay and prgry. Table 1 summarizes the results of one hundred simulations of
minute-by-minute (n = 390) data over a five-year period (7" = 5) for the model (1)-(2) with
a=0.1v=05 k=5, p=—-028, and p = 0.05.

+-++4 Insert Table 1 Here +-++

The means of these corrected estimates are all close to the true value p = —0.8, which implies
that these estimates are nearly unbiased. The fact that the problems become progressively
harder can easily be seen from the SD of the estimates.

In summary, Table 1 provides stark evidence that the methods in Section 6 solve the leverage
effect puzzle. It also quantifies the extent to which the problem gets progressively harder. When
the sampling frequency is more frequent than one sample per minute, the estimation error can

be reduced. We omit the details here.
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7.1.3.  Models with jumps

We now consider the model Heston(J) (17)—(18), which incorporates jumps. For the diffusion
part, we use the same parameter values as above: o = 0.1, v =0.5, k =5, p = —0.8, . = 0.05,
n = 390 over 252 x 5 trading days in five years. The jumps are of intensity A = 5 with sizes
distributed as N(0,0.015%) (o; = 0.015). The empirical findings in Andersen et al. (2002)
are taken as reference when selecting the parameter values. We consider the case without
market microstructure noise. The observed data are {Xi(;}?ill"loo. For the truncated realized
volatility and truncated realized quarticity, we use a truncation level ad® = 4v/a6'/? following
the suggested value and the rationale behind Ait-Sahalia and Jacod (2012, Section 9.1), where
& is the scaled long-run average of daily realized volatilities, & = A~ * average of {V,}125,
which is taken as a rough estimate of «.

Fig. 10 shows the mean and standard deviation of the sample correlations between the

log-returns and the changes of the truncated realized volatility based on one hundred simulated

sample paths. This is in line with Theorem 5 and shows the same feature as the no-jump case.
+++ Insert Figure 10 Here ++-+

We next consider the correction based on Proposition 5. To estimate the quantities in cs,

we use the long-run variances to estimate Var(\zlj”rzilz - }FX’TR) and Var(X;yma — Xt); apply

n
m Z(Xt+(i+1)5 - Xt+i5>21{|Xt+(i+1)6*Xt+i5
1=0

>a6w}

to estimate Var(Ji¢ s4ma)); and employ a long-run scaled average of truncated realized quarticity

_277, n—1 4
A 3 Zi:o (Xit(i+1)s — Xewis) L%y Xogis | <adw )

to estimate E [o}]. Then, based on Eq. (29), we can correct the raw correlation Corr(XA/tler,i{)”A -

thg/’TR,XterA — X;) back to Corr(virma — Vi, Xitma — X¢). The same automated linear
extrapolation procedure as described in Section 7.1.2 is used to estimate p. The results are

collected in Table 2 which shows that the correction is effective.
+-+-+ Insert Table 2 Here +-++

This illustrates that the leverage effect puzzle exists beyond the Heston model. In particular,
when jumps are present, the nature of the puzzle is the same as in the continuous case when

truncated realized measures are used. The proposed nonparametric correction remains effective.
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7.2.  Alternative data generating processes

The bias correction methods were derived for the Heston model. Yet, the method for the
correction itself is nonparametric, independent of the prototypical model. The question that
arises naturally is whether the nonparametric corrections still work with different models. The
results that we now present from nine alternative models show that the proposed correction

method works about as well for those models as it does for the Heston model.

7.2.1.  Jumps in prices and volatilities

To investigate the performance of the proposed bias correction methods in a model that is
different from the one assumed for the theoretical analysis, we first add volatility jumps to the
model (17)-(18).

When adding volatility jumps, we consider two cases. First, we add the term J/dN; to the
volatility stochastic differential equations (18), where N} is a Poisson process with intensity
A’ independent of N;, and .J; is independent of everything else with mean zero and variance
o2,. We label this model “Heston(J)-VindJ.” We then consider the cases where volatility
and price jump together, i.e., N/ = N;. We study three cases: “Heston(J)-VcoJ(i)” is the
model where J; is independent of J;; “Heston(J)-VcoJ(p)” is the model where JP and J; are
positively correlated with correlation p;,, and “Heston(J)-VcoJ(n)” is the model where J;’ and
J; are negatively correlated with correlation p,.

We consider the case where there is no market microstructure noise. The parameter values
are: a = 0.1, vy =05, k =5, p=—08, p =0.05 n =39, A\ =\ =5, pj, = 0.75, and
psn = —0.75. J; and J} are normally distributed with o; = 0.015 and o, = 0.01. Based on
the one hundred sample paths simulated over 252 x 5 trading days in five years, we found that
the correlations exhibit the same features as above (see Fig. 11). The correction method as

discussed in Section 7.1.3 works well for these non-prototypical models: see Table 3.

+++ Insert Figure 11 Here ++-+
+++4 Insert Table 3 Here ++4+

7.2.2.  Non-Heston stochastic volatility models

We now employ a different stochastic volatility model where the log-variance follows an
Ornstein-Uhlenbeck process. We first consider the SV;(J) model as in Andersen et al. (2002).
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We label this model as “OU(J).”

dS -

?t = (. — \J)dt + \/v;dB; + J,dN; (32)
t
dlnv, = k(o — Invy)dt + vdW, (33)

where \; = Ao+ 114, J is a parameter, and J; is such that In(1+.J;) ~ N(In(1+J) —0.502, 02).
We choose the following (annualized) parameters which are in line with the empirical results
in Andersen et al. (2002): a = —1, u=0.05, 7y =05, k=5, p=—0.8, J =0, \; =0, \g = 5,
o =0.015.

We further consider the case where there are additional jumps in volatilities, both inde-
pendent jumps and co-jumps. More specifically, model “OU(J)-VindJ” refers to the case when
JYdNY is added to (33), where N/ is a Poisson process with intensity A\” independent of Vi,
and J} is independent of everything else following In(1+ J¥) ~ N(0,0%,). The model “OU(J)-
VeolJ(i)” is when N} = N; and J} is independent of J;; “OU(J)-VcolJ(p)” is when Ny = N,
and J} is positively correlated with J;; “OU(J)-VcoJ(n)” is when Ny = N; and J; is negatively
correlated with J;. JP is again distributed such that In(1 + J?) ~ N(0,0%,). We simulated
OU(J)-Veol(p) and OU(J)-VcoJ(n) such that In(1 + J¢) and In(1 + J;) are correlated with
correlations pjy, = 0.75 and p;, = —0.75, respectively. We again take o, to be 0.01. Fig.
12 summarizes the raw correlations. The leftmost points on the plots are the averages of the
naive estimates. They are about —0.12 for all the models OU(J), OU(J)-VindJ, OU(J)-Vcol(i),
OU(J)-Veol(p), and OU(J)-Vcol(n), and are seriously biased. As m increases, the smoothing

biases decrease up to the point at which the discretization biases dominate.
+++ Insert Figure 12 Here +++

Fig. 12 illustrates further that the leverage effect puzzle exists beyond the Heston model
and the Heston model with jumps. Table 4 collects the results of the correction as used in
Section 7.1.3. The results show that the bias correction, while derived from the Heston model,

is also effective in the above alternative models.

++-+ Insert Table 4 Here +-++
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8. Empirical evidence on the leverage effect at high

frequency

We now apply our bias-corrected methods to examine the presence of the leverage effect
using high frequency data. We have seen in Section 2 that, due to the latency of the volatility
process, it is nearly impossible to use only returns data and no extraneous volatility proxy
to get as nice a plot as what was shown in Fig. 4. Nevertheless, we will demonstrate that,
after applying bias correction, we can uncover the presence of a strong leverage effect in high
frequency data. We only focus on the data of S&P 500 and Microsoft Corp.; we have applied

the methods to various other data sets and the conclusions are similar.

8.1. SEP 500

Based on the high frequency returns (one sample per minute) on S&P 500 futures from
January 2004 to December 2007, the naive or natural estimates give the results reported in
Table 5. The leverage effect at the natural choice of m = 1 is nearly zero. This is the main
message of the paper: the natural choice of m = 1 leads to estimates that are seriously biased.

Even with the data-optimized choice of m, the correlation with PAV is around —0.5, signif-
icantly smaller than that computed based on VIX. Fig. 13 summarizes the sample correlations
based on PAV and VIX, respectively, as a function of the horizon m. We note the loose resem-
blance between the two empirical curves in Fig. 13 and the predictions of the theory from Fig.
D.

+++ Insert Figure 13 Here ++-+
+++ Insert Table 5 Here ++4+

We now apply our bias-corrected methods. First, we compute the preliminarily bias-
corrected estimates p,, using PAV for m in [1,252]. The scatter plot is presented in Fig. 14,
which is somewhat curvy. As illustrated in Fig. 9, although on average we would expect to see
a smooth curve like the black solid curve in Fig. 8, variations should be expected for individual
sample paths. The automated data-driven procedure described in Section 7.1.2 (with ag = 25,
ko = 10) * identifies a range of m for the regression: m = [37,76] (see Fig. 14) and our final

estimate is ppay = —0.77.

4In practice, to best use the automated procedure, we should take into account the behavior of the preliminary

corrections (see left panel of Fig. 14 or Fig. 15) when choosing ag. We should use an ag close to the right boundary
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+++ Insert Figure 14 Here ++4-+

The estimation with extrapolation has its own issues, including the dependence on the choice
of the range of m selected for the regression, and could overstate the true magnitude of p, but

it is likely closer to it than what the a priori natural choice of m = 1 produces.

8.2.  Microsoft

We now use our method to examine how strong the leverage effect is for Microsoft. The
high frequency returns at sample frequencies of one data point per minute from January 2005
to June 2007 are used for estimating the leverage effect parameter. PAV is employed as the
volatility estimator. Again, we apply both the naive method, the simple sample correlation,
and the more sophisticated volatility estimation method, based on preliminary correction and
linear regression. Table 6 summarizes the results of the simple sample correlations. As before,

the leverage effect is barely noticeable for the natural choices of m consisting of small values.
+++ Insert Table 6 Here +++

The preliminary corrections based on PAV are summarized on the left panel of Fig. 15 and
the regression is illustrated on the right. Our automated procedure (with ag = 25, kg = 10)
identifies the range m = [125,187] for the linear extrapolation, which leads to an estimated

leverage effect parameter ppay = —0.68.

+++ Insert Figure 15 Here ++4-+

9. Conclusions

We showed that there are different sources of error when estimating the leverage effect using
high frequency data, a discretization error due to not observing the full instantaneous stochastic
processes, a smoothing error due to using integrated volatility in place of spot volatilities, an
estimation error due to the need to estimate the integrated volatility using the price process,

and a noise correction error introduced by the need to correct the integrated volatility estimates

of the first “decreasing zone” to get rid of random effects for small m. Note that our automated procedure is
fairly robust to the choice of ag. Roughly, for ag between 20 and 40 for S&P 500 data, or between 5 and 100

for Microsoft data, the estimated leverage effect remains very close.
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for the presence of market microstructure noise. Perhaps paradoxically, attempts to improve
the estimation by employing statistically better volatility estimators (such as noise-robust es-
timators) can actually make matters worse as far as the estimation of the leverage effect is
concerned.

These errors tend to be large even when the window size is small and lead to significant bias
in the leverage effect estimation. They are typically convex as a function of the length of time,
controlled by m which is used to compute changes in the volatilities and prices. These errors
can have an adverse effect on the assessment of the leverage effect.

Fortunately, these errors are correctable to some extent. There is still a substantial dis-
cretization bias that remains when using the spot volatility over a longer time horizon, yet a
reasonable large choice of m is necessary so that biases based on integrated volatility become
correctable. This led us to further correcting the biases by aggregating the information in
various preliminary estimates of the leverage effect over different values of m. This is achieved
by using a simple linear regression technique. The effectiveness of the method is demonstrated
using both simulated examples and an empirical study of real asset returns.

Of course, to demonstrate the effect, our analysis necessarily proceeded by analyzing estima-
tors based on the realized correlation between log-returns and realized volatility-type quantities.
To be consistent with the theoretical analysis in the first part of the paper, what we proposed
as a bias correction procedure is what’s feasible given the constraint that we only consider
estimators of that type. But, once the puzzle is identified and understood, a real solution must

include the development from scratch of estimators that are not hindered by that constraint.
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Appendix A. Preliminary results

We first compute some moments that are related to the Heston model. They will be useful
for proofs of the theorems. Throughout the Appendix, we use the notation F, and Var, to
denote the conditional mean and conditional variance given the latent volatility process {1},
and F; to denote the conditional expectation given the filtration up to time ¢. Other similar

notations will be adopted.

A.1.  Conditional moments of returns

Rewrite the process as

dX, = (1 — v/2)dt + pv2dW, + /1 = p2v,*dZ,,

where Z; is another Brownian motion process independent of W. Let Y; = vX; — pv;, which

eliminates the dW; term. Then, it follows that

dY; = [yu — prac+ (pr — 7/2)w) dt +4/1 = p2v*dZ,.

Denoting by a = u — pra/v, b = pr/v — 1/2, and ¢ = p/~, we have from the above expression
that

X, — X = /u {(a + buy) dt + \/1—7,02V3/2d2t} + (v — vs). (34)
Hence, conditioning on the plfocess {mn}, Xy — X is normally distributed with mean
B, (X, —X,) = /u(a + bvy)dt + c(vy — vs) = (35)
and variance

Var , (X, — X5) = (1 — pg)/ v, dt = o2, (36)

Using the moment formulas of the normal distribution, we can easily obtain the first four

moments for the changes of the prices:
EV(Xu - Xs)2 = ,U/IQ/ + 0-1%7
E, (X, — XS)s = ,Uz?: + 3#!/057

B, (X, — X)* = pl + 302 + 6202

v-v
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A.2.  Cross-moments of the Feller process
We now compute the cross-moments of the Feller process {1, }. First of all, it is well known

that

2

E(n) =« and Var(y) = 72— (37)

K

Using again [t0’s formula, we have
d(e™vy) = raedt + ~e" AW,
which implies for s > ¢,
E(vvy) = e "y, + a1 — e "), (38)
Similarly, by using 1t0’s formula again,
d(e™1,)? = (26a + ¥ v dt + 2y P2 dW,.
This together with (38) implies that for s > ¢,

E(2|yy) —e~25=0,2 | =258 / (260 + 72)eX B (va|vr)du
t

=e vy + T(Vt _ Oé)(efn(sft) . 672,{(5%))
2k’ + 2o

1 — —2k(s—t) ) 29

2K ( ¢ ) (39)

Therefore, for r < s,

E(v.vs) = E(v.E(vs|vy))
= E[2e ) £ a1l — e )y,
= a® + y?ae " /(2k). (40)
Using the same technique, we can calculate higher moments and cross-moments. From
d(e™vy)? = 3e*™ V2 (kae™ dt + Veﬂtytldet) + 3(e" vy )y e v dt, (41)
we have .
E(e™v,)? = Byg + 3/ (ke +92)e* ™ Ev2du.
0
Using the fact that Ev} = Fvg and Ev? = o® + v*a/(2k), we deduce that
2

Ev} = (a+-—)(”+

7204)
2K
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Recall that E; denotes the conditional expectation given the filtration up to time ¢. For s > ¢,
we deduce from (41) that

S
Ei(e"v)? = e} + / (3ka + 372)e* ™ Bl du.
t
Now, substituting (39) into the above expression, we obtain after some calculation that

Ew? = 3r(s—t) [1/? + 351(6“(5_” — 1) + 1.58Ba(e 2a(s=t) _ gerls=t) 4 Dy

+0.5081 8, (3770 — 326570 4 g3rls=t) _ 1) ] , (42)

where 3; = a+v%/k and 8y = 2a+~?/k. For r < s < u, by using conditional expectation and
(38), we have

E(vvsvy) = Evavgfo+ e "9 (v, — a)]
= aE(vv,) + e "B, E.(v? — av,)].

Substituting (38)—(40) into the above formula, the resulting expression involves only the first
three moments of v,, which has already been derived. Therefore, after some calculation, it
follows that

V2ol

E(vvsp,) = s
(Vpvs1y) = a” + o

[B_H(S_T) + e—fi(u—r) + e—lﬁ(u—s) + ,YQI{—la—le—H(u—r)} . (43)

The fourth-order cross-moment can be derived analogously using what has already been

derived along with It0’s formula:
d(e"vy)* = 4e*v3 (kae™ dt + ey, 1/QdVV) + 6(e* v )y ey dt.

We omit the detailed derivations, but state the following results:
2 2

B = 0+ )+ Dy + T,

and for r < s <wu <t,

E(VerVth) —CY + azfy |: —k(u—r) _|_€—n(t—r) _I_e—n(s—r) +e—/§(u—s) _{_e—m(t—s) _|_e—f£(t—u):|
2.4
+ O;Z |:6—n(t+u—7"—s) + e—n(u—r) + 26—5(15—7“) + e—H(S-H—U—T)/Z + e—/i(t—s):|
K
6
ary —k(t+u—r—s) —k(t—r)
+ 55 [e + 2 . (44)
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Appendix B. Proofs

Proof of Theorem 1 and Proposition 1. Let us first compute the covariance. It follows
from (34) that

Cov(vis — v, Xegs — Xi)
t+s
:E(Vt+5 — Vt) |:/ (CL + bl/u>du + C(Vt+s — ]/t)
t
t+s
:b/ [E(vuviss) — E(vary)|du + cE(vigs — 1)
t
Now, using the moment formulas (37) and (40) and some simple calculus, we have
Cov(Vigs — Vi, Xigs — Xy) = ayp[l — exp(—sk)] /K.
By using (37) and (40) again, we easily obtain
Var (v, s — vs) = Y[l — exp(—ks)]/k. (45)
Hence, it remains to compute Var(X;,s — X;). By (35) and (36),
Var(Xeps — Xe) = Var(uy) + E(0y) = E(u, + 03) — (E(uw))”
t+s t+s t+s
:/ / E(a+ bv,)(a+ by, )drdu + 2bc/ Ev,(Viys — vp)dr
' t e
+ PE(gs — ) + (1 — p?)as — (/ a+ bE(v,)dr)?.
t
Using the moments for v; computed in Section A.2; after some calculus, we obtain

e —1\ [(Y?a  ~vap
Var( X s — Xy) = — . 46
ar( Xy t) (s + p ) (452 - +as (46)

Finally, combinations of the covariance and variance expressions lead to the correlation
formula in Theorem 1.

Expanding the result of Theorem 1 around s = 0, we obtain Proposition 1.

Proof of Theorem 2 and Proposition 2. Recall V; 5 = ftt_A veds. Let us compute the

variance of the change of the ideally estimated spot volatility. Note that E(V,yaa—Via) = 0.
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Using the stationarity of the process {14}, we have

Var(Vigma,a = Via) =E(Vigmaa — Via)®

t+mA t
—2/ / Ev,v, ds du — 2/ / Ev,v, ds du.
t+(m—1)A Jt—A

Now, by (40), the above variance is given by

t+mA
/ / —r(u—s) ds du — / / _“(“_S)} ds du.
t—A Jt—-A 2’<0 (m—1)A Jt—A 2“

Simple calculus leads to
Var(Vipmaa — Via) = ay* B3 /4K,

where Bj is as given in Theorem 2. Comparing this with the variance of differenced spot

volatilities, we have
Var(‘/%-l-mA,A - V;,‘,A)

A?Var(Vppma — 1) (1 — 1/3m)

where R} is O(A) for any fixed m as A — 0, and o(mA) if m — oo and mA — 0.

=1+ R, (47)

Next, we compute the covariance. By (35) and the double expectation formula, we have

COV(VHmA,A - Vt,A, Xitma — Xt)
t+mA t t+mA
—E[/ Vst — / Vsds] [/ (a + bv,)dr + c(Vima — Vt)]
t—A

t+mA t+mA t+mA
—b/ / E(vsv,)drds — b/ / E(vsv,)drds
+(m—1)A

t+mA
+ C/ EVS(’/H—mA )dS o C/ EVS(VH‘mA )dS
t+(m—1)A t—1

Using (40), after some calculus, we obtain that
Cov(Vigman — Via, Xegma — Xi) = ayAs/(46%),

where A, is again as given in Theorem 2. The conclusion of Theorem 2 follows from (46) and
the above results. Comparing this with the covariance based on the spot volatilities, we have

COV(VHmA,A - Vi,m Xitma — Xt)
A COV(Vt+mA — Uy, Xt+mA — Xt)(l — 1/2m)

=1+RY, (48)

where RY is O(A) for any fixed m as A — 0, and o(mA) if m — co and mA — 0.
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By (47) and (48), the following asymptotic expressions are easily obtained:

(2m —1)

COl"l"(VterA,A - V:‘,,Aa Xitma — Xt) = COYY(Vt+mA — Vp, Xigma — Xt)—m (49)
2\ / m2 — 3
O(A), when A — 0 for any fixed m
o(mA), when m — oo, mA — 0,
which proves Proposition 2.
|

Proof of Theorem 3 and Proposition 3. The calculation is very involved, and we
separate the steps into several subsections. Recall that n = A/d. Without loss of gener-
ality, we assume that ¢ = A and rewrite VARX = VARV. Note that it is easy to verify that
E(‘A/(fz‘-/i-l)A,A - VARV) =0.

(a) Calculation of E[\A/ARV(X(mH)A — Xa)].
Note that VARV and X(;+1)a — Xa involve two different time intervals. By conditioning on

the latent process {1}, VAV and X(,11)a — Xa are independent by (34). Thus,
BIVA (Xnsna = Xa)| = B|EVE By(Xnina — Xa)].

Using (34)—(36), the above expectation is given by
n—1 (i4+1)8 9 (i+1)8
Z E [/ (a+ by, )dr + cv(it1)s — cyi(;] +(1—p% / v, dr (50)
i=0 i0

0
(m+1)A
: / (a + bl/r)dT + CV(m+1)A — CVA ¢ -

A

Expanding the first curly bracket into four terms, we have four product terms with the second
curly bracket in (50). Denote those four terms by Iy, - - -, Iy, respectively.

We now deal with each of the four terms. The first term is given by

n—1 (m+1)A (i+1)8 )
I = Z / (a + bv,)dr + CV(m4+1)A — CVA [/ (a+ bu,)dr| .

i=0 (/A 0

Expressing the square-term above as the double integral, I; involves only the third cross-

moment of the process {;}. By using (40) and (43), it follows that as A — 0 and n — oo or
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as m — oo, mA — 0, and n — oo,

(m+1)A (i+1)nd o )
/ / / 2/@2042 dudrds

n—1 (i+1)8
/ / 2CCZ 2 |:—n((m+1)A u) —H(A u) dudr
2k

a*y4(a + ack) mA3 mA?’)'

=— + o(

202 K2 n n

in particular, A
I
mA2 O(E)

Using the same argument, the second term can be calculated as follows:

(m+1)A (i+1)8
I, = QCZ / (a + bvy)dr + cVmi1ya — cva [/ (a+ bl/T)dT} (V(i+1)6 — Vis)

0

(m+1)A (i4+1)6
/ / 2 2 [e—n(s—r) —e —k(s—1id) ]drds
R
z+1

+/ 2ac 2 Py [ —k((m+1)—id) _ e—ﬁ((m—i—l)A—r) . —H(A 19) + e—/{ :|d7“
)

2K2

where the cross-moment function of the process {1} is used. We have as A — 0 and n — oo

or as m — oo, mA — 0, and n — oo,

I — acy(a + ack) mA3 N O(mA3);
20k n n
hence,
I, A
——==0(—).
mA2 (n)

Similarly, we can calculate the third term and the fourth term based on the cross-moments

of the process {v;}. They are given by

Iy = — 6274 (eAn . 1) e~ Ar(m+1) (eAfim _ 1) (a+ OJCH)/(QK,S),
Iy =72 (,02 — 1) (eA“ — 1) e Arlm+1) (eA”m — 1) (a+ ack)/(2K%).

(b) Calculation of EVmJrl an(Xmina — Xa) and the covariance.
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By the definition of f/(f;‘frl) A 1t follows that

[y

n—

E‘A/(Ifn\inA,A(X(erl)A - XA) =F [XmA+(z‘+1)5 - XmA+i§]2

i

X {(XmA+i6 — XA) + (Xoat+ns — Xmatis) + (Xmena — XmA+(z+1)5)}-

Il
=)

Let Jy, Jo, and J3 be, respectively, the product of the first, second, and third term in the curly
bracket with that in the square bracket. Each of these terms can be treated similarly as those in
Section B. That is, by conditioning on the process {1;}, they can be reduced to the calculation
of the cross-moments of {14}, by using the conditional moments in Section A.1. After tedious
calculations involving the cross-moments discussed in Section A.2, we can obtain asymptotic
expressions for Ji, Jo, and J3. Using these together with what we get for Iy,--- , I4, we can
easily obtain an asymptotic expression of Cov(f/(f;}ﬂrl) AA~ VARV,X(WH)A — Xa). Comparing
this asymptotic expression with what we have obtained in Theorem 2, we conclude that, as

A — 0, and nA — C € (0,00),

m= AT COV(V(%X&-DA,A = VA, X(mana — Xa) (51)
O(A) for any fixed m

:m_lA_Q COV(Vm AA — VA As X m A — XA) + .
8, Sy o(mA) when m — oo and mA — 0

(¢) Calculation of the variance of changes of estimated RV.
Let Y; = X115 — Xis5. Then,

n—1 n—1 1—1
E(VN)? =Y EY!+2) > EY?Y} (52)
i=0 i=1 j=0

By using the expression at the end of Appendix A, we have

(i4+1)5 4 (i4+1)5 2
EY =E / (a+bu)dr + evgns — cvis | +3E | (1-p%) / vy dr

& )

(i+1)5 (i+1) 2
+6(1— ,02)E/ v, dr - / (a =+ buvp)dr + cvip1ys — cvis |-

0 0

By conditioning on the process {v;}, Y;* and Yj2 are conditionally independent for j < 1.

39



Appealing to (35) and (36), we have that for j < i,

(i+1)6

2
(i+1)0
EY;ijz =F (/ (a+ bvp)dr + cvip1ys — cui5> + (1 - ,02)/ v, dr
i is

(+1)s ? (+1)8
/ (a+ bvy)dr + cvjr1ys —cvjs | + (1 — 0% / v, dr
jo jo

Both terms above only involve the cross-moments of the process {v;}. After tedious calculations,

we obtain

a(3p4_6p2+4)(2a/i+’7)A_2+O<A4) (53)

R 2 Q 2 a 2
R

. 2
when A — 0 and nA — C € (0,00). This is the same for E(X/(Bn\jrl)AA) .

By conditioning on the process {14}, using the conditional independence, we have

(i+1)6 2 (i+1)5
= Z E / (a+bvp)dr + cviprys —cvis | + (1 — 0% / v, dr

i5

2 .

(G+1) , (j+1)8

/ (@ + bmatr)dr + cVmat(j+1)s — Wmasjs | + (1 —p7) / VA gy dr
js jo

Additional calculations involving the cross-moments of the process {1} yield

a (2ak +?)

RVY/RV
EVA Vm+1 AN T P

A? — ay*mA? + O(mA?), (54)

as A — 0 and nA — C € (0,00), for fixed m or when m — oo and mA — 0. Combination of
(53) and (54) results in

Val"(v(mﬂ - VARV) :E(VARV) + E(V(m+1)A A) - E(VARVVm—H AA)
2 A?
—2 {(aQ—i—ﬂ)AQ L sy @2anty )—}

2K 6 K n

2 2
, [W A% m?my] L O(mAY), (55)

as A — 0 and nA — C € (0,00), for fixed m or when m — oo and mA — 0. Comparing this
with the variance expression obtained in the proof of Theorem 2, we have

20 (2ak + %) A?
K n

Var(vm—i-l)A A= V) = Var(Vigmaa — Vi) + + O(mA?),
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or, equivalently,

AT Var (Vs — VEY)

AFEgtA?
=m 1A (Var(VterA,A —Via) + % ) + O(A) (56)
20 (2 2
:mflAfZS var(‘/;‘,+mA,A _ ‘/t,A) + % + O(A)’ (57)

as A — 0 and nA — C € (0,00), for fixed m or when m — oo and mA — 0.

(d) Adjustment to the leverage parameter .
Further, from (45) and (47), we have
Vo

m_lA_S Var(V{HmAA — ‘/t,A) = '}/204 - L
3m

O(A) for any fixed m (58)
—2ay?’kmA + o(mA) when m?*A — C,, € (0,00) ’
and (56) becomes
m AT Var (Vi jas — VAY) (59)

6 (2ak + %)

RRV
(3v2m — y2)kC — %’72:‘12CCm) T

=m A3 Var(Vizmana — Via)(1+

where RV is O(A) for fixed m, with C,, above replaced by 0; and o(mA) when m?A — C,, €
(0, 00).
By using (51), (59), and (49), we can easily obtain the following relationship:

COH(V(%\CA)A,A - VAva Xmsna — Xa)

1
= COI"I"(V(m_;,_l)A - VA, X(m+1)A - XA)) . 5 + Rfv
\/1 + 12a/i+6z;y
(3v2m—92)sC—572K2CChm,
1-1/2
= COI‘I‘(Vm_;,_t — Uy, Xm+t — Xt) : / m + R?V,

12ak+672 1
\/(1 + (372m—72)nc—§72ﬁ200m)(1 - %)

where RV is O(A) for fixed m, with C,, above replaced by 0; and o(mA) when m?A — C,, €
(0, 00).
Proposition 3 follows from (49), (51), and (56).
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We now state the result parallel to Theorem 4 for TSRV. Let frsgry be a constant, L =
[HTSRVn2/ 3] be the number of grids over which the subsampling is performed, and nn = (n — L +
1)/n. The TSRV estimator is defined as

n—L = n—l
1 n
VTSRV - ZO(Zt—A+(i+L)6 — Zynsis)? — - E(Zt_AjL(iH)a — Zy_nvis)’. (60)

Theorem 6. When A — 0, n'3A — Crsry, and 0?/A — C. with Crspy and C. € (0, 00),
the following expansion shows the incremental bias due to estimation error and noise correction
induced by the use of TSRV

Corr(\/gi?XA V W Ziima — Zy)
(2m —1)

2/ —m /3

= Cort(Verma — Vi, Xitma — Xt) (1+ Ag + Bs) /2 + RISEY,

where

96018ry Ce
Crsrvay?(6m — 2 — 3kCy)

89TSRV(204'% -+ 72)
KkCrsryy2(6m — 2 — 3kChy,)’

Ag = and Bg = and

RTSEV s O(A) for any fized m, with C,, above replaced by 0; and o(mA) when m?*A — C,, €
(0,00).
A result parallel to Proposition 4 for TSRV is the following.

Proposition 6. When A — 0, n'3A — Crsry, 02/A — C., and m*A — C,, with Crsry, C.,
and Cp, € (0,00),

2y/m? —m/3

(2m _ 1) COII(%?—?’:?XA VTSRV Zt+mA Zt) + O(mA)

Corr(Vitma — Vi Xerma — Xi) = ¢

where

_ —-1/2
5 = <1 489T§RV0-4 + 89TSRVE [O’;L] A2> ‘ (61)

a5 Ve (VS o — VS

Two unknown quantities are involved and can be estimated nonparametrically here. For
o, we have under our model that E(Vg&f — \ZTASRV)/Zn = 0%(1+ o(1)). A long-run average of
(f/t VTSRV) /2n can be used as a good estimate of o2, This is similar to the way the average
of the subsampled RV estimators is bias-corrected to construct TSRV. For E [o}], consistent

noise-robust estimators of j; A Osds are proposed in Zhang et al. (2005) and Jacod et al. (2009).
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We can use, for instance, the estimator called Q? in the latter paper:

n—kn+1 ko1 on /2] -1
Q?_ ¢2A Z Z Zt A4-(i47)0 Z Zt A+(i+5)0
5 n—2kn+1 kn—1 Lkn/2]—1
- I Gl I SRy - D e
- +2kj Ekn/2J (62)
> (Zieargens — Zt—A+j5)2)
j=itkn

n—2

)
+ = Z(Zt—A+(z’+1)6 — Zy-nyis) (Zi-ns(iv3)s — Zi—ati12)5)°s
A0pav 3 A% =

where 1y = %, k. = [Opavy/n] for an appropriately chosen Opsy for any A. A scaled long-

run average of this estimator can be used to estimate F [o}], based on the fact that E (Qt) =

A?Eci(1+ o(1)).

Proof of Theorem 6, Proposition 6 and Theorem 4, Proposition 4. Under the

assumptions that n'/3A — Cpgry and 02/A — C., we have

m AT Cov(V%SE\gA A= V™, Zinina — Za)

=m A2 Cov(Vimsnaa — Vaa, Xmina — Xa) + RESRY (63)
and
m AT Var (VS 4 — VASY)
— — 16(9 0'4 SQTSR\/EU A
A (Var(Viepa s Vi) 4 OBy BSERA) | prs (o
160125y C?  80psry Eot
=m A Var(Vipman — Vi) + —ISRVZe | TSRV ZOt | RTSRY
mCrsry 3mCrsry
=m AT Var(Vigmaa — Via)[l + As + Bg] + REEY, (65)
072, C2 urotny?
where by (58) Ag = g——gtamvCe . By = _Shsmlonin)  and RTSRV and RTS®V are

O(A) for any fixed m, with C,, above replaced by 0; and o(mA) when m?A — C,, € (0, 00).
Under the assumptions that n'/2A — Cpay and 0?/A — C., with the constants ¢, @1,
D15, Doy as specified in Theorem 4, we have
m~tA” COV(V%AII)A,A — VAN, Zimrya — Za)
=m 'A? Cov(Vimsnaa — Vaa, Xmena — Xa) + REAY (66)
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and

m~ AT Var(‘A/(I:nA-‘Yl)A,A — VAAY)
8@229PA\/E0'?A2 16@12E0’?0’€2A 8@110’21

Yant/? Opaviisnt/2  OF \int/?

=m A3 (Var(VHmA,A —Via) + ) + RPAV

(67)
8CI)226)1>A\/E'0';1 16@12E0't20€ 8@11062
m3Cpay mOpav)3Cpay  mbp a5 Cpay

—=m AT Var(Vigmaa — Via)[1 + Ay + By + Cy] + RPAV (68)

=m 'AT? Var(Viymana — Via) + + RPAV

24P220pav (20k5+72) _ 96P15C. O, = 48P1,C2
V3Cpav A2 (6m—2—3kCpy)? 4 Opavp2Cpavy2 (6m—2—3rCp)? 4 0% s V2 Cpavary? (6m—2—3kChn )’

and RPAV and R4V are O(A) for any fixed m, with C,, above replaced by 0; and o(mA) when
m*A — C,, € (0,00).

Theorem 6 follows from (63) and (65), and Theorem 4 from (66) and (68). Proposition 6
follows from (63) and (64), and Proposition 4 from (66) and (67).

where Ay =

Proof of Theorem 5 and Proposition 5. Let X¢ be the continuous part of the log-price

process: dX¢ = (u — vy/2)dt + utl 2dB,. The proof is based on comparing the covariance and

variances with jump components to those without the jump component so that the previous
calculations can be used. We first introduce some notation to facilitate the technical arguments.
Let

I ={i:0<4i<n—1, X process has jumps between ¢ +i6 and t + (i + 1)},
and
I} ={i:0<i<n-—1,X process has no jump between ¢t + i§ and t + (i + 1)J, }
be, respectively, the set of time indices for the process X; with jumps and without jumps, and
AXtc,i = tcfA+(i+1)6 - thA+i67

AXpi = Xi_at(iv1)s — Xi—Atis-

Define VEAT/ = Zf:/(f _I(AX,SJ)2 the quadratic variation of the continuous part,

Ay = Z(Athi)Q, Ay = Z(AXt,i)21{|Axt,i|ga5w};

iel/ iel/
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and

Azy = Z(AXtai)21{|AXt,i|>a5w}'

iele

Then, we have the following simple relation:
vtﬁl’TR = ‘A/IFAV - Al,t + A2,t - A3,t-

Our aim is to show A;; for i = 1,2, 3 are negligible by evaluating their second moments.
To this end, let P;s = P{at least one jump between (0,0)}, which is of order O(J). By
independence of the jump and continuous parts of the X process, we have

n—1

E(A,)* =E (Z(AXtc,i)ZLlieltJ + 2 Z (AXEi)Q(AXzfc,j)QlieltJ1j6[{’)

0<i<j<n—1

=0
n—1
—F (Z(AX&)‘*PMH Z (AX&)%AX&VP%)

i=0 0<i<j<n—1
=PLE(V/)?) + ) E(AX? ) (Prs — Py)
i=1

—0(82 - A?) + O(nd* - §) = 0<A—3

n2)'

Following a similar calculation,

A1+4w

E(Ayy)? <a*6™nPjs+2 Z a'd'®P}; = O(6" (n®6° 4 nd)) = O(

- ni= )
0<i<j<n

To analyze As;, we first apply the Cauchy-Schwarz inequality to obtain

A, <n Z(AXt,i)41{|Axt,i|>a5w}.

iel¢

Taking expectation on both sides and utilizing the Cauchy-Schwarz inequality again, we obtain

n—1
B(A3,) Sy \JE(AXE)® - Pus,
=0

where P.5; = P{|X§{ — X§| > a0®}. By similar derivation as in Fan et al. (2012), we have
that P, is exponentially small as § — 0 for any 0 < @ < 1/2. Yet, E(AX[,)® = O((A/n)*).
Therefore, E(A3,) = o(A*) for any k.

Now, we are ready to compute the variances and covariance involved in the theorem. First,

notice that

RV, TR ~RV,TR __ {,RV RV
Vieman = Via'  =Viimaa = Via + Dmags
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where Dyar = — (A1 ppma — A1) + (Agtima — Aoy) — (Asirma — Asy). Thus, by the covariance

formula and the Cauchy-Schwarz inequality, we have

A

~RV, TR ~ RV, TR RV RV
War(VterA,A - Vt,A ) — Var(VtE‘T/nA,A - Vfav)‘

SQ\/Var(\A/t/IE‘;A,A - \zﬁv)Var(DmAi) + Var(Dya ).
Using the order of magnitude of E(A4;,)? for i = 1,2, 3, it is easy to see that
Var(Dpa ) < E(D%mﬂf) = O(A"™®) for 0 < w < 1/2.
Therefore, when 3 < @ < 3 and m*A — C,, € (0,00),
Var(V A% = VAT = Var(VE 5 o = V)| = o(A%). (69)
The relation between the observed components and continuous component is simply
Var(Xypma — X;) =Var(X;,,,a — X5) + 05 mA. (70)

We now relate the covariance component. By independence of the jump part and the

continuous part of the X process, we have when % <w < % and m?A — C,, € (0, 00),

COV(‘ZS—XQ&?A - ‘Z:T’TR, Xiyma — Xi) — COV(‘Z&EXLA,A - ‘Zﬁva rmA — Xy)
:COV(DmA,t7 Xigma — Xt)
=O(VA= . mA) = o(A?). (71)

By (69), (70), and (71), it is easy to see when & < w < 3,

RV,TR 1 RV, TR
Corr(Viiman = Via ™ Xegma — Xi)

Var(X{, A — X{)

Var(X{,,,an — Xf) + 03AmA

—Com (V¥ 5 o — VI X¢00 — X7) - \/ (1+o(mA)).  (72)
Proposition 5 follows from (72) and Theorem 5 follows by substituting
2

Var(X{, A — X{) = amA + (78_04 - %)7712A2 + o(m?A?).
K
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Table 1
Performance of the (feasible) bias correction method based on nonparametrically estimated
asymptotic quantities and an automated linear regression for Heston model.

The one hundred estimates of p are summarized by their minimum, first quartile,
median, third quartile, maximum, mean, and SD. Parameters: (p,k,v,a, i, 0, A,n) =

(—0.8,5,0.5,0.1,0.05,0.0005, 1/252, 390).

Min. 1st Qu. Median 3rd Qu. Max. Mean  SD
prv  -0.95 -0.84 -0.81 -0.78  -0.67 -0.82  0.047
ppav  -0.99  -0.85 -0.82 -0.77  -0.64 -0.81 0.064
prsgvy  -1.00  -0.87 -0.83 -0.74  -0.63 -0.81 0.089

Table 2
Performance of the bias correction based on nonparametrically estimated asymptotic quantities
and linear regression for model Heston(J), starting with the raw correlation based on truncated
realized volatility.

The one hundred estimates of p (“pryvrr”) are summarized by their minimum, first quar-
tile, median, third quartile, maximum, mean, and SD. Parameters: (p, k,~v, a, u, A,n, 05, \) =
(—0.8,5,0.5,0.1,0.05,1/252, 390, 0.015, 5).

Min. 1st Qu. Median 3rd Qu. Max. Mean  SD
“prvrr’ -0.94  -0.85 -0.82 -0.79  -0.68 -0.82  0.048
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Table 3
Performance of the bias correction based on nonparametrically estimated asymptotic quantities
and linear regression for models Heston(J)-VindJ, Heston(J)-VcoJ(i), Heston(J)-Vcol(p), and
Heston(J)-VcoJ(n), starting with the raw correlation based on truncated realized volatility.
For each of these models, the one hundred estimates of p (“prvirr”) are
summarized by their minimum, first quartile, median, third quartile, maxi-
mum, mean, and SD. Parameters: (p, Ky, o, Ay, 05, N 0w, NV, Py Pun) =
(—0.8,5,0.5,0.1,0.05,1/252, 390, 0.015, 5,0.01, 5,0.75, —0.75).

Min. 1st Qu. Median 3rd Qu. Max. Mean  SD
“prvrr”, Heston(J)-VindJ  -0.94  -0.85 -0.81 -0.79  -0.67 -0.82  0.047
“prvrr”, Heston(J)-VeoJ(i) -0.97  -0.84 -0.81 -0.79  -0.67 -0.81 0.051
)-Veol(p) -0.97 -0.83 -0.80 -0.78  -0.68 -0.81  0.052
)-VeoJ(n) -0.95 -0.85 -0.82 -0.80  -0.66 -0.82  0.048

“)aRV,TR”7 Heston(J

(
“[A)RVJ“R” s Heston(J

Table 4

Performance of the bias correction based on nonparametrically estimated asymptotic quantities
and linear regression for models OU(J), OU(J)-VindJ, OU(J)-VcolJ(i), OU(J)-Vcol(p), and
OU(J)-VecoJ(n), starting with the raw correlation based on truncated realized volatility.

For each of these models, the one hundred estimates of p (“prvirr”) are
summarized by their minimum, first quartile, median, third quartile, maxi-
mum, mean, and SD. Parameters: (p, o, v, kb, Ay, 05, N, 00, NV, P, Pun) =
(—0.8,—1,0.5,5,0.051/252,390,0.015,5,0.01, 5,0.75, —0.75).

Min. 1st Qu. Median 3rd Qu. Max. Mean  SD

“prv,rr”, OU(J) -0.98 -0.85  -0.82 -0.79  -0.68 -0.82  0.055
“brvrr’, OU(J)-VindJ -0.99 -0.85  -082  -0.79 -0.68  -0.82 0.055
“6rvrr’, OU(J)-VeoJ(i) -0.98 -085  -0.81  -0.78 -0.67  -0.81 0.057
“brvrr”, OU(J)-VcoJ(p) -0.99 -0.85  -081  -0.79 -0.68  -0.82 0.056
“brvrr’, OU(J)-VcoJ(n) -0.99 -0.85  -081  -0.79 -0.68  -0.82 0.055
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Table 5
The sample correlations at different horizons m between the returns of S&P 500 (January
2004 to December 2007) and the estimated changes of volatilities, using PAV with sampling

frequencies at one per minute and VIX (squared).

m 1 2 D 21 63 126 252
Corr_PAV -0.26 -0.32 -0.40 -0.49 -0.37 -0.32 -0.15
Corr_VIX -0.78 -0.77 -0.76 -0.79 -0.61 -0.47 -0.11

Table 6
The sample correlations at different horizons m between the returns (January 2005 to June 2007)
of Microsoft and the estimated changes of volatilities, using PAV with sampling frequencies at

one per minute.

m 1 2 ) 10 21 63 126 252
Corr_PAV 0.03 0.00 -0.02 -0.04 -0.17 -0.34 -0.40 -0.28
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0.00
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1000
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|
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Fig. 1. S&P 500 Index and returns. S&P 500 daily closing values plotted together with daily
returns (January 1997 to September 2011). A strong leverage effect is seen.
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S&P 500 Futures, 1 week S&P 500 Futures, 1 month MSFT, 3 months MSFT, 6 months
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Fig. 2. Scatter plots of differences of estimated daily volatility V; — Vi_n versus returns over
relatively long time span m for S&P 500 futures 2004-2007 data and Microsoft (MSFT) data
from January 2005 to June 2007. Daily volatilities are estimated using TSRV based on high
frequency minute-by-minute observations, and returns are calculated based on daily closing
prices. From left to right: S&P 500 futures when time horizon m is taken to be five days (a
week), S&P 500 futures when time horizon m is taken to be 21 days (a month), MSFT when
time horizon m is taken to be 63 days (three months), MSFT when time horizon m is taken to

be 126 days (six months). Solid lines are the least squares regression lines.
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Fig. 3. Daily changes of squared volatility indices versus daily returns. Using the volatility
indices as the proxy of volatility, the leverage effect can clearly be seen. Left: S&P 500 data
from January 2004 to December 2007, in which the VIX is used as a proxy of the volatility;
Right: Dow Jones Industrial Average data from January 2005 to March 2007 in which the
Chicago Board Options Exchange (CBOE) DJIA Volatility Index (VXD) is used as the volatility

measure.
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Fig. 4. Scatter plots of the changes of estimated daily volatilities versus daily returns, including
leads and lags. Daily volatilities are estimated using TSRV based on high frequency minute-
by-minute observations, and returns are calculated based on daily closing prices. Upper panel
from left to right: S&P 500 futures 2004-2007 data, E-mini S&P 500 2004-2007 data, Dow
Jones futures January 2005—March 2007 data, Microsoft January 2005—June 2007 data. Lower:
Scatter plots of differences of estimated daily volatility versus daily returns with leads and lags
for S&P 500 futures 2004-2007 data (left two) and Microsoft data from January 2005 to June
2007 (right two).

55



Theoretical correlations, big leverage effect Theoretical correlations, small leverage effect

Correlation
Correlation
0.

Fig. 5. Theoretical estimated leverage effect parameter p as a function of the tuning parameter
m when A is taken to be 1/252; using the spot volatility (Corr_nu), ideally estimated spot
volatility (Corr_V), realized volatility estimator (Corr RV), pre-averaging volatility estimator
(Corr_PAV), and two-time scale volatility estimator (Corr_TSRV), respectively. They correspond,
respectively, to the function Cy(mA, k,~, «, p) in Theorem 1, Ay/(BsC5) in Theorem 2, and the
main terms in Theorems 3, 4, and 6, respectively (we used C,,, = m2A for the sake of accuracy.
Cy, = 0 gives very similar graphs). Two sets of parameter values are considered. Left panel:
(p, K, 7y, a, 1) = (—0.8,5,0.5,0.1,0.05); right panel: (p, k,7, o, 1) = (—0.3,5,0.05,0.04,0.02).

Correction of smoothing bias, big leverage effect Correction of smoothing bias, small leverage effect

Correlation
Correlation

Fig. 6. Effectiveness of the multiplicative correction of smoothing bias, based on the main term

n (21). The solid curve (labeled as Corr_nu) depicts Corr(vsyma — v, Xiema — X;) as a function
of m; the dash curve (labeled as Corr_V) shows Corr(‘/;+mA A—Vin, Xitma — X¢), and the dot-
@ /3 Corr(Vieman —Via, Xivma — Xi).
After correction, the estimate of p based on the mtegrated Volatlhty V' is approximately the same
as that based on the spot volatility. Left panel: (p, k, v, a, u, A) = (—0.8,5,0.5,0.1,0.05, 1/252);
right panel: (p, k,7, a, u, A) = (—=0.3,5,0.05,0.04,0.02,1/252).

dashed curve (labeled as Corr_V=-Corr_nu) plots 2

56



Sample correlations based on spot volatilities nu

Correlation

Sample correlations based on RV

Correlation

Sample correlations based on PAV

Sample correlations based on integrated volatilities V

Sample correlations based on TSRV

Correlation
Correlation

Correlation

Fig. 7. Sample correlations between the log-returns and the changes of spot volatilities (upper
left), the changes of integrated volatilities (upper right), the changes of realized volatility (lower
left), the changes of PAV (lower middle), and the changes of TSRV (lower right) over a period
of m days. The results are based on one hundred simulations. The solid curve is the average

over one hundred simulations. The dots are one standard deviations away from the averages.

Parameters: (p, k, v, a, i, 0, A,n) = (—0.8,5,0.5,0.1,0.05,0.0005, 1/252, 390).
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Fig. 8. Average sample correlations based on simulated data. The average sample correla-
tions between the changes of log-prices over a period of m days and the difference of the spot
volatility v, the difference of the integrated volatility V', the difference of the RV estimates, the
difference of the PAV estimates, and the difference of the TSRV estimates over the same period.
Comparing this with the left panel of Fig. 5, we see how the simulation results are in line with
the theory. Parameters: (p, k,7, a, p, 0, A,n) = (—0.8,5,0.5,0.1,0.05,0.0005, 1 /252, 390).
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Preliminary correc tion from PAV Regression based on an automated procedure, PAV
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Preliminar y correc tion from TSRV Regression based on an automated procedure, TSRV
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Fig. 9. Scatter plots of preliminary bias-corrected estimates of the leverage effect parameter
Pm against m for one simulated realization are plotted on the left (upper: PAV, lower: TSRV);
the regression based on the automated procedure described in Section 7.1.2 is illustrated on the
right. The final estimate based on PAV is -0.86, that based on TSRV is -0.82 for this realization.

The true leverage effect parameter p is -0.8.

Correlation

Fig. 10. Sample correlations based on truncated RV for the model Heston(J). Sample cor-
relations between the log-returns and the changes of truncated realized volatilities over a
period of m days for one hundred sample paths simulated based on the model Heston(J)
(17)—(18). The solid curve is the average of one hundred simulations; the dots are one
standard deviations away from the averages. Parameters: (p,k,7,a,u, 0, A n,\ o) =
(—0.8,5,0.5,0.1,0.05,0.0005, 1/252, 390, 5,0.015).
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Sample correlations based on truncated RV for Heston(J)-VindJ Sample correlations based on truncated RV for Heston(J)-VcoJ(i)
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Fig. 11. Sample correlations between the log-returns and the changes of truncated re-
alized volatilities over a period of m days for one hundred sample paths simulated based
on models Heston(J)-VindJ, Heston(J)-Vcol(i), Heston(J)-VcoJ(p), and Heston(J)-VcoJ(n).
The solid curves are the average of one hundred simulations; the dots are one standard
deviations away from the averages. Parameters: (p,k,7v,a, p, A,n, N, 05, N, 000, pip, Pin) =
(—0.8,5,0.5,0.1,0.05,1/252,390, 5,0.015,5,0.01,0.75, —0.75).
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Sample correlations based on truncated RV for OU(J) Sample correlations based on truncated RV for OU(J)-VindJ
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Fig. 12. Sample correlations between the log-returns and the changes of truncated re-
alized volatilities over a period of m days for one hundred sample paths simulated based
on models OU(J), OU(J)-VindJ, OU(J)-Vcol(i), OU(J)-VcoJ(p), and OU(J)-VcoJ(n). The
solid curves are the average of one hundred simulations; the dots are one standard de-
viations away from the averages. Parameters: (p,a,~,k, 1, A,n,\ 05, A, 05w, pip, Pon)
(—0.8,—1,0.5,5,0.05,1/252,390, 5,0.015,5,0.01,0.75, —0.75).
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Fig. 13. S&P 500 leverage effects based on PAV and VIX. The raw sample correlations based
on PAV with minute-by-minute data and VIX (squared) are plotted, for different horizons m,
for S&P 500 in the time period 2004-2007.
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Preliminary correction from PAV for S&P 500 Regression based on an automated procedure
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Fig. 14. Bias correction procedure applied to S&P 500 returns. The plot of the left is a scatter
plot of preliminary bias-corrected estimates based on PAV of the leverage effect parameter p
against m for S&P 500 2004-2007 minute-by-minute data. The plot on the right shows how
estimates in the range identified by an automated procedure are further aggregated by using a

simple linear regression to obtain a final estimate of the leverage effect.

Preliminary correction from PAV for MSFT Regression based on an automated procedure
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Fig. 15. Bias correction procedure applied to Microsoft returns. The plot on the left is a scatter
plot of preliminary bias-corrected estimates based on PAV of the leverage effect parameter p
against m based on the minute-by-minute data of Microsoft returns in the time period January
2005-June 2007. The plot on the right shows how estimates in the range identified by an
automated procedure are further aggregated by using a simple linear regression to obtain a

final estimate of the leverage effect.
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