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Chapter 1

What is a Differential

Equation?

1.1 Introductory Remarks

1.2 A Taste of Ordinary Differential Equa-
tions

1.3 The Nature of Solutions

1. Verify the function is a solution to the differential equation.

(a) If y = 22 + ¢, then 3/ = 2z.

(b) If y = cz?, then v/ = 2cx so zy’ = 2cx? = 2y.

(

(d

(e) If y = ¢y sin2x + cg cos 2z, then y' = 2¢; cos 2x — 2¢y sin 2z and
y" = —4ecysin 2x — 4eg cos 2x = —4y so y' + 4y = 0.

)
)
c) If y? = e** + ¢, then 2yy’ = 2¢*® so yy' = e**.
) If y = ce®, then ' = kcek® so v = ky.

)

(f) If y = c1€®® + coe™2* then i = 2¢1€%® — 2c9e72* and 3y’ = 4c1e®® +
dege™ = 4y so y’ — 4y = 0.

(g) If y = ¢y sinh 2z + ¢y cosh 2z, then y' = 2¢; cosh 2x + 2¢5 sinh 2x
and y" = 4c¢; sinh 2z + 4c¢y cosh 22 = 4y so vy’ — 4y = 0.

1
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h) If y = arcsinzy, then y/ = —2HY_ g0 zy/ 4+ y = 1 — x2y?

(h) Ity y V= yt+y=y'yv

(i) If y = ztanz, then ¢ = zsec’z + tanz = z(tan’z 4+ 1) + tan z.
Using tanz = y/x we get iy = y*/x+x+y/x or 2y = 2* +y* +y.

(j) If 2% = 2y* Iny, then 2:5 = [2y%(1/y) —|—4ylny]y = 2yy (1—|—21ny)
Consequently, 3/ Using Iny = 2 I we get iy =

y+2y1ny mz—l—y

(k) If y* = 2% — cx, then 2yy’ = 2z — ¢ so 2xyy’ = 22% — cx =
2?4+ 2% —cx = 2? + y%.

(1) If y = ¢ + ¢/x, then ¥ = —c/x? so z*(y/)> = ¢ =y — ¢/x. Use
the fact that —c/x = zy’ to obtain 2*(y')? =y + xy/’.

(m) If y = ce¥/*, then 3/ = zy;—;ycey/m = myy;i;yz Solve for ¢’ to obtain
v =y /(zy — v?).

(n) Ify+siny = z, then y'+y' cosy = L ory’ = 1/(14cos y). Multiply
the numerator and denominator of the right side by y to obtain
vy =y/(y+ ycosy). Now use the identity y = x — siny to obtain
Yy = (z —siny + ycosy).

(o) If z +y = arctany, then 1+ 3y = ¢//(1 + y?). Consequently,
(1+19)(1+vy?* =49 This simplifies to 1 + 3> + %y = 0.

3. For each of the following differential equations, find the particular so-
lution that satisfies the given initial condition.

(a) If y' = we®, then y = [xe®dr + C = (x — 1)e” + C (integrate by
parts, u = x). When z = 1, y = C so the particular solution is
y(z) = (xr —1)e* + 3.

(b) If ' = 2sinzcosz, then y = [2sinzcoszdr + C = sin’z + C.
When x = 0, y = C so the particular solution is y(r) = sin®z + 1.

(c) If y =Ilnz, then y = [Inazdr + C = zlnz — z + C (integrate by
parts, u = Inz). When = = ¢, y = C so the particular solution is
y(x) =xlnz —x.

(d) If ' = 1/(2* = 1), theny = [1/
)—1/(a7+1)d:v+0 sIni
When x = 2, y—lln +C

is y(x )—llnﬁ—ﬁ—l—ln

/(@ =1de+C=1/2[1/(x —
+ C (method of partial fractions).

C - 1n73 so the particular solution

+
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(e)

Ify = m, then y = fmd:w—C =1/8[1/(x+2)+1/(x—

2) — 2/xdx + C = gln |mi§4| + C' (method of partial fractions).
Whenz =1,y =1 g 03 + C so the particular solution is y(z) =

L 2o 11n3—11n|m3;24|.

_ 2x°+x 2z% 4 _ 1
If y = (m+1)(:2+1 then y = [ (@+1) (:2+1 dv +C = 3 [ -7 T+
U—tdr+C = {n(z+1)+3In(z>+1) — jarctanz + C (method of
partial fractions). When 2z =0, y=C so the particular solution

isy(z) =3In(z+1) + 3In(a® + 1) — J arctanz + 1.

5. For the differential equation

y' =5y +4y =0,

carry out the detailed calculations required to verify these assertions.

(a)
(b)

If y = e®, then 3y — 5y’ + 4y = €* — He” + 4e” =
If y = e*®, then y" — 5y’ + 4y = 16e** — 20e*® + 4e** = 0.

If y = c1e® + cpe®, then y” — 5y + 4y = c1(e® — 5e® + 4e%) +
c2(16e* — 20e* 4 4e1® = 0.

7. For which values of m will the function y = y,, = ™" be a solution of
the differential equation

20" + " — By + 2y = 07

Find three such values m. Use the ideas in Exercise 5 to find a solution
containing three arbitrary constants ci, co, c3.

Substitute y = e™* into the differential equation to obtain

2m3e™ 4 m2e™® — 5me™® + 2™ = ().

Cancel €™ in each term (it is never 0) to obtain the equivalent equation

om® +m?—5m+2=0.

Observing that m = m; = 1 is a solution (and y; = €” is a solution
to the differential equation). Using this we can factor the polynomial—
divide by m — 1-to obtain

2m3 +m? —5m + 2 = (m — 1)(2m? + 3m — 2).
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The quadratic term factors yield two more roots, mg = —2, m3 = 1/2,
and two more solutions

Yo = e 2 and y; = /2

These three solutions can be combined, as in Exercise 5, to produce a
solution with three arbitrary constants

—2x

y=cre’ 4+ coe” 4 Cgem/z.

. Use the method of separation of variables to solve each of these ordinary
differential equations.

(a)

Write the equation z°y’ + y® = 0 in Leibnitz form 2°% + 5 = 0

and separate the variables: Z—é’ = —ﬁ—@f. Integrate, [ Z—é’ = — ﬁ—@f,

to obtain the solution: y=*/(—4) = 27%/4 + C. This can also be
4

written in the form z? + y* = Ca'y* or y = (55—)"/*.

Write the equation 3’ = 42y in Leibnitz form % = 4xy and sepa-
rate the variables: d?y = 4zdx. Integrate, [ d?y = [ 4zdz, to obtain
the solution: In |y| = 222+ C. This can also be written in the form
y = Ce*”,

Write the equation yy'+y tan z = 0 in Leibnitz form g—z—l—y tanx = 0
and separate the variables: d?y = —tanzdr. Integrate, [ ==
[ tan zdz, to obtain the solution: In|y| = In|cosz|+ C. This can
also be written in the form y = C' cosz.

The equation (1 + z?)dy + (1 + y*)dz = 0 can be rearranged and
integrated directly, [ % + [ 125 = C. Therefore, the implicit
solution is arctany + arctanx = C. This can also be written in

the form y = tan(C — arctan ).

Proceed as in part (d). Rearrange yInydx — zdy = 0 to the form

dz d ; . dx dy __ . .
T yhi/y = 0 and integrate: [ % — [ yl—fl’y = (. This yields the

implicit solution In |x| —In|Iny| = C which can also be written in
the form Iny = Cz or y = €.

From Leibnitz form I% = (1 — 42?)tany we obtain cotydy =

(1/z — 4x)dz. Integrating, [cotydy = [1/x — 4adx, gives the
implicit solution In | siny| = In |x|—22%+C. Consequently, siny =
Cze 2 s0 y = arcsin(Cre 27",
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(g) The Leibnitz form % siny = 22 separates to sinydy = 22dz. In-

tegrate to obtain —cosy = 23/3 + C or y = arccos(C — x*/3).

(h) Write the equation ' —y tan x = 0 in Leibnitz form % —ytanx =
0 and separate the variables: d?y = tanzdz. Integrate [ d?y =
[ tan zdz, to obtain the solution: In|y| = —In|cosz|+ C. This
can also be written in the form y = C'/ cosz or y = C'sec x.

(i) From Leibnitz form, zyj—z = y — 1 we obtain é’f—ﬁ = df. Write

this in the form y;i—i’ldy = df and integrate to obtain the implicit
solution y + In|y — 1| = In|z| + C.

(j) Leibnitz form zy?— %222 = 0 separates to % = y—2dy. Integrating
yields the implicit solution In|z| = —1/y + C. The solution can

be expressed explicitly as y = C+nlrl

3. Substituting 3’ = p yields % = 72

Separation of variables (or direct
integration) gives In|p| = 23/3 + C. This implies that p = Ce”/3 and
so i = Ce*’ /3. Consequently, y = C [¢**/3dx + D. As we expect,
the solution contains two arbitrary constants. The integral cannot be

evaluated in terms of elementary functions.

1.4 First-Order Linear Equations

1. Find the general solution of the following equations.

(a) The equation is linear and separable. The integrating factor is
e~**/2 50 it simplifies to (e=**/2y)’ = 0 and e~**/2y = C'. Therefore,
y = Ce*/2.

(b) This equation is also linear and separable. The integrating factor
is e**/2 so it simplifies to (e%/%y)’ = ze®*/2. Integrate to obtain
e /2%y = /2 4 O and y = 1 + Ce /2.

(c) The integrating factor is e” so the equation simplifies to (ey)" =
%. Integrating we obtain e’y = arctane® + C'. The general
solution is y = e~* arctan(e”) + Ce™".

(d) The integrating factor is e” so the equation simplifies to (e*y) =
2z +x2%e”. Integrate to get e’y = 2%+ (2—2x+2%)e*+C (integrate
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x2%e® by parts, twice, or use an integral table). The general solution
isy=a%"+2—2x+a%2+Ce™.

(e) Write as xy’ = 2y—2? and then 3y’ —(2/x)y = —x?. The integrating
factor is 272 so the equation simplifies to (z72y)’ = —1. Integrate
to obtain 72y = —x + C. The general solution is y = —23 + Ca?.

(f) The integrating factor is e*” so the equation simplifies to (e**y)’ =
0. Consequently, emzy =(C and y = Ce".

(g) Write as v/ — (3/x)y = x3. The integrating factor is 272 so the
equation simplifies to (z73y)’ = 1. Integrating we obtain x 3y =
x+Csoy=at+Czd

2x cotx

(h) Express the equation in the form y'+ :Z55y = {225 The integrat-
ing factor is 1 + 2% and the equation simplifies to ((1 + 2?)y)’ =

cot . Consequently, (1+2%)y =In|sinz|+ C and y = ml?ﬁ#

(i) The integrating factor is sin x and the equagion simplifies to (ysinz) =
2z. Therefore, ysinz = 22 + C and y = £+¢

sinx °

(j) Express the equation in the form y' + (1/z 4 cot z)y = 1. The in-
tegrating factor is z sin = so the equation simplifies to (zy sinz)’ =
xsinz. Integrate to obtain zysinz = sinx — zcosz + C (use a
table of integrals or integrate xsinz by parts, u = x). Therefore,
y = sinm—m:zi(;lo;m—l—c.

3. Bernoulli Equations To verify the technique write the Bernoulli
equation in the form y~"y’ + Py'™™ = Q. The substitution z = y'=™"

and 2 = (1 —n)y™"y yield 2"+ Pz = Q.

(a) Bernoulli, n = 3. Substitute z = y=2, 2/ = —2y~3y/ into xy 3y’ +
y~2 = x? to obtain (—1/2)xz'+z = x*. Thisislinear, 2/ —(2/z)z =
—223, with integrating factor z 2. It simplifies to (z722)" = —2z.
COnsequently, 2722 = —22 + C and 2z = —a* + C2?. This means
that y=2 = Cz? — 2% s0 Y% = =

T Cx?2—z4-

(b) Write the equation in the form y' + (1/x)y = y ?cosz to see
that it is Bernoulli, n = —2. Substitute z = y?, 2/ = 3y?y into
the equation y%y' + (1/x)y® = cosz to obtain the linear equation
(1/3)2" + (1/x)z = cosx. This is 2’ + (3/x)z = 3cos z, with inte-
grating factor z3. It simplifies to (z3z)" = 323 cos z. Consequently,
232 = 3F(x) + C where F(x) is and antiderivative for z3 cos z.
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Therefore, z = 373 F(x)+23C, and the solution in terms of y can
be expressed in the form y3x® = 3F(x) 4+ C. The expression F(x)
can be found using multiple integration by parts or, better yet, a
table of integrals: F'(x) = z3sinz + 322 cosz — 6xsinz — 6 cos .

5. If y = cf(z) + g(z), then ¢ = cf'(z) + ¢'(x). Estimate the constant c¢
(multiply the first equation by f’(x), the second by f(x), and subtract)
to obtain f'(x)y — f(z)y’ = f(x)g(x) — f'(x)g'(x). This is a first-order
linear equation.

7. The equation is linear. Write it in the form y — (2csc2x)y = %

to find the integrating factor: csc2x + cot2x = cotx. Since 25%2% —

25?&% = cscx, upon multiplying by the integrating factor lezr\;ezmob—
tain (ycotz) = cscxcotx. Therefore, ycotx = —cscx + C and
y = % Converting to sines and cosines yields y = %
As x — 7 the denominator approaches 0. To get a finite limit the
numerator must also approach 0 so let C' = 1. The solution y = sne=1

has the desired property.

9. Let z(t) be the amount of salt (pounds) in the tank at time ¢ (minutes).
The rate of change, z/(t), equals the rate in: 6 Ibs/min, minus the rate

out: 3- % Ibs/min, where V (t) = 40—t is the volume of the mixture in

the tank at time ¢. The resulting rate equation: 2’ = 6—3- 5, is linear.

Write it as 2’ + ;252 = 6 to obtain the integrating factor, (40 —t)~2.
The equation simplifies to [(40 — ¢)™3x) = 6(40 — )™ implying that
(40—t) 3z = 3(40—t)2+C. Consequently, z(t) = 3(40—t)+C(40—t)3.
The initial condition, x(0) = 0, determines the value of the constant:
C = —ﬁ. Therefore, the amount of salt in the tank at time ¢ is given
by

3
=3(40 — t) — ——(40 — 1),
#(t) = (40 — 1) — (40— 1)
(a) Since V(t) = 40 — t there are 20 gallons of brine in the tank
when ¢ = 20. According to the formula derived above, x(20) = 45
pounds of salt.

(b) The amount of salt in the tank is maximum when z/(t) = 0.
Solving

9
3+ ——(40—-1)*=0
3+1600( )
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we first obtain (40 —¢)? = 199, then t = 40 — 7 = 16.905.

1.5 Exact Equations

All references to M and N refer to the equation in the form Mdxz+ Ndy = 0.

1.

11.

M:y,N::B+— SO aa—]\;:l— %N Theequationisexact g—izy
implies that f(z, y) = zy + ¢(y). 8—5 =x+ = 1mp11es that © + ¢'(y) =
:17+§ so ¢(y) =2In|y| and f(x,y) = a:y—|—2ln ly|. The implicit solution

is zy + 21n |y| =

M=y—a23 N =x+ 13 so%—]\j 1:%—];’. The equation is exact.
af L = y—a® implies that f(z,y) = zy—2'/44+¢(y). 5 of —a:—l—y implies

that T+ ¢ (y) =z+y3s0 ¢(y) = y?/4 and f(z,y) = a:y ot /4 +yt/4.
The implicit solution is zy — z*/4 + y*/4 = C

oM

M =y+ycoszy, N =z+xcoszy, so 5 ON

= l—xysinzy+coszy = 5 -
The equation is exact. a£ = y + ycoszy implies that f(z,y) = xy +
sinzy + ¢(y). g—i = x + xcosxy implies that z + xcosxy + ¢'(y) =
x4z cosxy,so ¢(y) = 0and f(z,y) = xy—+sinzy. The implicit solution
is xy 4+ sinzy = C. For a given value of C', the equation t 4 sint = C'
has exactly one solution, ty. Therefore, the implicit solution for the

differential equation also be expressed simply as xy = C.

M = eY+cosxcosy, N = xeY—sinz siny, so %M =eY—cosxsiny = %—];’.
The equation is exact. a£ = eY+cosx cosy implies that f(z,y) = xeV+
sinz cosy + ¢(y). g—i = re¥ — sinx siny implies that ze¥ —sinx siny +
¢ (y) = xe? —sinxsiny so ¢(y) = 0 and f(x,y) = xe¥+sinx cosy. The

implicit solution is xe¥ 4+ sinx cosy = C.

M=14y, N=1—-=z,so %—Aj =1#-1= %—];’. The equation is not
exact.

OM _ 1+z%y®> 9N . .
M = 13?2 " -1, N = mz 7 80 G = ToamE T o The equation is
exact. 5 = m — 1 implies that

fle.y) = 3 ln(ay + 1) — SIn(ey — 1)~ & + 6(y).
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Q
<

= = 1,77 implies that (my—l—l w7) 1 ¢'(y) = 177z This simplifies

o+ (y) = =2z 50 6(y) = 0 and f(z,y) = Ln(ey + 1) -
In(zy — 1) —z. The implicit solution is § In(zy+1)—3 In(zy—1) —
C'. This equation can be solved for y (exercise) to produce an explicit

S%’I

N[

. 2x
solution y = %
_ _ OM __  1+a%y®> _ ON N
M = - mz s+, N =1 mz 7,50 Gy = Toamy? = on The equation is
of _
exact. - = 12 y2 + x implies that

2

fla,g) = 3 Inay +1) - S (e — 1)+ -+ 9{y).

g_g - = mz > implies that (my-l-l my T +'(Y) = 1= m2 >. This simplifies

t0 2y + ¢(y) = =57, 50 9(y) = 0 and f(z,) = L In(ay + 1) -
%ln(a:y—l)—l—%. The implicit solution is £ In(zy+1)—3 ln(a:y—l)—l—% =
C'. This equation can be solved for y (exercise) to produce an explicit

Ce’zz—l—l
z(Ce=7%—1)"

solution y =

M=xlny+zy, N=ylnhz + zy, so%—fz%—l—a:;é%—l—y:%—g. The
equation is not exact.

oM

M = 1+19y%sin2x, N = —2ycos® x, so 22 = 2ysin 2z = 4y cos xsinx =

Oy
%—];’. The equation is exact. g—£ = 1+ y?sin 2z implies that f(z,y) =
z— 3y?cos 2z + ¢(y). g—i = —2y cos? r implies that —y cos 2x + ¢/ (y) =
—2y cos?x. Since cos?x = % + %cos 2z, the last equation is equivalent

to —ycos2z + ¢ (y) = —y —ycos2x so ¢'(y) = —y, ¢(y) = —3v°,
and f(x,y) =x — %y cos2x — 1 y?. Therefore, the implicit function is
x — sy?cos2z — sy* = C.

M = 32*(1 +Iny), N = ﬁ — 2y 50 %—Aj = 3‘;2 = 2N The equation is

exact af = 32%(1+Iny) 1mp11es that flx,y) = 2°(1+Iny)+o(y). 3 af =

= - 2y implies that g (y) =L =2y, 50 ¢/(y) = —2y, b(y) = —yz,
and f(z,y) = 2*(1+Iny)—y?. The implicit solution is 3 (1+Iny)—
C.

(a) g_f — (Hy) — 1 implies that f(a: y) = —m -z + é(y). 5
1 pu—

(H T2 implies that 1 — (Hy = phi'(y) — (Hy)z so ¢'(y) = 1,
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é(y) = y and f(x,y) = —m — 2 + y. The implicit solution is
_myTy —r+y=C.
(b) g—g =1— (H E 1mpl1esthat flz,y) = y+m+y+g0( T). 3 af = (mfy) —1

implies that - 4+ ¢'(z) = 5 —1so0 ¢'(z) = —1, o(x) = —x
and f(x,y) = y+ 5, — . The implicit solution is y+ ;- —x = D.

Subtracting the left side of the solutions from (a) and (b) yields (— - —

r+y

x+y)—(y+ m —x) = —1. Differing by a constant —1, two equations
from (a) and (b) represent the same family of equations.

2_o,2 2_,2 . . .
M = ii’yz 2m3’ N = 4?3—93231’ SO %—Aj = 7@28_43;2)2 = %—];’. The equation is
exact. 2 = ii’y_zmg implies that f(z,y) = ln:c + 3 In(2? — 4y?) —|— o(y)
(integrate via partial fractions). g—i = fy% 1mp11es that 2 4 s +
¢(y) = 244, s0 ¢/(y) = L. Therefore, ¢(y ) = Iny, and f(z.y) =

Inz + $In(2? — 4y?) + Iny. The solution is Inzy + 3 In(z? — 4y?) = C
or 22y?(2? — 4y*) = C.

1.6 Orthogonal Trajectories and Families of

1.

Curves

Sketch the families of curves, find orthogonal trajectories, add them to
the sketch.

(a) Differentiate zy = ¢ to get xy' + y = 0 or ¢ = —y/x. Orthogonal
curves are generated by y' = z/y, a separable equation. ydy = xdz
implies that y?/2 = 22/2 + C or y* — 2% = C. See Figure ?77.

(b) Differentiate y = cx? to get ¥’ = 2cx. Divide one by the other,
y "fly = 2/z or ¥y = 2y/x. Orthogonal curves are generated by

y = —3g0 & separable equation. 2ydy = —xdx implies that 1>
—22/2+C or 2y* + 22 = C. See 77.

(c) Differentiate z +y = ¢ to get 1 + ¢’ = 0 or ' = —1. Orthogonal
curves are generated by ' =1 or y = 2 + C. See Figure 77.

(d) The curves r = ¢(1 + cosf) for ¢ positive are orthogonal to the
curves 7 = ¢(1 4 cos@) for ¢ negative. See Figure 7?7 where the
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The family xy = ¢ and orthogonal trajectories.

More on the family zy = ¢ and orthogonal trajectories.
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The family y = cz? and orthogonal trajectories.

The family x 4+ y = ¢ and orthogonal trajectories.
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o)

orthogonal curves on the right correspond to ¢ = —2, —4, —8, —16.
To verify this analytically, write the whole family (¢ positive and
negative) in Cartesian coordinates: ++/22? + y? = ¢(1+ ﬁ),

I2+y2
and differentiate. Then use the original equation to eliminate ¢ to
obtain the following differential equations:

y* — zyy

Ty =
v x££ \/2?+ y?

The differential equations for the orthogonal trajectories can now
be obtained by replacing ¢y’ with —i. Having done this, multiply
both sides of the equation by v/, then "rationalize” the denom-
inator on the right (multiply top and bottom by = F /22 + y?)
and rearrange to

y* — zyy

— =ty
T F 22+ y?

Because these are the same equations, the family is “self-orthogonal”.

Differentiate y = ce® to get y' = ce®. Divide one by the other to
obtain y'/y = 1 or ¥’ = y. Orthogonal curves are generated by the
separable equation ¢y’ = —1/y or ydy = —dx. Integrate to obtain
y?/2 = —x + C. This simplifies to y* + 2z = C. See Figure ?7.

Differentiate z — y? = ¢ to get 1 — 2yy’ = 0 or v/ = 1/(2y).
Orthogonal curves are generated by the separable equation ' =

—2y or dy/y = —2dx. INtegrate to obtain In|y| = —2x + C. This
simplifies to y = Ce?*. See Figure ?7.
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The family r = ¢(1 4 cosf),c = 2,4,8,16 and orthogonal trajectories.

xS
<>
"”’lg

7
A

KT
ST

%

The family y = ce” and orthogonal trajectories.
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e

vy — N

N
N

L
T Ny

The family y = cz* and orthogonal trajectories.
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RN

The family 2 — 4% = ¢ and orthogonal trajectories.

3. The sketch is displayed in Figure ??. It appears that the curves inter-

sect orthogonally.

Differentiate y* = 4c(x + ¢) to get 2yy’ = 4c. Substitute ¢ = yy'/2 into
the first equation to obtain y? = 2yy/(x + yy'/2) or y = 22y’ + y(y')%.
This is the differential equation defining the parabolas. Replacing 3/’
with —1/%/ yields the differential equation defining the orthogonal tra-
jectories: y = —z—”f +y- ﬁ It simplifies to y(y')> = —2xy’ + y which
is equivalent to the original, confirming the fact that the parabolas in
Figure ?? are orthogonal to one another.

. Let (z,y) be a point on the curve. The area from 0 to z is fom y(t)dt.

The area of the rectangle is x - y(z) so [} y(t)dt = %(m) Differentiate

_ wy/(a)tu(a)
3

separable equation d?y = %. Integrate to obtain Iny = 2Ilnx 4+ C'. The

with respect to = to obtain y(x) or 3y = xy' +y. Thisis a

equation of the curve is y = Cx?.

. Orthogonal trajectories using symbol manipulation software.

Neither Maple nor Mathematica can obtain symbolic solutions to the
differential equation that defines the orthogonal trajectories in these
problems. The following example—problem (a)-shows how to display
numerically generated trajectories using Maple. The code for Mathe-
matica is quite similar.



1.7. HOMOGENEOUS EQUATIONS 17

1.7 Homogeneous Equations

The letters M and N will always refer to the equation Mdx+ Ndy = 0. Note

that this equation is equivalent to y' = —%.

M

1. Verify the equation is homogeneous, solve.

(a)

M = 2?2 — 2y? and N = xy are homogeneous of degree 2; 3’ =

—ngjyz The substitutions z = % and v = z2' + z yield the
separable equation zz' + z = 2z — % This equation has so-

lutions z = £+v1+ Cx? so the original equation has solutions
y=tav1+ Cx2

M = 3zy +2y? and N = —z. M has degree 2 and N has degree
1. This equation is not homogeneous. Note that it is Bernoulli.

Divide the equation by z? to obtain ¢ = 3(1+4 (%)?arctan 2 + £ a
homogeneous equation. The substitutions z = £ and y' = 22’ + 2
yield the separable equation xz’ 4+ z = 3(1 + 22) arctan z + 2. This
equation has the solution z = tan(Cz?) so the original equation
has solution y = z tan(C'z?).

Divide the equation by z to make it homogeneous. The sub-
stitutions z = £ and y' = 22’ + 2 yield the separable equa-
tion (z2’ + z)®22 = sinz + 1. This equation has the solution
cos z+In cx = 0 so the original equation has solution cos Z+1In cz =
0.

Divide by x to make the equation homogeneous. The substitutions

z =% and y = z2' + z yield the separable equation z2' 4 z =

z + 2e~*. This equation has the solution z = In(2Inz 4 C) so the
original equation has solution y = zIn(2Ilnz + C).

M =z —yand N = —(x 4+ y) are homogeneous of degree 1;
y = ﬁ The substitutions z = £ and y' = z2' + 2 yield the
separable equation xz’' + z = }fﬁ This equation has the solution

22422 —1 = Oz % and the original equation has solution y* +
2oy — 22 =C.

This equation is linear and homogeneous. To solve it as a ho-
mogeneous equation, divide by z: 3y’ = 2 — Ggﬂ—y, then substitute

z = ¥ to obtain the separable equation zz’ + z = 2 — 6z. The
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solution isz= 2 + Cz~7 so the original equation has the solution
Y=+ C’x‘ﬁ.

Divide by z: ¢ = {/1+ g—z, then substitute z = £ to obtain
the separable equation xz’ + z = v/1 + 2z2. The solution is 22 +

2vV1+4 22 + In(z + V1+22) = 2lnxz + C. The solution to the
original equation can be simplified to % + yv/x2 + y2 + 22 In(y +

Vi +y?) =2*3Inz + O).

The equation is Bernoulli and homogeneous. To solve it as ho—

mogeneous, divide by z?: 3 = mz + 25, and substitute z = ¥ to

obtaln the separable equatlon x2 + 2z = 2%+ 2z. The solutlon is

z= . The solution to the original equation is y = m —.

fome
M = 23 + y? and N = —ay? are homogeneous of degree 3y =

%. The substitution z = £ yields the separable equation xz" +

z= 1;’—223 This equation has the solution z = v/3Inz + C and the
original equation has the solution y = zv/3Inx + C.

3. Solving ¥ dy _ pp(aztbutc)

(a)

5. Observe that if z = 2 then y' = 2"2' +na" 'z,

(a)

dx+ey+f

The substitutions x = z — h and y = w — k yield the equation

dw __ az+bw—(ah+bk—c) dy . d_y dw  dz dw .
@ = V(e nten—p)- Note that 38 = 0. G2 = = Since

ae # bd there are unique numbers h and k such that ah —I— bk =c

and dh + ek = f. Using these values the new equation is % =

dz
az+bw : :
F(§2E22) which is homogeneous.

If ae = bd, then there is a constant k such that cx+dy = k(ax+by)
for all z and y. We are assuming that a and b are not both 0. The

equation then has the form 2 = F(%) The substitution

z = ax + by reduces it to 2’ = a + bF(Z* ) which is separable.

1

o . 2= (2n+1) _ 2 (2 .
The substltutlon z = 4 ylelds Z = - sz:(z 1), Setting
n =—= this becomes 2’ = zm, a separable equation with solution

ln:v +C. Therefore y? = ot
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(b)

()

2z~ (2n+1) 4 22 (3—4n)
dxz :

The substitution z = % yields 2’ = Setting

n = % this becomes 2’ = 21;5;/2, a separable equation with solution
z* = —2z7%/24 C. Therefore, y? = C2**—2z~! /5. (The solution

can be also be obtained using n = —1/2.)

The substitution z = % yields 2/ = —z("_lm)gf;:fg D Get-
ting n = —1 this becomes 2’ = —2%~, a separable equation with

z(1+z)°
solution z =Inz = 2Inx + C. Therefore, xy + Iny =Inz 4 C.

7. Solving homogeneous equations using symbol manipulation software.

Neither Maple nor Mathematica can obtain complete symbolic solu-
tions to these differential equations. The following example shows
Maple’s answer to problem (a). Mathematica’s answer is quite sim-

ilar.

1.8 Integrating Factors

The letters M and N will always refer to the equation Mdx + Ndy = 0.

1. Solve by finding an integrating factor.

(a)

(b)

()

oM _ 9N
M = —2zy and N = 3% — y?; -2 = —%. An integrating
factor is p(y) = y%, and the solution is 2% — y? = Cy?.
oM _ 9N
M =zy—1and N =22 — xy; 22 = 1 An integrating factor

is pu(x) = <, and the solution is Q:é\g]; 2z — y?=C.

oM _an 54 aM _aN
M =yand N = —z—3az%y*; 20 = —mflf;m£y4), and — 2 =
. Consequently, there are no integrating factors that are

function of x alone or functions of y alone. Try a factor of the

_249a%yt

form p = —(m;)n' This is motivated by the observation that the
equation becomes mdiJf)yfm _ _stytdy oody) o 3alyldy

(zy)™ (zy)™ (zy)™
left side is directly integrable for any n and, when n = 3, so is the
right side: ?g%’g = —3ydy. The solution is (;%3 = -3y*+Cor

(ry)=2 = 3y* + C.

oM _aN
dy oz
M

M = e®” and N = e*coty + 2y cscy; — = coty. An inte-
grating factor is p(y) = siny, and the solution is y?+e*siny = C.
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<9M aN

() M = (z+2)siny and N = z cosy; = 1+1. An integrating
factor is p(z) = ze®, and the solution is z2e” smy =C.

(f) This equation is similar to the one in part (c). Write it in the form

xdy +ydr = 22x*y>dy and divide by (xy)? to get ?iji’ 2ydy. The

solution is i = —y?+C.

OM _ ON

(g) M=uz+ 3y and N = 2zy; 22 = 2. An integrating factor is

T

w(z) = 22, and the solution is a: +4x3y? = C.

oM _ 9N
(h) M =yand N = 2z — ye¥; — 2% = i An integrating factor is
u(y) =y and the solution is zy? — e¥(y* — 2y +2) = C.
oM _aN
(i) M =ylny—2xy and N = 2 +y; -2 = —i. An integrating
factor is u(y) = % and the solution is y — 2% + 2 Iny = C.
OM ON
: _ a2 _ 2 . 9y dx  __ y—x
(J)M—ggM—l—a;By—l—landN—:B +ay +1; 2 = T
and — W}\; o — 7 +my +1 Consequently, there are no integrating

factors that are functlons of x alone or functions of y alone. Let’s
see if we can take advantage of the symmetry of the equation.
Start by expressing it in the form dz+dy+y(y+z)dr+x(z+y)dy =

0, then divide by x + y: dﬁizy +ydx + xdy = 0. This is equivalent

to d(;fyy + d(zy) = 0 and the solution, obtained by integrating is

In(x + y) + zy = C. Note. An integrating factor for this equation
is = (z+y)~'. The reader is invited to check that the equation
% + ydx + xdy = 0 is exact and then solve it by the method
of exact equations.

OM _ ON

(k) M = 2% +zy® and N = 3y* 22 = z. An integrating factor is
pu(x) = e**/? and the solution is e”” 2P 42— 2) = C.

3. If u(Mdx + Ndy) = 0 is exact, then a%(,uM) = 2 (uN). Therefore,

oM | @ _ AN | @ : : OM _ ANy _
,l;a—y + g—ZM = p5, + 55N, This caan be ;vrltten as ,u(a—y —50) =
N = 5p M. If p = p(z +y), then 35 = gt = p/(x + y) so the last

ox oy
equation can be rearranged to

OM ON
W(r+y) oy~ oa

plz+y)  N—-M~
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Therefore, there is an integrating factor of the form u(x + y) if and

aM AN
25 g a function of the form f(x + y). If this is the case,

only if

the integrating factor is u(z) = e/ 1) where 2 = & + . See Exercise
1 (j) above.

1.9 Reduction of Order

1. Solve using reduction of order.

(a) Make the substitution y' = p, y” = lel_Z to obtain ypzll—z = —p*

Separate the variables: %‘” = —d?y, and integrate to get Inp =
—Iny + C. Equivalently, p = C/y. To finish replace p with
Y (= j—g) and integrate once more: j—z = %, ydy = Cdx, and

2 . .
¥ = Cx + D. This can be expressed simply as y? =Cx+ D.

(b) Make the substitution y = p to obtain zp’ = p + p3, a separable
equation. Separate to 3 +p = dm and 1ntegrate (partial fractions).

The solution is p = +——=2— \/— Replace p with ¥’ and integrate once
more for the solutions: y = £v/C' — 22 + D.
(c) Proceed as in Example 1.10.2 to obtain y = Asinh(kz)+B cosh(kx).

(d) Make the substitution ¢’ = p to obtain 2?p’ = 2zp+p?, a Bernoulli
equation (n = 2) with solution p = 22 Replace p with ¢y and

C—zx-

integrate for the solution: y = —%2 —Cz —C?In(z — C) + D.

(e) Make the substitution y' = p, v’ = lel_Z to obtain Qypg—z =1+ p?
a separable equation with solution p = +4/Cy — 1. Replace p
with dy to obtain another separable equation that integrates to

Cx = j:2\/0y 1+ D.

(f) Make the substitution y' = p, ¢y’ = lel_Z to obtain ypzll—z =7, a
separable equation with solution p = Cy. Replace p with % to
obtain another separable equation that integrates to y = De®*.

(g) Make the substitution 3y’ = p to obtain zp’ + p = 4z, a linear
equation with solution p = 2z + Caz~!. Replace p with % and
integrate once more for the solution: y = 22 + C'lnx + D.

3. Solve using both methods: x missing, y missing. Reconcile the results.
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(a) ' =1+ (y)?

x missing Substitute ¥’ = p, vy = p’ to get p’ = 1+ p* (separable).
The solution is p = tan(z+ C'); that is, ¥’ = tan(x 4+ C). Integrate
to obtain y = In(sec(z + C)) +

y missing Substitute ' = p, v’ = pd to get pdp = 1+ p? (sepa-

rable). The solution is p = v/Ce?¥ — 1; that is, ¢/ Ce2v — 1.
Integrate to obtain arctan/Ce? — 1 = x + D. This is equivalent
o0VvCe® —1=tan(x + D).

To reconcile these solutions note that the second one is equivalent

to e = C'sec’(x + D).

(b) "+ (y)?* =1
o missing Substitute iy’ = p, y” = p’ to get p’ = 1 —p? (separable).
The solution is p = tanh(x + C) ; that is, y' = tanh(x + C).
Integrate to obtain y = ln(cosh(a? +0O))+
y missing Substitute vy = p, vy’ = pd to get pdp =1—p? (separa-
ble). The solution is p = v/Ce=2¥ + 1; that is, ¥/ = VCe=2v + 1.
Integrate to obtain arctanhv/Ce=2 + 1 = z + D. This is equiva-
lent to v/Ce=% + 1 = tanh(z + D).
To reconcile these solutions note that the second one is equivalent
to e?¥ = C cosh®(x + D).

1.10 The Hanging Chain and Pursuit Curves

1. The statement of the problem is incomplete. The relation T = wy is

valid provided the z-axis is placed so that hy = %, where Ty denotes
the tension at x = 0. This implies that

jb w
— 2% cosh
y = cos (To x)
and ¢y = sinh(77x). Using the identity cosh(7 \/1 + smh2
we have cosh(zz) = /1 + (y)* which allows us to rearrange the dlS-
played equation to wy = Ty \/(H— (v')?). But cos = 1+( 72 (see Figure

1.11) so the last equation implies that wy = o =

cosf
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3. The assumption is that the weight supported from the bottom of the
cable to the point (x,y) equals Loz. This means that the displayed
equation proceeding Equation (1.33) in this section can be changed to
y' = /LoTox where T denotes the tension at the low point, z = 0.
Consequently, y = v/Lo2Tyx? 4+ hg. The cable hangs in the shape of a
parabola.

5. Let ¢ denote the planar weight density of the curtain (weight per unit
area). Using this, the weight supported by the cord from the low point,
x = 0, to the point (x,y) is equal to 5f02y(t)dt. Arguing as in this
section we are led to 3y’ = Tio s y(t)dt where Ty is the tension in the
cord at x = 0. Differentiate to obtain y” = Tioy or y" — a*y = 0 where

a = \/d/Ty. This second order equation can be solved by reduction of
order as in Example 1.10.3 (3’ is missing) to obtain y = ¢;e®* + coe ™.
THe fact that 3/(0) = 0 implies that ¢; = c3 so the solution has the
form y = c(e™ + e~**). The value of the constant ¢ is determined by
the height, hg, of the curtain at x = 0: y = %l(e“m + e7%*). The shape
is similar to that of a catenary (it is not a catenary, why not?)

7. The trajectories orthogonal to the pursuit curve have the differential
equation y = \/a;”j Solve to show that the family is defined by

22+ (y —¢)? = a®.

1.11 Electrical Circuits

1. Since I = %(1 — e B¥/L) the theoretical maximum value for I is %.
Half this value is attained when 1 — e #/L = 1/2. Solve to obtain
t = (LIn2)/R seconds.

3. The current is controlled by L% +RI=F.

(a) The current is maximum or minimum when % = 0, implying that

RI =F.

(b) Differentiate the controlling equation to obtain E' = LI" + RI’.
Since I’ = 0 when [ is a maximum or a minimum, £’ = LI" at
such times. If the current is a minimum, then I” > 0 so £’ > 0
and F is increasing. If current is a maximum, then I’ < 0 so
E’ < 0 and E is decreasing.
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5. The controlling equations are L% + %Q =0, Q(0) = Qo, and 1(0) =0.
In terms of @ this is LQ" + £Q = 0, Q(0) = Qo, Q'(0) = 0. Write
this as Q" 4+ 75Q = 0. Since @' is missing reduction of order can
be used to solve for @) (see Example **): @ = Asinwt + Bcoswt
where w = 1/V/LC. Differentiate to find I: I = Q' = Awcoswt —
Bwsinwt. The condition that 7(0) = 0 forces A = 0. The condition
Q(0) = Qy tells us that B = Q. Therefore, Q = Qg cos(t/v/LC) and
I= —\/QLLCsin(t/\/ﬁ).




Chapter 2

Second-Order Linear Equations

2.1 Second-Order Linear Equations with Con-
stant Coefficients

1. Find the general solution of each of the following differential equations.
See the table.

3. The associated polynomial 72 + Pr + @ has roots r = M
Suppose that P and @ are both positive. Then P2 —4Q > 0 1mp11es
that the roots are real and negative so y — 0 as * — oo because both
exponential terms in the solution have negative exponents. If P?—4Q <
0, then the roots are complex with negative real part. Consequently, the
solutions are of the form y = Ae "*/2 coswz + Be */?sinwz and will
oscillate towards 0 as * — oo. The other cases are handled similarly.

5. Euler’s equidimensional equation Changing the independent vari-

able using x = e® is equivalent to z = Inx so y' = g—z = Z—Z . g—; = %y
where the dot indicates differentiation with respect to the new in-
dependent variable, z. Similarly, 3" = %(%y) = % . %gj — z%y =

-5 (§ — ¢). Making these substitutions into 2?y” + pzy’ + gy = 0 yields
2?55 (ij—y)+px-Ly+qy = 0 which simplifies to §+(p—1)y+qy = 0, an
equation with constant coefficients. If y = ¢(z) is the general solution
to this equation, then y = ¢(Inz) will be the general solution to the
Euler equidimensional equation. Note that the solution is only valid
for z > 0.

25
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Table 2.1: The general solutions for Exercise 1.

Assoc Poly Roots General Solution
(a) r*4+7r—6 2,—3 Ae** + Be™3®
(b) r*+2r+1 -1,-1 Ae™* + Bre™™®
(c) r*+8 +2+/2i Acos(2v/2x) + Bsin(2v/27)
(d) 2r* —4r +38 1++3i  Ae”cos(v/3x) + Be®sin(v3x)
(e) r*—4dr+4 2,2 Ae** 4+ Bre®™
(f) r—9r+20 4,5 Ae'* + Be®”
(g) 2 +2r+3 —z+ ‘/752 Ae™/% cos(v/5x/2) + Be "/ sin(v/52/2)
(h) 4r2—12r+9 3/2,3/2  Ae3*/? 4 Bxe’/?
i) r+r -1,0 Ae ™+ B
G) r*—6r+25  3+4i e3® (A cosdx + Bsin4xr)
(k) 4r2 +20r +25 =45/2 Ae>®/? + Be%/2
1) r+2r+3 —1++v2i Ae*cos(v2x) + Be " sin(v/21)
(m) 72 —4 +2 Ae** 4+ Be %"
(n) 4r*—8r+7 1+ ‘/752 Ae® cos(v/3x/2) + Be* sin(v/3z/2)
(o) 2r2+r—1 ~1,1/2  Ae™ + Be®/?
(p) 160> —8r4+1 1/4 Ae®/* + Bre®/t
(q) 7 +4r+5 —241 Ae ™ cosw + Be " sinx
(r) r*+4r—>5 5,1 Ae™* + Be®
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(a) The z equation is §+2y+ 10y = 0 with solution y = Ae™* cos 3z +
Be*sin(3z). The z equation has the solution y = Az ™! cos(3Inx)+
Bz tsin(31nz).

(b) First divide the equation by 2. The z equation is then §+4g+4y =
0 with solution y = Ae™2* + Bze ?*. The z equation has the
solution y = Az~2 + Bxr2Inu.

(c) The z equation is jj+9 — 12y = 0 with solution y = Ae~** + Be**.
The z equation has the solution y = Ax~* + Ba?.

(d) Divide the equation by 4. The z equation is then § — g — 2y =0
with solution y = Ae~*2+ Be®*/2. The x equation has the solution
y = Az~'/? + Ba?/2,

(e) The z equation is 4 — 4y + 4y = 0 with solution Ae** + Bze**. The
x equation has the solution y = Ax? + Ba’Inx.

(f) The z equation is 4 + 5 — 6y = 0 with solution y = Ae™* + Be*.
The z equation has the solution y = Ax~3 + Ba?.

(g) The z equation is jj+5+3y = 0 with solution y = Ae~*/% cos @4—

Be*/?sin @ The x equation has the solution

1 \/1121na7+B _%sin \/111na7‘

y = Az 2 cos x

(h) The z equation is §j — 2y = 0 with solution y = Ae~V2* 4+ BeV?*.
The z equation has the solution y = Ae™V2 + B2,

(i) The z equation is § — 16y = 0 with solution y = Ae™** + Be’*.
The  equation as the solution y = Az~* + Bzt

2.2 The Method of Undetermined Coefficients

1. Find the general solution of each of the following equations.

(a) The auxiliary roots are —5 and 2 so the homogeneous equation
has the solution y = Ae™°* + Be?*. Try y = ae®® as a particular
solution. Substitute and simplify to obtain 18xe?* = 6e** which
implies that o = 1/3. The general solution is y = Ae 5% + Be** +

1 4z
3€7.
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(b)
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The auxiliary roots are +2i so the homogeneous equation has the
solution y = Acos2x + Bsin2x. Try y = acosx + fBsinx as a
particular solution. Substitute and simplify to obtain 3« cosx +
30 sinx = 3sin x which implies that « = 0 and = 1. The general
solution is y = A cos 2z + B sin2x + sinz.

The auxiliary roots are —5, —5 so the homogeneous equation has
the solution y = Ae™®* + Bwxe . Neither y = ae™>® nor y =
axe™®® can be a particular solution because they are solutions to
the homogeneous equation. Try y = ax?e™% instead. Substitute
and simplify to obtain 2ae=?* = 14e~°* which implies that o = 7.

The general solution is y = Ae™* + Bxe 5% + Ta?e 2.

The auxiliary roots are 1 £ 2¢ so the homogeneous equation has
the solution y = Ae® cos 2z + Be*sinx. Try y = ax? + Bz + as a
particular solution. Substitute and simplify to obtain 5az?+ (56—
da)x + 2a — 23 + 5y = 2522 + 12 which implies that a = 5, 3 =
4,~ = 2. The general solution is y = Ae® cos 22+ Be® sin x + 522 +
dx + 2.

The auxiliary roots are —2, 3 so the homogeneous equation has the
solution y = Ae™?* + Be3*. The function y = ae™?* can not be
a particular solution because it is a solution to the homogeneous
equation. Try y = awxe 2* instead. Substitute and simplify to
obtain —baze™2* = 20e~2* which implies that a« = —4. The
general solution is y = Ae 2% 4+ Be3* — 4xe™2*,

The auxiliary roots are 1,2 so the homogeneous equation has the
solution y = Ae®+ Be?*. Try y = a cos 2x+ 3 sin 2z as a particular
solution. Substitute and simplify to obtain (—6a — 2/3) cos2x +
(—2a+603) sin 2z = 14sin 2z — 18 cos 2z which implies that o = 3
and 8 = 2. The general solution is y = Ae® + Be?*® + 3cos 2z +
2sin 2.

The auxiliary roots are +¢ so the homogeneous equation has the
solution y = Acosx + Bsinxz. The function y = acosx + Bsinz
can not be a particular solution because it is a solution to the
homogeneous equation. Try y = ax cos x + Sz sin x instead. Sub-
stitute and simplify to obtain 23 cos x — 2asinxz = 2 cos x which
implies that « = 0 and # = 1. The general solution is y =
Acosx + Bsinx + xsinx.
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(h)

The auxiliary roots are 0,2 so the homogeneous equation has the
solution y = A + Be?*. The function y = ax + 3 is not a partic-
ular solution because part of it is a solution to the homogeneous
equation. Try y = ax? + Bz instead. Substitute and simplify to
obtain —4ax + 2o — 23 = 12x — 10 which implies that o = —3
and 3 = 2. The general solution is y = A + Be** — 322 + 2x.

The auxiliary roots are 1,1 so the homogeneous equation has the
solution y = Ae® 4+ Bze®. Neither y = ae® not y = axe” is a
particular solution because they are both solutions to the homo-
geneous equation. Try y = az?e® instead. Substitute and simplify
to obtain 2ae®™ = 6e” which implies that a = 3. The general solu-
tion is y = Ae® + Bxe® + 3z2%e”.

The auxiliary roots are 1 + ¢ so the homogeneous equation has
the solution y = Ae®cosz + Be®sinx. This means that y =
ae® cosx + fe*sinx can not be a particular solution. Try y =
axe® cosx + [fre”sinx instead. Substitute and simplify to obtain
2pe” cosx — 2ae”sinx = e®sinx which implies that o = —1/2
and 0 = 0. The general solution is y = Ae*cosz + Be*sinx —
%:Bem cos T.

The auxiliary roots are —1, 0 so the homogeneous equation has the
solution y = Ae~*+4B. This means that y = ax*+Bx3+vya?+dx+e€
can not be a particular solution. Try y = aa’®+ Ba*+ya3+52% +ex
instead. Substitute and simplify to obtain 5az? + (20a + 43) 23 +
(1208 4 37)z? + (67 + 20)x + 20 + € = 10z* + 2 which implies that
a=20=—-10,7 = 40,0 = —120 and € = 242. The general
solution is y = Ae™® + B + 225 — 102* 4 4023 — 12022 + 242x.

3. The auxiliary roots are —k, k so the homogeneous equation has the
solution y = Aek* + Be . Try y = accosbx + (Bsinbx as a particular
solution. Substitute and simplify to obtain (k* — b?)a cosbx + (k? —
b?)Bsinbr = sinbx which implies that & = 0 and § = z1. The
general solution is y = Ae* + Be % + ﬁ sin bx.

2.3 The Method of Variation of Parameters

1. Find a particular solution.
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The homogeneous solution is y = Asin 2z + Bcos2x so the par-
ticular solution has the form y = vy sin 2x + v5 cos 2z where v; and
vy satisfy the system

v} sin 2z + vy cos 2z = ()

201 cos 2z — 2v4 sin 2z = tan 2x

Therefore, v| = 1 sinz and vh = —3 sin 22 tan 2z. Integrate to get
v = —i cos 2z and vy = i sin Q:E—i In(sec 2x +tan 2x). Therefore,
y = — 7 cos 2z In(sec 2z + tan 2x).

The homogeneous solution is y = Ae™* + Bxe™™ so the particular
solution has the form y = vie™ 4+ voxe™ where vy and vq satisfy
the system

vie " +vpre ™ =0

—vie +up(e ™ —ze ") =e "lnzx

Therefore, v; = —zlnz and v5 = Inz. Integrate to get v; =
—sz?Inz+12? and vy = xInz—=z. Therefore, y = 12%e*(2Inz—
3).

The homogeneous solution is y = Ae3® + Be™® so the particular
solution has the form y = v1€3® + voe™® where v; and v, satisfy
the system

T

! —
Ve +vhe ™" =0
vie™ —vhe " = 6dwe™"

Therefore, v; = 16ze™* and v) = —16z. Integrate to get v; =

—(4x+1)e™* and vy = —8x2. Therefore, y = —e *(8z% +4x+1).
The last term can be dropped since —e™ is a solution to the
homogeneous solution.

The homogeneous solution is y = Ae " sin 2x + Be™ cos 2x so the
particular solution has the form y = vie ™ sin2x + voe™* cos 2z
where v; and v, satisfy the system

vie ¥ sin 2z + vhe " cos2x = 0
vi(—e " sin 2z + 2e7" cos 2x) + vy(e ¥ cos 2x + 2~ sin 2

= e *sec22z
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Therefore, v} = 3 and v) = —3 tan 2z. Integrate to get vy = jx

and v = 7 In(cos 2z). Therefore, y = Lre™ sin 2z41e~" cos 2x In(cos 2z).

The homogeneous solution is y = Ae~*/?4+ Be™* so the particular

solution has the form y = v1e~ %2 4 vye™* where v; and vy satisfy
the system
vie ™2 fple™ =0
1, 1
—x/2 ! —x __ -3z
——vle —vhe ™ = —e
2! 2 2
Therefore, v/ = e75/2 and v), = —e~2*. Integrate to get v; =

_%6—5m/2 -3z

and vy = %e_m. Therefore, y = %e

The homogeneous solution is y = Ae® + Be?® so the particular
solution has the form y = vie® + v2€2* where v; and vy satisfy the
system

Ve + vhpe* =0
! _x ! 2x —x\—1
vie® + 2upe = (1 +e77)
I e ) e _
Therefore, v; = —15= and vy = 7. Integrate to get v; =

In(14e7*) and vo = In(1+e~*)—e~*. Consequently, the particular
solution is y = (e® + €2*) In(1 + ™) — €.

3. By Inspection The auxiliary polynomial is r* — 2r 4+ 1 with roots 1,1
so the homogeneous solution is y = Ae” + Bxe®. Therefore, there is
a particular solution of the form y = ax + . Substitute to find that
y = 2x + 4 is a particular solution.

By Variation of Parameters The particular solution has the form y =

v1e” + voxe® where vy and vq satisfy the system

vie® + vhre® =0

vie® + vh(ze® + %) = 2x

Therefore, v} = —2x%e~* and v}, = 2ze®. Integrate to get v; = (222 +
4r 4+ 4)e~™ and vy = —(2z + 2)e”*. Therefore, y = 2z + 4.

5. The solution y;, to the homogeneous equation is given below. Use it
to apply the variation of parameters technique to obtain the particular
solution, labeled y,. The general solution is y = yp + yp.
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Warning Write the equation in the form

y' + P(z)y' + Q(z)y = R(x)

before applying the variation of parameters algorithm.

yn = Az~' + Be"; y, = —3a® —x — 1.

yp = Az + Be®; y, =22 +x + 1.

yn = A(l+ ) + Be®; y, = 3¢*(x — 1).

yn = Az’ + Ba; yp = —xze™® — (2% + ) [ “du.

To obtain this solution formula you will have to apply integration

by parts to [ e;—;dz. The remaining integral does not evaluate to
an elementary function.

2.4 The Use of a Known Solution to Find An-
other

1. Find gy, and the general solution, given ;.

(a) Since p(x) = 0, e~ /P@4 = 0 = 1 and y,(x) = sin(z)v(z) where

v(x) = [==dx = [csc?xzdz = —cotx. Therefore, yo(z) =

sin”® x

—cosx. The general solution is y = Asinx + B cos .

(b) Once more, p(x) = 0 and e~/ P#)4 = 0 — 1 Therefore, yy(z) =
e*v(x) where v(x) = [ozdex = —1e™2*. Therefore, yy(x) =
e’(—3e %) = —2e~*. The general solution is y = Ae® + Be ™.

3. If y =y, = 22, then 2%y + 2y — 4y = 22-2+2-20 —4-22 = 0. To find
Yo observe that p(z) = 1/x and e/ 1/*% = ¢~ — 1 /3. Therefore, 1, =
22 (1.1

4 -+ =% = = —4/2% The general solution is y = Az? + Bz 2.

5. If y =y, =2~ /?sinz, then

1

y =a2 Y?cosx — 2 ?sinx

3
" — . — — .
Yy =—x Ulenl’—l’ 3/2COSI’+ZI’ 5/2SIHI’
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Substitute carefully into (*).

To find y, observe that p(z) = 1/x so e~/ 1/ = 1 /2. Therefore, y, =

2 V2sing [ —t5—2dr =27 ?sinw [esc? adr = 272 sinx(— cotx) =
z—1lsin?z =z

—x~Y2cosz. Therefore, the general solution is y = Az~?sinz +
Bx=?cosx.
By inspection, y = y; = x is one solution. Since p(z) = —xf(x),

the second solution has the form y, = f m%ef ef(@)dz gy The general
solution has the form y = Az + Bz [ m%efmf(m)dmdz.

If 3, and ys are linearly dependent, then the function v(z) is a constant
and has a derivative that is identically 0. However, v'(z) = y%e‘fp(m)dm,
1

which is never 0 (exponentials cannot vanish).

2.5 Vibrations and Oscillations

1. The amplitude A = Fo attains its maximum at the w value

\/(k—sz)z—l—wzcz
that minimizes the polynomial ¢(w) = (k — w?M)? + w?c®. A simple

calculation will show that ¢/(w) =0 when w =0 or w = £/ & — %

Thus if % < %, i.e. ¢ > v2kM, then there is no resonance frequency
and as w increases from 0, the amplitude A will steadily decrease to
0. On the other hand, if 0 < ¢ < vV2kM, then A will increase as

. . . . 2
w increases reaching its maximum value at the w* = \/ﬁ — 537 and

| k 2
decrease to 0 thereafter. The resonance frequency is 5-1/1; — 55
2

This frequency is clearly less than the natural frequency % i

Let b denote the density of the buoy (weight per unit volume) and w

the density of water. The volume of the buoy is V' = %m’?’.

The volume of a slice of the buoy from its center to a point y units
from center is mr?y — $y* (exercise).

Since the buoy floats half-submerged, b = w/2. As it bobs up and down
let y be the distance from its center to the surface of the water (up is
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positive). If y > 0, then the net force on the buoy is negative given by
the difference between the upward buoyant force of the water:

4 2 L3
w (2 r y—l—gﬂy ),
and the downward weight of the buoy b - V. Subtracting, the net force
is w(—mr?y + s7y?). Newton’s law (ma = F) applied to the sphere, at
its center of mass, yields the following equation (g is the gravitational

constant)

b-V 1
— = —rwriy + —wry®.
g 3

This is a second-order non-linear differential equation. However, if the
buoy is only “slightly” depressed, then the linearized version (ignore the
y> term) provides an excellent model for the motion. The linearized

equation simplifies to v’ + a®y = 0 where a = /22, The period of the

2r
motion is 27, /g—; seconds.

. Recall, Section 1.10 problem 4, that inside the Earth the force of gravity

on an object is proportional to its distance from the center. Let z be
the distance from the train to the center of a tunnel of length 2L.
Draw a picture to see that the distance from the train to the center of
the Earth is v/x? + R? — L? where R is the radius of the Earth. The
magnitude of the force on the train, in the direction of the center of the
Earth, is then F, = kv/2? + R? — L?. The value of k can be found from
this equation when the train is at the surface of the Earth: mg = kR,
so k = mg/R.

The magnitude of the force on the train parallel to the tracks is the
component of F,. in that direction: F - cost = F, - ﬁ = kx.
When =z is positive, the force is negative. Applying Newton’s Second
Law we have mz"” = —kx = — 2. Thus 2"+ %z = 0, and the period of
R
9
90 minutes. The equation of motion for a particular L value is found
from the initial conditions: x(0) = L and z’'(0) = 0. This yields z(t) =
Lcos \/Zt. The greatest speed is |2/(T/4)| = \/%L ~ 4.43L miles per
hour.

motion is independent of L: T' = 27 seconds; this is approximately
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2.6 Newton’s Law of Gravitation and Kepler’s
Laws

1. Kepler’s Third

(a) In astronomy the semi-major axis of the orbit is called the mean
distance to the Sun because it is the average of the least and great-
est values of r. Let a, and T, denote the semi-major axis and pe-
riod of Uranus. These are known from Example 2.6.1. According
to Kepler’s Third Law, Z—gz = ZT’% where a,, and T,, are Mercury’s
semi-major axis and period. Consequently, being careful with the

units—see Example 2.6.1-we have

T o3 2. (316 x 107) /3 u
m _— _— . m = . 287 10
“ (Tu) ( 26.516 x 10% ) ( % )

= 5.800 x 10'? centimeters.

This is 5.800 x 10'2? centimeters.

(b) When distance is measured in astronomical units and time in
years, then éLz\; = 1 (verify). Therefore, in this system of units,
T? = a3. For example, the value of a,, calculated above can also be
found (in astronomical units) using a, = Tol® = (55)2/% = 0.3874
au. Multiply by 93,000, 000 to obtain a,, = 36,000, 000 miles.

Regarding Saturn, T, = a>/* = (9.54)%/2 = 29.5 years.

3. According to Exercise 2, in the instant after the explosion, the motion
of every particle that moves into an elliptical orbit about the Sun obeys
the equation v? = GM(% — %) Consequently all of these particles move
in an orbit with the same semi-major axis, a astronomical units, and
(according to Kepler’s Third Law) the same period, T = a/? years.
This means that T" years later all of them will return to their original

positions.
5. See Exercise 1, part (b).
(a) T = 23/? = 2.83 years.

(b) T = 3%/? = 5.20 years.
(c) T = 25%2 = 125 years.
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Table 2.2: Solutions for 1-15.
Associated Polynomial General Solution
1. r(r=1)(r—-2) y= A+ Be” + Ce*®
3. (r=1)0*+r+1) y = Ae” + e /(B cos(v/31/2) + Csin(v/31/2))
5. (r+1)3 y= Ae ™ + Bre * + Cx?e™®
7. (PP=-1)(*+1) y= Ae* + Be™* + Ccosx + Dsinx
9. (r—a)?(r+a)? y = Ae®™ + Bre®™ + Ce ™ + Dzxe ™™
1. (r+1)2%0r*+1) y= Ae ™+ Bre® + Ccosx + Dsinx
13. (r=1)(r—=2)(r—3) y=Ae®+ Be** + Ce**
15. (r—06)(r—2)>2(r+2)? y= Ae® + Be* + Cxe* + De % + Exe™®

2.7 Higher-Order Coupled Harmonic Oscilla-

tors

1-15. Find the general solution. See Table ?7?.

17. The associated polynomial is 7(r — 1)(r — 2) so the general solution to

19.

the homogeneous equation is y, = A+ Be®+Ce?*. Based on the forcing
function our fist choice for y, is y = A + Be®*. However, this will not
work because y = A is a solution to the homogeneous equation. Try y =
Az + Be3® instead. Substitute this into the forced equation to see that
A =5and B = 7. The general solution is y = A+Be*+Ce?*4+5x+7e3",

The Euler Equidimensional Equation (order 3) Using z = ¢* is
equivalent to z = Inz so 3y’ = 1y and " = 5 (§ — ¥). The dot indicates
differentiation with respect to the new independent variable, z. See
Section 2.1 problem 5. For the third derivative,

d 1 1 .. 1 2
" 3 . . . .
= —(— — = —(Y — - - —
y'= (S =9) = SV =9 - (i -9)
1 .. . )
F( Yy — 3y + 2’3/).
Making these substitutions into z3y" + asz®y” + a2y’ + apy = 0 yields
2% (Y =35 +29) +arx? 5(j— ) + a1z 2§+ agy = 0 which simplifies
to

Y + (a2 — 3)j + (a1 — az + 2)y + apy = 0,
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an equation with constant coefficients. If y = ¢(z) is the general so-
lution to the equation, then y = ¢(Inx) will be the general solution
to the Euler equidimensional equation. Note that this solution is only
valid for = > 0.

(a) The z equation is ¥ — ¢y = 0 with associated polynomial 73 —r =
r(r? — 1). The solution is y = A + Be® + Ce™™ so the solution to
the original equation is y = A + Bz + Cz~ L.

(b) The z equation is ¥ — 2§ — i+ 2y = 0 with associated polynomial
r3—2r2 —r+2 = (r —1)(r +1)(r —2). The solution is y =
Ae* + Be™® + (Ce?* so the solution to the original equation is
y = Ax + Bx~' 4+ Cx?

(c) The z equation is ¥ — jj + 3 — y = 0 with associated polynomial
3 —r2+r—1= (r—1)(r* +1). The solution is y = Ae* +
Bcosz + Csinz so the solution to the original equation is y =
Az + Bcos(Inz) + Csin(lnx).

21. The equation is

d4l’1 dzl’l
mlmZW‘l‘(ml(k2+k53)+m2(k51+k53))W+(k1k2+klk3+k2k3)l’l = 0.






Chapter 3

Power Series Solutions and
Special Functions

3.1 Introduction and Review of Power Series

(HD!ed Tt
glad

1. For the series (1): 72, j! 27, lim; =limj_(j+1)|z| =
oo when x # 0. The series converges only when z =0, R = 0.

. [e's) Py . Ij“ﬁl 1 ! . x
For the series (2): > 7,27 /j!, lim; o % = lim; o J|T|1 =0
for all z. The series converges for all z, R = co.
For the series (3): .72 27, lim; o |%jl| = lim; o |z| = |z|. The

series converges when |z| < 1 and diverges when |z| > 1, R = 1.

. _ 0o (_1)j71m2j71.
3. sinw =) Gy

lim
Jj—00

1)ig2i
cost = ¢ (Gl

22001/ (2(5 4+ 1) — 1)!' _h L _
x2-1/(25 — 1)!

=0 " (2!

2(5+1) ; | 2
lim L /.(2(‘7‘%_ D) = lim - i - =
j—00 x4 /(25)! i—o (27 +2)(25 + 1)

5. If |x| < 1, then lim,_ "™ = 0 so
=~ 1—ant! 1
; iy _
i 3= i () =

39
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Replace z with —z to verify that (= =1 -2 + 2> — 2 4 ---.
mZ (E3 (E4
Integrate H% = l—a+22—234-- to get ln(1+:z) =r—S4 L.
Then replace x with 2? and integrate to obtain arctanx = x — %_3
fEs fE7
C ozl
22 24 26 / 3 25
7. () fy=1-%2 +%2 -2 4 ... theny =-2+% — % +-- and
2zt
" _ — _—— — e — —
e R IR
. 220+1) /(92.42...((2(7+1))2 . 22
(b) Timy oo | fmimmagagga | = limyjoo 13,7 = 0.
. . oo (=1)iz2
Starting with y = > 2 MW we have
© (—1)7 2+
Ty = Z 92 . 42 972
242 (2))
> (—1)7 25 - g%
Y= Z 92 . 42 972
g (29)
L (=1)7 25+ (25 — 1) - 2%
[L’y// _ Z ( ) . 2( 4)2
— 22.42...(27)
(~1)z?~!

Observe that zy” +y = > 72, wE-ag - U the sum is rein-
dexed by replacing j with j+ 1, then it its the negative of the sum

for zy.

3.2 Series Solution of First-Order Differential
Equations

1. Find a power series solution of the form ) i ajz?. Then solve directly
using methods from earlier parts of the book. All of the details for the
first solution are given. The calculations for equations (b)-(f) are given
in less detail. In all cases, the first step is substitution of y = Z;io a;xl.
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(a) Since y' = 3777, jajz’~" and 22y = Y777 2a;29*". Writing the
differential equation in the form 3’ — 22y = 0 we have

Zjajzvj_l — i Qaj:BjH = 0.

j=1 j=0

Reindex the second sum, j — 5 — 2:

o o
E jazit — E 2a; o171 =0,
J=1 Jj=2

then split off the first term from the first sum and move it to the

right side
Zjajzvj_l — Z:Bj_l = a.
j=2 j=2

Equivalently,
> Gia; = 2a;5)0" " = ay.
=2

It follows that a; = 0 and ja; — 2a,;_2) = 0 for j > 2. This is the
recursion relation; ag can be chosen arbitrarily.

Written in the form a; = 2a;_5 the recursion relation implies that
aj = 0 if 7 is odd. For the even coefficients let ag = A. Then

:2A A a4:—a2: %A,a(;:%az;:%/l,ag:%aﬁz
234A and, in general azj = %A The power series solution is
Yy = AZ 0 ;,]. This can be recognized as y = Ae” ’ , the same

solution that is obtained by separating variables and 1ntegrat1ng

(b) Substitute to obtain Y 77, ja;z/~" + 377 aja’ = 1. Reindex the
second sum, j — j—1, and combine to get Y- (jaj+a; 1)z~ =
1. It follows that a; +ap = 1 and ja; +aj—; = 0 for j > 2; ag can
be chosen arbitrarily. To obtain a solution formula, let ag = A so
a; = 1 — A. Then write the recursion equation in the form a; =
_%aj_l to get as = —lal = —%(1 —A), a3 = éag = 213(1 A),
—535(1—A) and, in general, a; = CY V' (1-A),j >
1. The power series solution is y = A—(1-A4) 372, ( )3 2 This

—Z

1
ay, = —Zag =

can be recognized as y = 1 — (1 — A)e™®, which is equ1valent to
the solution obtained by solving the equation as first order linear.
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(c,d,e) Problems (c), (d), (e) are very similar to (b).

(f) Substitute to obtain Y 7%, ja;z/~" =377 a;a’ = x*. Reindex the
second sum, 7 — 7 — 1, and combine the two sums to get the
equation, > 2%, (ja; — aj—1)2’~" = 2% It follows that a; —ap =2,
2a0 — a1 =0, 3az —ap = 1, and ja; —aj—; = 0 for j > 4; ap can
be chosen arbitrarily.

To obtain a solution formula, let ag = A so a1 = a9 = A, ay =
lag=1Aand a3 = {(14a) = 1(1+4) =1+ 54 =502+ 4).
Now write the last recursion equation in the form a; = %aj_l to

get ay = iag = ﬁ(Q + A), a5 = %a4 = 5_4?3_2(2 + A) and, in

general, a; = %(2 + A) when j > 3. The power series solution is

y=A+ Az + JAz* + (2 + A) > s ”;—f This can be rearranged
into y = Ae” +2(e" —1—a — 32%) or y = Ce* — 2 — 20 — 22,
where C' = A + 2. This is also the solution that is obtained using

the method of undetermined coefficients.

3. Solve ¢ = (1 — 2?)7"/? in two different ways.
Method 1. Using the binomial series:
1 — D) (p—i+1) .
pp—b o Pl ‘(p J+Y
1.2 4!

(14+z)P=14pr+ 4.

we have

— 14+

=1
Integrate i = (1 — 22)~'/2 term by term to obtain the general solution
in power series from: y = + 372, %:ﬂ”“ + C. The arcsine
function is obtained by setting C' = 0 to obtain the solution to the

differential equation satisfying y(0) = 0:

3---(25 1)
271(2j + 1)

1
arcsinr = r + E rPH x| < 1
i=1
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The formula for 7/6 is obtained by substituting z = 1/2. Note that
Wil =92.4...2.

Method 2. Using the power series method to solve 3 = (1 — x2)~1/2

could start off by substituting y = Z;io a;x’ into the equation

we

1-3--(2j —1)
y—1+z TR
J=1

to get

J—1 _ 25
E 1 ]CLJZB E 2”' x.
J: :

The reader is invited to finish. Hint. First observe that ag can be
chosen arbitrarily, let ag = A. Then let b; denote the j* coefficient for
the series on the right side. The equation (j+1)a;41 = bj, 7 > 0, serve
as the recursion relations.

5. First solve y' = x — y, y(0) = 0 by substituting y = Z;io a;z’. Note
that ag = y(O) = 0. Substituting, rearranging, and reindexing produces
Do a3 aj et T = wys0 300 (jag+ )2l = 2. Con-
sequently, a; + ag = 0 so a; = 0 also. For j = 2, 2a; +a; = 1, so
a; = 1. Now use jaj +aj—1 = 0,7 > 3, in the form a; = —%aj_l

2
1 L g = &Y
3.2 4.3.27 » )T gl .

y = Z;X’z( 1)7 ”;f = e — 14 x. The algorithm for first order linear
equation yields the same solution.

to obtain az = — ay = The solution is

Now solve the IVP using the method of repeated differentiation as
described in problem 4(b). We know that y(0) = 0. Since y'(0) = 0 —
y(0), ¥'(0) = 0 also. For the higher order terms, repeated differentiation
yields

y=z—yy =1—y,y" = -y and y) = -7V j > 3.

Therefore, y"(0) = 1 —¢'(0) = 1,4"(0) = —y"(0) = —1,4(0) =
—y®3)(0) = 1, and so on. Consequently, ag = y(0) =0, a; = /'(0) = 0,

as = y'(0)/2! = 1/2, and a; = (~1)yD(0)/5! = (1)1 /5! for j > 3, as
above.
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3.3 Second-Order Linear Equations: Ordinary
Points

1. Make sure p and q are real analytic at 0, then substitute y = Z;io a;xl.
We work the first problem in detail and summarize the results for the
remaining five. In each case ag = A and a; = B

(a) p(z) == apd q(x) =1. 'Substitution yields Z;izj(j —1azi—2+
> im0 jar? +3 7% ajx? = 0 which, after reindexing the first sum,
can be rearranged to 7% [(j 4+ 2)(j + 1)ajt2 + (j + Dajlz’? = 0.
Consequently, (j +2)(j + 1)aj+1 + (j +1)a; =0 for all 5 > 0.

Using the recursion relation in the form a;,» = ——=5a;, and start-

ing with ao = A we have ay = —A ay = Ajzznd in general,
ag; = 2(4 on A. One solution is y; = (1 + Z) ) (241 ]éj]) —
AYTE 0( ;3;? . Starting with a; = B we get a3 = —3B, a5 =
—B and in general ag;—1 = %B Another solution is
= B>~ i1 % and the complete general solution, in
power series form, is y = AY 7% = ;JJT "4 B P %

(b) p(x) = —1, q(z) = x. Substitute and rearrange to

STHG - Day — (G — Dajr + ;)27 = ar — 2a.

j=3
Consequently, as = lB and the remaining coefficients can be
obtained using the three term relation a; = (J%# j>3.
Solution:
1 1 1 1
Y= A(l—gx?’—ﬂz— )+B(x+§x2+6z3+---).

(¢) p(x) =2z, q(xr) = —1. Substitute and rearrange to

Z (G +2)(G+ Dajra + (25 — Daj]z? = ag — 2ag + =.
7=1
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Therefore, ap = 3 A and 6as+a; = 1, implying that ag = %(1—3).
When j > 2, aj40 = —%%. Solution:

1 1 1 1
y:A(1+§$2+"')+B($_6$3+"')+6I3_ﬂ$5+"'

(d) p(z) =1, q(x) = —22. Substitute and rearrange to

Z jG—Daj+(j—1)aj_1—a;_4)'"* = —2as—a;+1—(6a3+2a; ).
=4

Consequently, a; = 3(1 — B) and a3 = —3B. When j > 4,
a; = % Solution:
1 1 1 1

(e) p(z) = x/(1+2?) and q(x) = 1/(1+2?). Substitute and rearrange
to

S IG+2)+ D+ (2 + Degle? = ~(20s-+a) ~ 62+ 2)z

Consequently, ay = —%A and ag = —%B. If 7 > 2, then aj;2 =
j°+1

— maj SOlutiOH:

1 ) 1 1
A= 22?4+ 2 Blo — 2% + 2a% 4+ ---).
y = A( 57 +24:B+ )+ B(x JT T gt Tt )

(f) p(z) =1+ =z, ¢(xr) = —1. Substitute and rearrange to

Mg

[(G+2)(+ Dajiz+ (G + Vajp + ( — Dagla? = ap — a1 + 2as.
7=1
. i+1)a; i—1)a;
Therefore, as = %(A—B), and when j > 1, aj19 = _ U+ ()j—ij—;)l(—;—(i—jl) Jo;

Solution:

1 1 1 1
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3. Consider y" + xy' +y = 0.

(a) Substitute y = > a;27, reindex

Mg

(G+2)(G + Va2’ + Z]aja:” + Za 2l = 0.
J=1 J=0

<.
Il
o

and rearrange to

[(G+2)(j + Dajiz + ( + Daylz? = —(2az + ao).

M

Il
—

J

Consequently, ay = —%ao and a0 = —j%aj forj > 1. Ifap =1
1
2.4

Thus, one

and a; = 0, then a; = 0 if j is odd. Also ay = —iag =

(=17

ay = - and, in general, Q25 = 247(2))

2.4-6°
solution is y(x) = Z‘;‘;O (_;;;TZJ. A similar calculation, starting

with ag = 0 and a; = 1, yields yo(z) = >_72, %
second, linearly independent, solution.

_ 1
g — E

as a

(b) The ratio test applied to the series for y;(z):

2(j+1) 9J+1L( 1)! 2
lim ZE /( (‘7 + 1Y = lim _r
j=o0 z? /(27 5!) j=o0 2(j + 1)

Y

shows that the radius of convergence is co. A similar calculation
will show that the series for ys(x) also converges for all x.
(c) Write the series defining y1 as 3_ %, o2y /2) to see that y;(z) =

e=e/2, According to the method developed in Section 2.4 there is
a solution y3 of the form

1 — x)dx —z2 1 —z2
y1(17)/y1(z)2e Ip@)de gy — ¢ /2/6_?6 .

Thus y3(z) = e=**/2 [ ¢*/2dz. Choosing the antiderivative so its
value is 0 at © = 0, say [ et*/2dt, will make y3 the solution of the
differential equation satisfying the initial conditions y(0) = 0 and
y'(0) = 1. Since y, satisfies the same conditions, y2 = ys.
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5. Investigate power series solution to y” + (p +1/2 — 22 /4)y =

(a) Substitute y = >°2;a;2?. Then reindex and combine to obtain

=, ‘ 1 .
> {(J +2)(J + Dajre + (p + 5)a; — 7aj-2| @7 =0,
5=0

where, by convention, a_s = a_; = 0.
(b) If y = we™*"/, then
y/ _ wle—m2/4 . fwe—m2/4
2

7 " —x?/4 1 —x?/4 1 —x2/4 a? —22/4

Yy =w'e —zwe —§w6 —I—Zwe .

Substitute and simplify, eventually canceling the exponential terms,
to obtain the desired equation: w” — xw’ + pw = 0.

(c) Substitute w =37, bjz’. Reindex and rearrange to

D IG+2)( + Dbjya + (0 — §)bjla? = 0.

7=0
The two-term recursion formula is b4 = %bj, j > 0.
Starting with by = A, by = —& A, by = —L2by = P& A p =

—4 2)(p—4)
—%64 MA and so on. One solutlon is

_ P2, PP—2) 4
yl—A(l 2| —l—Tl’— .
Starting with b; = B, the second solution is

—1 —1)(p-3
yzzB(x—p3! S ;(lp )175____)‘

7. Chebyshev’s equation: (1 — z?)y” — xy/ + p*y = 0.

(a) Substitute y = >°2;a;27 . Reindex and rearrange to

Z[(] +2)(j + Dajz + (p* — 73 aj]r’ = 0.
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2

2
i i i = — P o -
Using the recursion relation a2 = E I the general solu

tion is

2 2(p2 _ 92
y:A(l_gxuwﬁ_...%

B(I_p2—1g:3+(p2_1)(p2_32)$5_“_)‘

(b) If p is an even integer, then the first series terminates in a poly-
nomial of degree p. If p is an odd integer, then the second series
terminates in a polynomial of degree p.

3.4 Regular Singular Points

1. Locate and classify the singular points.

(a) p(z) = -3, q(z) = m The singular points are 0 and 1, 1 is
regular and 0 is not.

(b) p(z) = ﬁ, q(z) = m The singular points are 0 and £1,

all three are regular.

(c) p(z) = =2, q(z) = 0. The singular point is 0 which is not
regular.
(d) p(x) = —#}rl), q(x) = m The singular points are 0 and

—1/3, both are regular.

3. Find the indicial equation and its roots. Note that if the equation
is in the form g” + Z@y’ + %y = 0, then the indicial equation is
m(m — 1) + p(0)m + ¢(0) = 0.

(a) p(z) = <Z=L ¢(z) = 2, p(0) = —2 (use p’s Taylor series) and

q(0) = 2 so the indicial equation is m(m — 1) — 2m + 2 = 0. The
roots are myo = 1, 2.

(b) plo) = =5, q(a) = 22, p(0) = —5/4 and q(0) = 1/2 s0
the indicial equation is m(m — 1) — 2m + 2 = 0. The roots are

_ 1
mio = 1,2.

ot

T4
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(c) p(x) = 3, q(x) = 4z. p(0) = 3 and ¢(0) = 0 so the indicial
equation is m(m — 1) —4m + 3 = 0. The roots are my 2 =5/2 +

V13/2.

5. Write the equation in the form y” + %y’%— i—zy = 0 to see that the indicial
equation is m(m —1)+m = 0 so the indicial roots are m; o = 0,0. This
suggests that there is an ordinary power series solution: y = Z;io ajxl.
Substitute, reindex, and rearrange to Z;il[jzaj + aj_s]z? = 0 where
we use the convention that a_; = 0. Consequently, ay can be chosen
arbitrarily, a; = 0, and a; = —j%aj_g for all 7 > 2. Start with ap =1
to obtain the series displayed in the text.

7. Frobenius solutions for 3"+ Z¢/'+-L = 0, p and ¢ nonzero real numbers.

(a) Consider y"+ %y +% = 0. Write it in the form 22y +pry'+qy = 0
and substitute y = » 22 a;z™*/. Since
qy = q(apz™ + ayx™tt 4 )
pry’ = plagma™ + a1 (m + 1)z™ ™ 4+ -..)
23y = agm(m — D)™t + ar(m + Dma™ P + .-
we obtain
(pm + q)aox™ + [m(m — Dag + (p(m + 1) + ¢Q)ar 2™ +--- = 0.

Therefore, ag can be chosen arbitrarily provided pm + ¢ = 0. This
is the indicial equation for this case and there is one possible value
for the exponent, m = —q/p.

(b) Consider now the general case y” + pz =y’ +qx~“y = 0. THe same
substitution that was made in part (a) now entails
ql,—cy — (J(aol’m_c + all,m—l—l—c 4. )
pr~y = plagmz™ " + ay(m + V)™ +-+)
y' = aom(m — 1)z™ 2 +ar(m + Dma™ -
Add these up, and cancel ™ from each term, to obtain the fol-
lowing equation
qaox ™ + pmagz """ 4+ agm(m — a2+

qaiz' ¢ + p(m + Dar ™ +ar(m + Dma™  +---=0.  (3.1)
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If b =1 and ¢ < 2, then after multiplying Equation ?? by z? it
can be rearranged to

[m(m — 1) + pm]ao + gaor® © + higher order terms = 0.

Thus we can hope for two values of m for Frobenius solutions.

If b =1 and ¢ > 2, then it is clear from the first term in Equation
7?7 that agp = 0 and there is no hope for a Frobenius solution.

If b # 1 and ¢ = b+ 1, then there will be one value of m that
might yield a Frobenius solution, as in part (a). Otherwise, and
still assuming b # 1, there will be no Frobenius solutions because
the three leading terms in Equation ?? force ay = 0.

3.5 More on Regular Singular Points

1. Since p(x) = —3 and ¢(z) = 4z +4, the indicial equation is m(m —1) —
3m + 4 = 0. The exponents are m; o = 2,2 and there is a solution of
the form y = x? Z;io a;x?. Substitute, reindex, and rearrange to

> (f%a; + da;1)a? = 0.

J=0

We are using the convention that a_; = 0. Consequently, ag can be
chosen arbitrarily, say ag = 1, and the rest of the coefficients are found
using the relation a; = —j%aj_l,j > 1. The Frobenius solution is

y =" 32 (—1)" e
o

3. Find two independent Frobenius solutions.

(a) p(x) =2and ¢(x) = z2. The indicial equation is M?*+m = 0 so the
exponents are m o = 0, —1. We will substitute y = Z;io ajzvm+j
with the hope that both solutions can be obtained using my = —1.
IF that is not the case, then we will at least have the solution y+1
corresponding to m; = 0 and can build an independent solution
using the integral formula for a second independent solution.

Substitute, reindex, and simplify to obtain the following sum

S lm+ ) (m+ j + Dag + ajsa? ™ = 0.

j=0



3.5. MORE ON REGULAR SINGULAR POINTS o1

We are using the convention that a_; and a_, are both zero. The
recursion relations start with

j=0 = m(m-+1)ay =0
j=1 = (m+1)(m+2)a; =0 (3.3)

Equation ?? confirms that m = 0 and m = —1 are the exponents.
Either value for m will allow us to choose ag arbitrarily. Moreover,
if we choose m = —1, then Equation ?? implies that a; can also
be chosen arbitrarily. We get two independent Frobenius series
solutions using m = —1.

We got lucky. This is pure luck. Sometimes it happens,
sometimes it does not. Unfortunately, there is no way to tell
in advance that it will happen.

In view of what we have just seen, we let m = —1 and use the
recursion relation a; = —ﬁaj_g,j > 2, to determine the rest
of the coefficients. Independent solutions are generated by first
starting out with ag = 1 and a; = 0, an then starting out with
ap =0 and a; = 1.

aozl,a1:0

. . —1)J
In this case, ay = —ﬁ, ay = 43121, and, in general, as; = %
-1 (=1)7 2j __ cosz
The solution is y1 = 27" > 22 e =5
apg = 0, ap =1
In thi =1 d, 1 (=17
n this case, a3 = —35, a5 = 543 5 and, in general, asj41 = G-
-1 )J __ sinz
The solution is yo =27 > (2J+1),ZB = A%,

(b) p(z) = —x, q(x) = z*—2. The indicial equation is m(m—1)—2 = 0
and m o = 2, —1. Substitute and simplify to obtain

Y [m+j=2)(m+j+1a; — (m+j— aj1 + aj_s)a’ =0.
=0

This is correct under the assumption that a_; and a_, are both
zero. The exponents are obtained from the coefficients when 57 = 0:
(m —2)(m + 1)ag = 0. This confirms that the exponents are 2
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and —1 as expected. Let’s investigate what happens when we set
m = —1. The recursion relation in this is

JJ —3)a; — (j —2)aj_1 +aj_2 =0,

and the coefficient calculations for 5 = 0,1, 2,3 go like this:

J=0 = 0-a0=0, S0 ag is arbitrary
1
j=1= —-2-a1+ay=0, 80 a1 = 7 do
1
J=2 = —2-a2+a9g=0, soa2:§a0
1=3 = 0-a3—as+a, =0, so ag is arbitrary

We got lucky again. Observe that once j > 3 the recursion relation
can be rearranged to a; = 0_2);1;;_13;%’2 allowing us to calculate
the remaining coefficients in terms of ay and as. Independent

solutions y; and y, arise from ag = 1, a3 =0 and ap =0, az3 =1

respectively.
I R
Y= 5 5
4 5
NS O B A AT
Yo =7 (:B+2+20+ ).

(c) p(z) = —1, q(x) = 42*. The indicial equation is m(m—1)—m = 0
so the exponents are m; o = 0,2. Substitute and simplify to obtain

S [(m+ ) (m + § — 2)a; +daj_ila? = 0.
7=0

The coefficients with negative indices are set to 0. The exponents
are confirmed using the j = 0 relation: m(m — 2)ag = 0. They
are 0 and 2 as we expect.

Let’s try out lick again. Set m = 0 and investigate the first
few recursion relations. We already know aq is arbitrary and the
recursion relations are derived from the equation j(j — 2)a; +
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4aj_4 = 0.
j=1 = —a; =0, so a1 =0
1=2 = 0-ay =0, soas is arbitrary
4 4
j=3 = aj=——"7—, to calculate the rest
30U —2)aj-

53

Once more we have two arbitrary constants. Starting from ag = 1
and as = 0, a; = 0 and ag3 = 0 also, and the recursion relation
implies that all coefficients that are not multiples of 4 must be 0.

Since a4; = —ma@_% it is easily seen that as; = %,
. 0 -
one solution is y; = ijo(—l)j(z—j])! = cos(z?).

and

The solution derived from ag = 0 and as = 1 is y, = sin(z?)

(verify).

5. The equation 3" — 3(;+1)y’ — 3(m}r1

ey = 0 and x = —1 is clearly a

singular point. Since (x + 1)p(z) = —1/3 and (z + 1)%q(x) = —1/3,
—1 is a regular singular point and the differential equation will have at
least one solution of the form y = (z+1)™ > 7% a;(x+1)7, ap arbitrary.

To facilitate the computation of the coefficients it is convenient to
make a simple change of independent variable: ¢ = x + 1. Then

I dy _dy dt _ dy _

y =9 =29 =% =y, and a similar computation will show " = 7.
Therefore, the differential equation becomes 3t%j — ty — y = 0 and we
may substitute y = t™ Z;io a;t’. Because it is an Euler equidimen-
sional equation, the substitution y = t" works just as well. The sim-
plified result is the equation 3m(m—1)—m—1=0or 3m?—4m—1=0

2

SO mig = = £ ‘/77 Consequently, the general solution to the original

-3
equation is

y=(z+1)23 (cl(:v F1)YB 4 ol + 1)—ﬁ/3) .

7. Since p(z) = 1 and ¢(x) = 2% —1/4, the indicial equation is m(m — 1) +
m — 1/4 = 0 and the exponents are my o = £1/2. Thus my; —mg = 1.
Make the substitution y = 2™ Z;io a;x? into the equation and simplify

to

Z[((m +7)? - i)aj +a; 5]z’ = 0.
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As usual, a_y =0 and a_ = 0. Let m = —1/2 to obtain the recursion
relation

J(G—1Da; +aj—2=0,7>0.

Then 0-ag =0 and 0-a; = 0 imply that both ay and a; can be chosen
arbitrarily The remaining coefficients are found using the relation
a5 = J(J G2 2 2

aozl,a1:0:>y1=x_l/2(1—§ %—---):x_l/ Cos T
3 .5
a0:0>a1:1 — yzzx_l/z(:p_%+%_...):1’_/ sin &

3.6 (Gauss’s Hypergeometric Equation

1. Verify the identity.

(a) F(=p,b,b,—x) =1+ y 2, =2prils

j!(—:n+j—1) (—x)j

. Therefore,

p—1) 1
F(—p,b,b,— _1+Zp p I

= (1+x)P.

(b) See the last displayed equation in this section.

oo TR+ (GHi-D)EE ) (341
(c) IF(2’ 27 3’ ?) = $+Zj=1 = j!%z(%j+1)--2-(%2+j—1) =t Can-
cel terms and simplify to obtain

xF(

AR
|

[\3|H

1 = 1'3'5"'(2j—1) 2j+1
o1 = Z -

—— = arcsin x.
24125 + 1)

2y _ oo 33+ (3+i—1)1:2-j 2\j
(d) 2F(5,1,5,—2%) = v+ 2y 2, zﬁg(%ﬂ)z___(%ﬂ_l) (—x*)?. Cancel

terms and simplify to

29—1—1

= arctan z.
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i
() Fla,ba,% = 1435, W=zl o _ gy 5nee MR 5.
Allow b — oo, term by term, to obtaln

(aba —1+Z

x> oo a?(a+1)2%-(atj—1 T
(f) :BF(a a3, )=+ Ty, jé(é’ﬁl)”&gjj_i) (4]a23 . Distribute

7 into the numerator and simplify the denominator to obtain

2 > 12, (] 4 i=Ly2
3 —u :I+Z1(1+a) A7

F - -
05 T Y352+ )

Now let @ — oo term by term, and use j! -2/ = 2-4---(25), to
end up with

3 —a’ — (=1 o
xF(a,a,=,—) =x + — ¥t —ging.
( ) ; (25 + 1)!

(g) Just like (f).

3. Make the substitution ¢ = I_Tz This implies that ¢y = % = fl—i’ : fll—i =

—3¢. Similarly, y” = 1§, and the differential equation is converted into
1 . 1 .
4t(1—t)-Z-y+(2t—1)-(—§)-y+p2y:0.

Simplify to t(1 — ¢)j + (3 — ¢)y + p*y = 0, which is easily recognized
as hypergeometric with ¢ = %, a = p, and b = —p. Consequently, the
general solution, in terms of ¢, is y = ¢, F(p, —p,1/2,t) + cot'?F(p +
1/2,—p+1/2,3/2,t). The solution in terms of x is obtained by replacing

t with (1 — z)/2.

5. If t = e, then ¢/ = ty and y” = t%§ + ty. After substitution and
simplification, the differential equation for y(t) is hypergeometric of the
form t(1 —t)j+ (3/2 —t)y+y = 0. Clearly ¢ = 3/2 and a = —b = 1.
The formula for the general solution near t = 1 yields

y=cF(1,—1,-1/2,1 —t) + cp(1 — t)3*F(5/2,1/2,5/2,1 — 5).

Replace t with e” to obtain the general solution of the original equation
near x = 0.






Chapter 4

Numerical Methods

4.1 Introductory Remarks
4.2 The Method of Euler

Use Euler’s method, h = 0.1,0.05,0.01, to estimate the solution at x = 1.

1. y' =2z +2y, y(0) = 1; solution: y(z) = —3 — x4+ 2, y(1) = 9.58358.

Table 4.1: 5.2.1

h  Approx Error % Error
0.1 7.78760 1.79600 18.7
0.05 8.59125 0.9924 10.3
0.01 9.36697 0.2166 2.3

3. iy =¢¥ y(0) = 0; solution: y(z) = —In(1 — z), lim,_;- y(x) = +o0.

Table 4.2: 5.2.3

h  Approx Error % Error
0.1 227337 00
0.05 2.74934 %9
0.01 3.95946 %9

o7
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5.y = (z+y—1)% y(0) = 0; solution: y(x) =1 -z —cot(z+m/4),y(1) =
0.217960.

Table 4.3: 5.2.5

h  Approx Error % Error
0.1 0.254474 -0.036514 -17.6
0.05 0.235521 -0.017561 -8.45
0.01 0.221369 -0.003409 -1.64

7. The solution values should increase steadily towards the stable equilib-
rium, ¢o = 1. F

4.3 The Error Term

1. ¥ = 2z 4+ 2y,y(0) = 1; solution: y(x) = —% —x+ %ezm. Therefore,
y"(x) = 6e** and the aggregate error at x = 1 is bounded by 3e?h.
Table 4.4: 5.3.1
h  Error Bound Actual Error
0.2 4.4334 3.0162
0.1 2.2167 1.7960
3. ¥y = e¥,y(0) = 0; solution: y(x) = —In(l — x). Therefore, y'(z) =

1/(1 — z)?* and the aggregate error at z = 1 is undefined. We examine
the situation for x = 0.8 instead where the aggregate error is bounded
by 0.8 - 2.

Table 4.5: 5.3.3

h  Error Bound Actual Error
0.2 2.0 0.42727
0.1 1.0 0.27318
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5.y = (x+y— 1)29(0) = 0; solution: y(x) = 1 — x — cot(x + 7/4).
Therefore, y’(z) = —2csc?(z + m/4) cot(z + 7 /4). The maximum value

of |y"(x)] is r, attained at x = 0. Therefore, the aggregate error at
x =1 is bounded by 4h/2.

Table 4.6: 5.3.5

h  Error Bound Actual Error

0.2 0.4 -0.07966
0.1 0.2 -0.03652

4.4 An Improved Euler Method
1. v =2z + 2y, y(0) = 1; solution: y(x) = —% —x+ %ezm,y(l) = 9.58360.

Table 4.7: 5.4.1

h  Improved Euler Approx Error %FError

0.1 9.45695 0.1266  1.321
0.05 9.54935 0.0342  0.357
0.01 9.58213 0.0015  0.015

3. ¥y = e, y(0) = 0; solution: y(x) = —In(l —z), lim, ;- y(z) = +oc.

Table 4.8: 5.4.3

h  Improved Euler Approx Error %Error

0.1 3.92301 00
0.05 4.60207 00
0.01 6.20029 00

5. ¥ = (z+y—1)%y(0) = 0; solution: y(x) =1—x—cot(z+7/4),y(1) =
0.217960.
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Table 4.9: 5.4.5

h  Improved Euler Approx Error Y%Error

0.1 0.218698 -0.00074 -0.340
0.05 0.218123 -0.00016 -0.076
0.01 0.217964 - 0.0000061 -0.0028

4.5 The Runge-Kutta Method

1. y' =2z +2y,y(0) = 1; solution: y(z) = —3 — z+ 2>, y(1) = 9.58358.

Table 4.10: 5.5.1

h  RK Approx Error %Error
0.1 9.58333 2.61161e-05 0.00261161
0.05 9.58357 1.77359¢e-06  0.000177359
0.01 9.58358 3.03308e-09  3.03308e-07

3. ' =¢¥, y(0) = 0; solution: y(z) = —1In(1 — z), lim,_;- y(x) = +oo.

Table 4.11: 5.5.3

h  RK Approx Error %Error
0.1 5.40911 00
0.05 6.10227 00
0.01 7.71171 00

5. v = (x+y—1)%y(0) = 0; solution: y(z) =1—x—cot(z+7/4),y(1) =
0.217958098.
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Table 4.12: 5.5.5

h  RK Approx Error

0.1  0.2179592 -0.0000011
0.05 0.2179581  -0.000000049
0.01  0.2179580  -0.0000000004

-0.00000018
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Chapter 5

Fourier Series: Basic Concepts

5.1 Fourier Coefficients

1. ap = %f:/rzwdx = 31/2; a; = = [__w/2mcos(ja)dr = %Sin(%); b =

%fi/ﬁ wsin(jz)de = L((—=1)7 — cos(5)).

3. ap = %fow sinxdr = %; a; = %fow sin x cos jrdr = ;J(rj(;_li;,j > 15 a1 =
0; b; = %sinxsinjxdx =0,7>1;b=1/2.

5. Consider alternative lines of thought. In each case the terms in the
Fourier series are the same terms that define the function.

7. Let f be the function in Exercise 2 and ¢ and h be the functions in
Exercise 1 and Example 6.1.2 respectively. Draw their graphs and
observe that f(z) = Z(g(z) — (7 — h(z)) = Z(g(z) + h(z)) — 1. Tt
follows that the Fourier coefficients satisfy similar relationships. For
example, if fy, go, and hy denote the constants in the three Fourier
series, then fy = %(go + hy) — 1. On the other hand, fi, g1, and hy
denote the first cosine coefficient of each of the three Fourier series,
then f; = %(gl + h1), and so on.

5.2 Some Remarks about Convergence

1. Exercise.
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o = LIS e = w3 0y = Leteosjude = (<1P%; 0 =

,72’
(=1)i-1

L [T a?sinjauds = 2- st (—1)9% (integration by parts, or

use a table of integrals).

Exercise.

If z = 0, then the series converges to 0s0o 0 =7%/6+2 Z‘;‘;l (_jé)j.

Consequently, 1 — 5 4+ 3 — 5 + -+ = 1;

If z = 7, then the series converges to 72 /2 so % = %2—1—2 Z;; (_;—2)2]
2

Consequently, 14 3 + 35 + 75 + -+ = =

Use Exercise 2 and the first sum in (c) to conclude that (2, =
2 2 2

™ ™

i i
8 12 24"

_ 1M _ €e"—e ™ __ 2sinhw. , _ 1_x : __ 2sinh7w |
o= = [ e"dr = = ; a; = ~e” cos jrdr = BT

. ™ ™ . ™
(=1)7 _ 2sinhw | (=17

—

by = %f; e*sin jrdr = (integration by

2410 ™ J2+1
parts, or use a table of integrals).
Exercise.
. iy —T
At x = 7 the series converges to % = cosh . Therefore,

coshz = S”;hm +2smh“ S i1 (JZIJZI , and a little algebra will produce
the first formula.

At x = 0 the series converges to 1 so 1 = si2h 4 2sinh PRy 32+1 ,
and a little more algebra will produce the second formula

7. Let x be an interior point where f is not continuous. Since f is piecewise
monotone, it muse be monotone to the left of x, for example monotone
increasing is an open interval (a,z). If s is the least upper bound of
the set S = {f(t) : a <t < x}, then lim,_,,— f(t) = s.

5.3 Even and Odd Functions

1. Determine whether the each function is odd or even or neither.

3. Assume f is even. Then [* f(z)dx = fi]af )dz + [ f(x)dz. Make
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Functions Parity Reason
2° sin 2z even oddxodd
22 sin 2x odd evenxeven
e’ neither
(sinz)3 odd odd°dd
sin z? even f(even)
cos(z + x?) even feven(0dd)
x + 2%+ 2% neither odd + even
lni—i odd f(—x) = lni—i = —f(x)
the change-of-variable z = —u in the first integral to obtain

/_Z f(z)dx = /aO f(=u)(—du) + /Oa fla)de
= /aaf(U)du + /Oaf(x)dg:

oy /0 " ).

The verification of formula (4) is quite similar.

ion i — 2 (7 4., _2 (7 z i —
5. The funﬂ:lon iseven. ag = 2 [ cosx/2dx = 3;a; = 2 [ cos § cos jrdr =
4 (D7

T 452-1 ¢

7. (a) Direct computation. The function is even and ay = 0. a; =

%fow(—:x + 5) cos jrdr = % . w Note that the even coeffi-
cients are 0.

4 [T cos(2j - 1)z
f(l')—;/j:1w,—ﬂ'§l’§ﬂ'.

(b) Observe that f(z) =F — |z|.

9. The average value of f is clearly equal to 7/4 (so ag = 7/2). More-
over, a; = Z( 07r/2 x cos jodr + f;r/z(ﬂ' — x) cos jzdr). These coefficients
evaluate as follows.

) ‘W 0, j=1,3,5,---
" 0, j=4,812
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Note that the indices for the nonzero coefficients are of the form 2(2j —
_ 8 _ 2 1
1) and @y = ~ 7 = ~F @

T () ap = 2 J7 e = 7% a; = 2 [T o con e = 2. T

_1)j
2

=
3

(b) i. Substitute z = 0 and = = 7/2 into the Fourier series for x
to obtain the following two equations.

7=1 7=1
o - = (—1)
—=—+6 6 5.2
3 1 + W;—l— 7Tj:1 2))? (5.2)

Use Equation ?7? to calculate Z;; (_jé)j. Then substitute the

value into Equation ?? to obtain the desired result.
i. Let S = 3332, 5 Then S = 3%, oor + 202, roqyn =
%S + %. Solve for S.

13. The identity sin® 2 = % — % cos 2z can be used to evaluate the integrals
for the Fourier series coefficients for sin? z. Of course, they will evaluate
to the coefficients that appear in the identity so the identity and the
Fourier series are one in the same.

15. These identities can be established by appealing to the complex for-
mulas for the sine and cosine functions: sinz = %(e” — e ) and
cosz = $(e” + ™). FOr example,

1 , , , , , ,
sin3 T = _g(e&m _ 362zm6—zm + 3ezm6—2zm _ 6—3zm)
7
1 , , , ,
— _g(e&m _ 6—3zm — 3 + 36—zm)
7
3 1

= —sinx — Zsin?):v.

4
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5.4 Fourier Series on Arbitrary Intervals

1. Calculate the Fourier series for the given function.

a) L = 1. The function is odd so a; = 0, b; = 2= v sinnradr =
j 7 = 1-0 Jo

2 (= 1)]+1 _ 2 +1 51nj7rm
e S ) S E Lo}

(b) L =2. The functionisodd soa; = 0. b; = %foz sinzsin(jrz/2)dr =

2rsin? - (—1)f+17r2jg_4.

sinx = 27 sin2Z(—1)j+1 J sin(ﬁm), —2<z <2

j=1 w2y — 4 2
(c) L=3.ap= 1f33 edr = 2sinh(3); a; = 3 f33 6mcos(j7rx/3) -
6sinh(3)- (2 by =1 f NG s1n(]7rx/3)d:p = 91 smh(3) )ijg'
, sinh3 , 2 (=1) jr
¢ =—3 +681nh3;ﬂ_2]2+9COS( 3 )

— 27 sinh 3 Z 7:2j2 )—|—]9 sin(]gx), —3<zr<3

(d) L = 1. The function is even. ag = 2f01 ridr = 2/3; a; =
2f0 2% cos(jma)dr = i (_J—ﬁ)]

14 -cos(jmx)
=<+ EZ(—l)’i, ~1<z<1.

2
3 = J
. . . 6 rm/3 33,
(e) L = n/3. THe function is even. ag = > [//"cos2zdr = =1=;
a; =2 fw/s cos(2x) cos(3jx)dx = 6v3 L7
i = 7 Jo ja)dr = 55 Sgmm
3 6 1)+t
cos 2x = 27/; \/_Z ]2) 1 cos(3jz), —g <z< g

Jj=1
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f_ll sin(2z — 7 /3)dxr = —ﬁsinZ a; = fll sin(2z —
b= [ sin(2z—m /3) sin(jmz)dr =

(f) L =1 ag =
7/3) cos(jmx)dr = 2v/3sin 2- (2 2 1

g (=1)7j
msin 2 R

3 = (-1)
_£ sin2—|—2\/§sir12j§1 %sin(ﬁm), —-l<z<l

sin(2z—7/3) = 1

3. Find the Fourier series.
(a) The function is even with average value 1/2 so ag = 1 and a; =

2f01(1 —x)cos(jmz)dr = 7r_22 ) H(—Jig)”l
1 4 Ccos 2]—17T$
st w2 e o tsrslh

(=1)7—-1
m—

2 4 4
2 [y weos(jma/2)dr = = - =

(b) The function is even with average value 1 so agp = 2 and a; =

8 — 2]—177‘1’/2)
=1—-— , 2 <x <2

5. L =1. a0—2f11x2—x+ldx—0 aj:2f01(z2—:l?—|— ) cos jradr =

14(-1 2
7%% Therefore, 2 —z + § = = > e =FE 0<r <1

7. Since f has period 2, the Fourier series is f(x) = cos mx

5.5 Orthogonal Functions

1. Verify the functions are orthogonal on the given interval

1 _
3COST — ECOS5} =0.

sin Gz} 0 = 0.

(a) [7_sin2xcos3zdr = |
( Tsin2z — &

fo sin 2z sin 4xdx = [

)

b)
(c)
(d)

[Y 2 adde = [25/6]L, = 0
[ 2 cos 2udr = [5 cos 2z + fasin2z]”

-2

=0.
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3. Observe that

If=gl>={(f—9.f—9)
=(f,f)—2(f,9) + (9,9
= If1I* = 2(f, 9) + llgl?

It follows that ||f — g||* = || fI|* + ||g]|* if and only if (f, g) = 0.

5. A calculation like the one in Exercise 3 will verify that

SN = [If + Agll* = [ + 2x{f, 9) + Al g]*.

Since ¢'(A) = 2(f, g) +2\||g||?, the function ¢ is minimized when \ has

the value \g = |<| ”2 Because ¢(A) > 0 for all A, ¢(Ag) > 0 as well, so

sy () N e s
1112 =2 822 )+ (H ||2> lgll? >

This simplifies to || f]|?[|g]|* > (f, g)* which, in turn, implies the desired
inequality: [[f||lgll = [(f, 9)]







Chapter 6

Sturm-Liouville Problems and
Boundary Value Problems

6.1 What is a Sturm-Liouville Problem?

1. (a)
(1= a®)p" = 2z’ +plp = =0.

(b)
W+ 2xp +4p=0.

(d)
o'+ (x+ D'+ (L +p)p=0.

3. We note that the adjoint equation is
P+ 2z + 3fa)p + (=2 = 3/2%)u =0. (%)

Guessing that the equation has a solution of the form u(x) = 2%, we
find the solution p(z) = x. So we multiply (%) by z to obtain

vy — (222 +3)y — 4oy = 0.

Fortuitously, this can be written as

d
™ (zy' — (227 + 4)y) =0

71
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6.
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(this is the concept of exactness of a second order equation). Thus
zy — (22° +4)y=C.

If we conveniently take C' = 0, then we can solve by separation of
variables to obtain .
y = Cx'e” .

5. (a) If the equation is self-adjoint then
P(z)=Px) and  Q(z)=2P'(z) - Q(z)

and  R(z) = P"(z) — Q'(z) + R(x) .

The second and the third of these equalities both lead to P'(z) =
Q).
(b) Only Legendre’s equation is self-adjoint.

2 Analyzing a Sturm-Liouville Problem
1. Multiply the differential equation through by p(x) to obtain
d? d
p() Y 4 (@))% 1 N3(a)p(e) — )y () = 0.

This can be rewritten as

Z_i (P(I)Z—i) + [AB(z)p(z) — p(z)v(2)]y = 0.

We see that the equation is now in the form of a Sturm-Liouville equa-
tion with

q(x) = B(x)p(z)  and  r(x) = —p(z)y(z).
3. For A > 0, the solution of the differential equation has the form
Yy = AcosVAz + BsinVaz .

The two endpoint conditions yield

A=0
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and

Acos VAT + Bsin VA — AV sin VAT + BV cos VAr = 0.

Substituting the first of these into the second yields

or

Bsin\/Xﬂ'—l—B\/XCOS\/XTF:O

tan\/Xﬂ = —\/X.

A glance at the graphs of

and

A — tan VT

A= —VA

73

reveals that these curves cross infinitely many times. So there are in-
finitely many eigenvalues. And the eigenfunctions are ¢, (z) = sin v/Az.

5. (a)

(b)

Certainly
y = AcosVAz + Bsin VAz .
Hence
A=y(0)=0
and
BsinVAr = y(r) =0.
Thus
sin VAr = 0
SO
A=k , k=0,1,2,....
Surely
y = Acos VAz + Bsin VAz .
Therefore
BV Xcos V-0 =14(0) =0
and

BsinVAr + Acos Var = y(m) = 0.

Thus cos VAm = 0 so that A = (k+1/2)% for k=0,1,2,...
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6.3 Applications of the Sturm-Liouville The-
ory

1. We calculate that

0 2 32kt .
kg, = Z _Cjk:_j exp (ﬁij) cos @

J=1

and

© g2 _ 32kt .
Uy = Z_Cj sz exp( sz ) Cos%.

J=1

So we see that the equation u; = ku,, is satisfied. Furthermore,
uz(0,¢) =0
trivially. And
= 05 —0)5°kt\ .
ug(L,t) = Z _fJCj exp % sin (3,
j=1

as well as

> — 32kt
u(L,t) = Z cj exp ( sz cos f3; .
j=1
So the equation hu(L,t) + uy(L,t) = 0 leads to

hej cos B = %cj sin 3; .

This is equivalent to
hL

tan 3; = —,
J ﬁj
as required.
The ¢; may be solved for using the usual orthogonality properties of
cosine.
3. Just integrating, we find that

u(xz,t) = Az + By+ Cxy+ D.
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The condition that u be bounded as y — +oco forces B = C' = 0. So
u(x,t) = Az + D. We can solve the condition u(x,0) = f(x) provided
f is linear. The other endpoint conditions are

D=0

and
h(AL+ D)+ A=0.

This last translates to
ARL+1)=0.

If A =0 then the problem is quite trivial. So h = —1/L.
7. We multiply the equation through by p(x), so that
&y
dz?

Now this can be written as

% (P(x)j—i) + [Ap(z)B(x) — p(x)C(z)]y = 0.

p(x)

This is in Sturm-Liouville form with ¢(z) = p(z)B(z) and r(z) =
—p()C(z).

6.4 Singular Sturm-Liouville

1. Take p =1 and f(z) = . We guess a solution of the form

y(x) = Z a;r .
=0

Plugging this guess into the equation gives

o / o0
— |z E jajzit | = E a;r’ + .
j=1 7=0
Hence

- Zjajzj_l - ij(j —Daz?™? = Zaﬂjﬂ +x.
=1 j=2 =0
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We can rewrite this as

e e}

=2+ Dagna? =3 G+ Diaja’ = 3 a2’ +a.
j=0

J=1 J=1

Thus we see that

[e.e]

' 0
E —(j+1) aj+1—aj_1}z’:x—a1z .
J=1

From this we infer that

ayp = 0
and
1 + ao
oy = )
SR
We have the recursion
—1

A RS )

So we may calculate that
as = 0,
1+ ap
64
[ 0,

ay, =

—1- agp
2304

g —
etcetera.

3. (a) Using the formula for P,, we may calculate that
1 1
/ QSj([L’)QSk([L’) dr = / ng_l(l’)ng_l([L’) dx
0 0

- [ (mrg=mamle -17)

1 A1 2 2%—1
’ 9261 (2f — 1)1 da2F—1 [(x -1 } d.
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(b)

Let us suppose that 7 > k. Then we may integrate by parts
2k times, each time taking a derivative off the first parentheti-
cal expression in the integrand and throwing it onto the second
parenthetical expression in the integrand. The result is

1 1 PR "
/ (22j—1(2 | 1)! dg2it2h2 [(2* = 1)% })
0 J - azx

1 PR -
: (22k‘1(2k — 1)l dp2it2R2 [(2* = 1) D dz .

Note that, because of the factors (1 —x2)*, the boundary terms in
the integration by parts vanish. Also observe that 4k—1 (the num-
ber of derivatives in the second term) exceeds 4k — 2 (the power
of x in the second term. So in fact the parenthetical expression
on the right now vanishes. In conclusion, the inner product of ¢;
and ¢y is 0.

y = > /\;—’;“ng_l(:v), where the ¢; are calculated using the

orthogonality of the Ps;_;.

5. The series solutions in Exercise 3b) are not bounded.

7. One may use power series methods to solve the equation

o+ (1 —2)u' + A u=0

to see that the solution is always an infinite series, never a polynomial.
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Chapter 7

Partial Differential Equations

and

Boundary Value Problems

7.1 Introduction and Historical Remarks

7.2 Eigenvalues and the Vibrating String

1. Find the eigenvalues and eigenfunctions for 4" + Ay = 0. In all of the
problems A > 0 and the general solution is y = A sin v/ Az + B cos vV Az.

(a)

(b)

(c)

(d)

y(0) = 0 implies that B = 0 so y = AsinvAz. The condition
y(2m) = 0 implies that /X - 27 = nr for some integer n and the
eigenvalues are \, = n?/4,n =1,2,3,---. The eigenfunctions are
Yn, = sin(nxz/2).

y(0) = 0 implies that B = 0 so y = AsinvAz. The condition
y(2m) = 0 implies that /X - 27 = nr for some integer n and the
eigenvalues are \, = n?/4,n =1,2,3,---. The eigenfunctions are
Yn, = sin(nz/2).

y(0) = 0 implies that B = 0 so y = AsinvAz. The condition

y(1) = 0 implies that v/\ = n7 for some integer n and the eigen-
values are \, = n?w?,n = 1,2,3,---. The eigenfunctions are

Yn = SINNTI.

y(0) = 0 implies that B = 0 so y = Asiny/Az. The condition
y(L) = 0 implies that v/\ - L = nr for some integer n and the

79
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(e)

(f)
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eigenvalues are )\, = n?w?/L? n=1,2,3,---. The eigenfunctions
are y, = sin(nwz/L).

The condition y(—L) = 0 and y(L) = 0 imply that A must solve
the following two equations.

—Asin\/XL—I—BCOS\/XL =0
Asin\/XL—l—BCOS\/XLZO

It follows that either A or B must be 0 (verify). If B = 0, then
VAL = nrm and there are eigenvalues nn?/L? with the eigen-
functions sin(nwz/L),n = 1,2,3,---. If A = 0, then VAL =
(2n — 1)m/2 and there are eigenvalues (2n — 1)?72/4L* with the
eigenfunctions cos((2n — 1)7x/2L),n =1,2,3,---.

Make the substitution ¢ = = — a and, according to part (d),
the eigenvalues are n’n%/(b — a)? with eigenfunctions y,(t) =
sinnmt/(b — a). In terms of the variable = the eigenvalues are
the same the the eigenfunctions are y,(z) = sinnn(x —a)/(b—a).

The solution technique used in (f) can also be applied to the
problem in part (e) yielding eigenvalues )\, = n’n?/4L* and
eigenfunctions y,, = sinnw(x+ L)/2L. Show that the solution
formulas are equivalent to the ones found above.

3. The solution has the form y(z,t) = F(z + at) + G(x — at).

(a)

(b)

The condition y(z,0) = f(z) implies that F(x) + G(z) = f(z).
The condition y;(x,0) = 0 implies that aF'(x) —aG'(z) = 0. Thus
F'(z) = G'(z) so there is a constant C' such that F'(z)—G(x) = C.
It follows that 2F'(z) = f(z) + C and 2G(z) = f(x) — C. This
permits us to express the solution as

y(x,t) = F(z +at) + G(x — at)
= [+ at) + O+ L[ — at) — C]

:%U@+aw+ﬂz—mﬂ

If y(0,t) = 0 for all ¢, then f(at) = —f(—at) for all ¢ and f
is an odd function. If, in addition, y(m,t) = 0 for all ¢, then
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f(m+at) = —f(r—at) = f(at —7) for all t. Given z choose ¢ such
that x = at — m. Then f(x) = f(at —7) = f(at +7) = f(x+ 27).

(c) Since f is odd, f(0) = f(—0) = —f(0). Thus 2f(0) = 0 implying
that f(0) = 0. Because f has period 27, f(—m) = f(m). It is also
true that f(—m) = —f(7) (f is odd). Consequently, f(m) = 0.

(d) Bernoulli’s solution is y(z,t) = Z;; b, jsin jx cos jt. Using the
given identity this can be expressed in the form y(x,t) = Z;; b;-
slsinj(z + at) + sinj(z — at)] = 3[f(z + at) + f(z — at)], where

flz)=3_72, bjsinjz.

5. If the initial shape is f(x) = csinz, then the solution is y(z,t) =
csinx cost. Thus for every t the shape of the solution is a single arch
of a sine curve. Similarly, if the initial shape is f(x) = csinnz, then
the solution is y(x,t) = csinnz cosnt. Thus for every t the shape of
the solution is a sine curve with nodes at z, = 7/k,k=1,2,--- ;n—1.

7.3 The Heat Equation

1. The Fourier series solution to a*wy.(x,t) = wy(z,t) satisfying the
boundary conditions w(0,t) = w(m,t) = 0is W (z,t) = 372, bje~7"*tsin jx.
This can be seen by substituting w(z,t) = wu(x)v(t) and separating
variables. An easier way is to make the change of variables 7 = a?t in
the heat equation to obtain w,,(x,7) = w,(x,7) having the solution
W(x,7) = Z;; bje_jo sin jx obtained in the text, and then express
the solution in terms of ¢.

Now let w(z,t) = W (x,t)+g(z), where g(z) = w1+ = (wy—w;)z. By the
superposition principal, w is also a solution to the heat equation and,
since W(0,t) = W(nm,t) = 0, w(z,t) satisfies the boundary conditions
’LU(O,t) = g(O) = ’LU1,’LU(7T,t) = g(’]‘(‘) = wa.

The initial temperature distribution, w(z,0) = f(z), determines the
values of the coefficients b; as follows. Since f(x) = 3 77, b;sin jo +
g(x) the coefficients must be chosen so that 2 b;sinjz = f(z) —
g(z). Consequently, b; = 2 [*(f(x) — g(x)) sin jadz, and the solution
is w(z,t) =372, bie ="t sin jx 4 g(z).

3. First find separated solutions to a?w,, = w; +cw. The process is made
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easier by rescaling the variables. Let 7 = ¢t and z = ‘/76:5 to obtain the
equation w,, = w; + w.

Substitute w(z,7) = a(2)B(7) to get "B = af’ + af. Divide by
af and the variables are separated: %/ = % + 1. Since the left
side depends only on z and the right side depends only on 7, there

is a constant K such that %/ =K = % + 1. Thus o = Ka and
B = (K —1)3. This implies that 3(7) = Ce®~V7. Regarding «, the
boundary conditions w(0,t) = ’LU(\/?ETI',t) = 0 require that «(0) = 0
and a(%gﬂ) = (0. This forces K = —a?n?/c for some integer n and
a(z) = Asin(anz/y/c). In terms of z and 7 the separated solutions
are w(z,r) = e~ @/t sin(anz/+/c). In terms of x and ¢, w(z,t) =
e~“tem*@*t gin g, Taking linear combinations we have the formal series
solution w(w,t) = e~ 3272 bje~"*tsin jx.

The initial condition w(z,0) = f(x) becomes > 72, b;sinjz = f(z)
which is satisfied provided b; = 2 [7 f(x) sin jadz.

. We seek separated solutions to the heat equation: a?w,, = w;, sat-

isfying the boundary conditions w,(0,t) = 0 = w,(7,t). Substitute
w(z,t) = a(z)B(t) to get a*a”B3 = af’ or %/ = aﬁz_g THus there
is a constant K such that %/ = K = % That is, o’ = Ka and
B = Ka®3, so f(t) = CeX’t. Since the temperature is not expected to
grow exponentially with time we assume K < 0 so a(x) = siny/—Kz
or a(x) = cosv/—Kzx or a(x) = C, a constant. The last possibility

corresponds to K = 0.

The boundary conditions require o/(0) = 0 = /(7). Consequently
a(r) = C, a constant, or a(x) = cosy/—Kz with K chosen so that
o/(0) = —VKsinyv/—Kr = 0. Therefore, the eigenvalues are K =
—n%n=0,1,2,---. The separated solutions are w(z,t) = e % cos .
Therefore, the series solution is w(x,t) = % + > 77, aje 7"t cos jx
where the coefficients a; satisfy w(z,0) = 9 + >, ajcos jo = f(z).

That is, a; = 2 [ f(z) cos jadz.

. Let (z,y,z) be the point at the center of the box R. Its six faces

are centered at = £ Az /2y, z), (x,y £ Ay/2,z), and (z,y,z £ A/2)
respectively. The temperature at the center of the box at time ¢ is
w(z,y, z,t). Let Aw denote the change in temperature at the center
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corresponding to a small change in time At. The corresponding change
in total heat energy in R is approximately proportional to Aw - AV
where AV = AxAyAz. By the principal of conservation of energy this
change must equal the heat energy that has flowed into the box across
its six faces. Taking into account the fact that the heat flow across a
face is proportional to the area of the face, the temperature gradient
across the face, and the length of the time interval, we have

Aw - AV = a*[0,w(z + Ax/2,y, 2,t) — Opw(x — Ax/2,y, 2,1)) AyAz
+ (8yw(x, Yy + Ay/2> 2, t) - ay'LU([L’, y— Ay/2> t))A[L’AZ
+ (Qyw(x,y,z + Az/2,t) — O,w(x,y, 2z — Az/2,t)) Az Ay At

Divide both sides by AV - At to obtain

Aw 5 0wz + Ax/2,y,2,t) — Oyw(r — Ar/2,y,2,t)

—  ~ a2[
At Ax
Oyw(z,y + Ay/2,2,t) — Oyw(x,y — Ay/2, 2z, 1)
+ Ay
N dw(x,y,z+ A/2t) — D,w(z,y,z — Az/2,t)

Az ]

Now let At — 0, then shrink the box to its center to get

dw o2 Pw  Pw  *w

ot 0x? + 0y? + 022

7.4 The Dirichlet Problem for a Disk

1. Solve the Dirichlet problem for the unit disk for the given boundary
function f(9).

(a) f(0) = cosf/2is even; a; = 2 [ cos0/2 - cos jOdH = 2 - %,
ag = 4/m. Therefore,

w(r,0) = - - ;; Py or cos 0.
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(b) f(8) =0 isodd; b; = 2 [T @sin j0do = 2- ) . Therefore,
o0 j+1
w(r, 6) Z 7 sin 6.
7=1

(c) f(0) is neither even nor odd; a; = = [sinfcos jOdf = —=
1;’(1 ,J# Liag =2/m,a1 = 0;b; = £ [ sinfsinjfdd = 0,5 #
1;b1 = 1/2. Therefore,

e}

1 2
w(r,d) =——— 5
T 45° -1

, 1
r%9 cos 276 + 57’ sin 6.

(d) The function f(#) —1/2 is odd; ao/2 = 1/2;a; = 0,5 > 1;b; =
L [ sinj0dd = L - (_1)];1“. Therefore,

> o

J=1 J -

_l_

7’2j_1 sin(2j — 1)4.

>1|l\3

[\Dlr—l
[\D

(e) f(0) = 62/4 is even; a; = 2 [ 6% /4cos jOdO = 32 ’ ag = m2/6.
Therefore,

2 [ -1 Jj
w(r, ) = 71T2 + Z ( j2) r’ cos j6.
=1

<.

3. Let the circle C' be centered at (zg,y) (Cartesian coordinates) with

radius R. The function u(z,y) = w(xg + z,yo + y) is harmonic on
the disk centered at the origin of radius R. According to the Poisson
integral formula for this disk (Exercise 2), u’s value at the center of the
disk: (0,0), (polar coordinates) is given by u(0,6) = " w(R, ¢)do.
In terms of the original function w this formula can be expressed in the
following form.

1

9 R mu(a:o + Rcos ¢, yo + Rsin ¢) Rdo.

w(wo, yo) =

. Neither Maple nor Mathematica can obtain useful formulas for the

Poisson integrals.
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7.5 Sturm-Liouville Problems

1. The differential equation (uPy") + (Sy)’ = 0 is equivalent to the equa-
tion (uP)y” + ((uP) + S)y’ + S’y = 0. Therefore, the functions p and
S must be chosen so that the following two equations are satisfied: (1)
(uP) + S = p@ and (2) 8" = pR. Differentiate the first equation and
use the second equation to see that p must solve (uP)” + pR = (u@)'.
This is the adjoint equation in disguise.

(a) The adjoint to Legendre’s equation is the same equation. Legen-
dre’s equation is self-adjoint.

(b) The adjoint for Bessel’s equation is 2?u” 43z’ + (22 +1—p* ) = 0.
(¢) Hermite’s equation has adjoint p”’ + 2z’ + (p+ 1) = 0.
(d) The adjoint to Laguerre’s equation is xp” + (14+z) '+ (p+ 1) = 0.

3. This is the same question as Exercise 1. Parts (a), (b), (d) and (f) are
done above.

(c) Chebyshev’s equation has the adjoint (1—z?)u” —3zp/+(p*—1)p =
0.

(e) The adjoint to Airy’s equation is the same equation. Airy’s equa-
tion is self-adjoint.

5. Let pv” + qv’ + rv = 0 be the adjoint of the adjoint. Then p = P, q
9P — (2P — Q) = Q, and r = P" — (2P — QY + P" — Q' + R
R. Therefore, the adjoint of the adjoint of Py” + Qy' + Ry = 0 is
Pv" + Qv + Rv = 0.

7. Divide the differential equation by P(x) and suppose that the function
i has the property that py” + ,u%y’ + pfy = 0 can be put into self-

adjoint form. That is, uy” + ,u%y’ = (uy').
to y' = p% or % = <. Consequently, Iny = [ Ldx or y = el 9/Pdz,
Therefore, the original equation Py” + Qy' + Ry = 0 can be made

self-adjoint by first dividing by P and then multiplying by e/ @/Pd*,

This equation simplifies






Chapter 8

Laplace Transforms

8.1 Introduction

1. Evaluate the integrals in the Laplace transform table. Unless otherwise
indicated it is assumed that p > 0.

00 —pg ] T—00 1
L[1] / e PMdx = {—6 ] -
Llz] = /OO ze Pdy = {—(— + —)e"’m} L L
n!
L[z"] = ——. See the calculation in this section.
pn

o0 6_(10_&)"2
Zfe = | e‘”e‘mdat:{
0

r—00 1
e [

o . T—00
. —p .z psin axr + @ Ccos ax —pz a
Lisinax] = e P sinardr = — % e
0 p°+a

> pcos ar — asinax el p
Llcosax] = / e P cosardr = — % e P
0 pta

87
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1 [ 1 [e-rm0)  =+a)] 7
L[sinh az] = —/ (e —e " )e PP dy = — = {6 _ ¢ ] _
2 Jo 2l p—-1 p+a],,
a
R p > lal.
= B L
L[cosh az] / (e +e ™" )e Py = —— { } _
0 p—1 pta .
g P> ldl

3. Since sin’az = %(1 — cos2az), and the Laplace transform is a linear
operator,

1
L[sin? ax] = 5 (L[1] — L[cos2ax])
11 p\_ 2a?
S 2\p pPtda?) p(p* +4a?)
. . 2 o l _ 2a2+p2
Similarly, L[cos® ax] = 3(L[1] 4 L{cos 2ax]) = 7710

Since sin® ax + cos? ax = 1, the two Laplace transforms should add up
to 1/p (verify).

4. (a) L[10] = 10L[1] = L
(c) L[2e3* —sinbz| = 2L[e3*] — L[sin5x] = 2-?25

(e) L[x%sin®3x + 25 cos?3x] = L[2%] = &

bS]

5. Find the function whose Laplace transform is given.

(a) Since L[z®] = %, the function f(z) = Fa? transforms to 7
(b) Since Le™] = =3,

(c) Since L[z*+sin2z] = 3 + =
. 4 6
will transform to % + .

the function f(x) = 273" transforms to ﬁ

4, the function f(z) = 22°+3sin 2z
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—1_ 1
, 2+p ST Therefore,

(d) Using the technique of partlal fractlons
the function f(x) =1—e~

i

(e) Using partial fractions, 7 +p = # — 2 = Therefore, the function

f(z) =z — sinz will transform to p4+p2

7. Male is unable to calculate any of the transforms; Mathematica can
calculate the transforms for part (a) and part (¢). The following code
shows how Mathematica calculates the Laplace transform for part (c).

LaplaceTransform[Sin[Log[x]],x,p]

sp ' (p* Gamma[—i| + Gammali])

8.2 Applications to Differential Equations

1. The Laplace transforms are displayed in the table. The transforms for
(d) and (g) were obtained using a property that is introduced in the

next section: L[z"f(x)] = (—1)";%L[f(x)].

Table 8.1: Some Laplace transforms

Function Transform
oz 20
a) 1'56 W
2

(
(b) (1-a2)e” L -

p+1 1(;zH—l)3

8

c) e Tsinx

( (p+1)>+1
(d) xsin 3x (pzﬁﬁ)z
(e) e cos2x (pfy,_)g+4
(f) xe” (p—121)2
(g)  a*cosz 2(‘; @ +1_)??’)
(h) sinzcosz p21+4

3. Use the Laplace transform to solve the given IVPs. Each solution
begins with the transform of the IVP. We let Y = L]y].

(a) pY — 04+ Y = -L implies that ¥ = Using partial

1
(p+1)(p+2)°

—2
1 o _
(—2 5 +1) Therefore, the solution is y =

fractions, Y = 5

[SUE “B
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s(e*" —e).

(b) p*Y —p-0—3—4-(pY —0)+4Y = 0 implies that (p*—4p+1)Y —3 =

0. Therefore, Y = 2_2p+4 = (p_?’z)z and the solution is y = 3xe?®

(c) P?Y —p-0+2-(pY —0)+2Y = 2 1mp11es that (p?+2p+2)Y —1 = %
p;:;ﬁz - p(pzf’_’:;i 5. Use Ijirtial fl;actionerfmd
p p

complete the square to obtain ¥ = % ~ o T p T T

Therefore, the solution is y = 1 — e™* cos x.

Therefore, y =

(d) PzY—p'U—l—l—pY—Ozz%impliesthat (p2+p)Y—1:Z%,

Therefore, Y = 12615 - p;’(’;;’fp) Using partial fractions (the
correct decomposition is of the form 4 + >+ 35 + T+ m, we

obtain the solution y = —5 + 6x — 322 + a: + 56_””.

(€ PY —p-0—=3+2-(pY = 0)+5Y = oy impliest?at Y
+
satisfies (p° +2p+5)Y —3 = . Therefore, Y = — 2222 2*;_’;*22 —
7 +2?;i;3?§;’ —I?Qp 5 The partlal fraction decompositionis Y = m%—

1

2+2p+5 o T (p+1)2+4 Therefore, y = e *(sinx + sin 2x).

5. Let y(z) = [ f(t)dt and F(p) = L[f(z)]. By the Fundamental theo-
rem, y() f()SoF() Lly'(x)] = pL[y(2)] —y(0) = pL[ [§ f(
Consequently, L] fom f(t)dt] = FT), as desired. For the purpose of

finding an inverse transform, this can be expressed as L~* [%F (p)} =

This inverse transform formula can be used to avoid partial fractions.
-1 —t — -z
For example, L [p(p+1 } Joetdt =[—e g =1—e".

8.3 Derivatives and Integrals of Laplace Trans-

forms
2,2
1. Ljxcosax] = —L[—xzcosax] = —d%L[cosa:E] = —% (;;Ziaz) = e
a”™ — CL CL2
To invert W note that L[z cosaz| = B (;f +a2§ = pz}raz - (pz%raz)z.
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Therefore, L [l’ cos ax — i sin azz] = It follows that

—a

1 1 1
L' | ———-=| = —==(zcosaxr — ~sinax)
(p? 2a? a

503 (sinax — ax cos ax).
a

3. Start with the Laplace transform. Let y(0) = A.

(a) —j—p[sz—Ap] —3j—p[pY] —(pY—A)—|—4%—9Y = 0. This evaluates
to the equation (—p? — 3p +4)Y’" — (3p + 12)Y = —2A which, in
turn, simplifies to (p — 1)Y” —I— 3Y =2A/(p+4). Consequently,

Y = A- 1”2_12*’2’;_5%1;‘(5’*4) +B- - 1 —L and, setting A = 0, y = Bx?e

(b) —&[p’Y — Ap] — 24 [pY] —|—3(pY A) — 45+ 3Y = 35, This

p+1
evaluates to the equatlon (—p* = 2p—1)Y' +(p+1)Y =24 +
3

? which, in turn, sinphﬁes to(p+1)Y' —-Y = _;TAI - i

Consequently, ¥ = 25 — e+ B(p + 1) and, setting B = 0,
y=(A+az)e™

5. (a) Let p =0 in the equation \/plz—+1 = LJo(@)] = [° Jo(x)e P da.

(b) Observe that = [ cos(zcost)dt = = [F 322, (2) ’ (2 cost)¥dt. Move
the integral across the sum and proceed as follows. To justify the

2j) _ (@)
—1)i T
) ( / cos? tdt) x%
i—0 2 ! 0

last step use ( ') = G
00 J 9 '
= Z T (see below)
2])‘

Mg

S,

J
1 /7r
— = cos :Ecost
™ 0
J

= Jo(z) (exercise)



92 CHAPTER 8. LAPLACE TRANSFORMS

The verification that L [7cos? tdt = 2 ( .j) goes like this:

™ ' T 12
/ cos¥ tdt = / {2(elt+e—”] dt
0
2ij /ﬂ— ( ) it 2] k —it)kdt
0
25
:21_J (k)/ 2(j—k)itdt

7. (a) Start with F(p) = [Te P f(x f(ﬁl e P f(x)dx

make the change of variable z = uw + j - a in the ;" integral, and
proceed as follows:

(b) The function f has period a = 2s0 F(p) = -——= f02 e P f(x)dr =

r=1
1 mpegy 1 fer )T 1 amer
T—o—2p fO € dr = 1—e—2p [ :| T p l—e2 7 p(lte P
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8.4 Convolutions

1. Since L1 [ 2+a2} = Lsinax, L™ [m} = & [ sina(z —t) sin atdt.
Therefore,
1 1 1 /. v ) T )
L = — (| silnax cos at sin atdt — cos ax sin at sin atdt
p* + a? a? 0 0
1 . 1 . 1 ( 1 . 5 )
= — - —sin — - — — —sin2ax) | .
e sin ax % sin“ ax — cos ax % ax 5

This simplifies to the solution found in Exercise 1 of the last section
(verify).

3. Divide both sides of ** by p to obtain @ =,/2. L[:Cfg Take the

™

inverse transform of both sides, using convolution, to get the equation
I fy)dy = \/_ fy EAON -dt. Then differentiate with respect to y to

obtain f(y) = ‘/W_;;f(idt

If T'(y) = Ty, a constant, then f(y ) = @% [V dt = @%(2%3}/2).

™ 0 Vy—t ™
Therefore, f(y) = ‘/7r_9 \T}, as in *

5. Take the Laplace transform of the IVP to obtain p?Y + a*Y = F(p)
where F' is the Laplace transform of f. Therefore Y =F ( ) - ﬁ S0,

using convolution on the right side, y(x) = X fo )sina(x — t)dt.

8.5 The Unit Step and Impulse Functions

1. Find the convolution of the following pairs of functions.

t

_1
o = a(l—cosat).

(a) ax*sinat = fot sinardr = [—9=0T]

¢
at bt [t _a(t—7), br _ _at [t (b—a)T  at [eb-a)t .
(b) e xe” = [e eTdr = e [Je dr = e |5—| =

ebt _eat

b—a -

t _ t _ at _q_
(c) txe = [[ e rdr = e [[Te dr = “—=,
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(d) sinat *sinbt = L1 [zﬁ . zﬁ} Using partial fractions,

sin at % sin bt = L L7t ab ab
a2 =2 p2+b2  p2+a?
asinbt — bsinat
a2 — b2
3. These problems are solved using the impulse response function h(t) =

L7t [Z(p)} The solution is y(t) = h(t fo (t —7)f(7)dr. The
details of the integration are not ShOWIl.

(a) h(t) = L™ [WM} =L [ﬁ - zﬁ} = e % — 7% There-
fore, y(t) = fot 5687 [e72 7 — 73U dr = L(5e 7 — 6e 2 4 €,
(b) h(t) =L [(p 2)1(;,,4_3)} = lL_l [ ig plg} = %(6% _3t) There-

fore, y(t fo A2 —e 30 dr = — L (6430t —9e* +4e ).
1

(c) h(t) = L7! [ o 1)} = L™} [p%l - 5} = e' — 1. Therefore, y(t) =
Jy72[e T = 1)dr = 2¢t — L3 — 12 — 2t — 2.

5. Make the substitution oc=t—1Tto obtain fxg= fot f(t—71)g(T)dr
ft gt —o)( fo (t—o)f(o)do=gx* f.

Regardlng aussocwutl\/lty7 interchange the order of integration, then make
the change of variable 7 — o = p.

K g h] = /Otf(t _ ) (/OTg(T - a)h(a)da) ir
_ /t (/t £t = )g(r — U)dT) h(o)do
= [ ([ e = gtuan) niorao

= [f*g|*h.

7. The impulse response function is h(t) = L™! [
output current is

1 /[t 1 t
I(t) = z/ E(r) - e BU=/Lar = ze_Rt/L/ E(r) - ef/tqr.
0 0

_ 1 _—Rt/L
LHR} = Je t/L and the
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(a) I(t) = %6—Rt/L f(fu(f) BT/ Lgr — %(1 _ 6—Rt/L)'
(b) 1(t) = Boc—rrr,
%e_Rt/L f(f sin(wr) - e®7/Ldr. This evaluates to

E
= WOQLQ[WD‘J_RUL + Rsinwt — wL cos wt].
w

I(t)
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Chapter 9

Systems of First-Order
Equations

9.1 Introductory Remarks

1. Replace the differential equations with an equivalent system of first-
order equations.

(a) ' —xy — 2y = 0; let yo = y,y1 = ¢’ to obtain

?/6 =l
Yy = Tyo + Ty

(b) y" =y" —2*(y)* let yo =y, 41 = ¥/, y2 = ¥ to obtain
/
Y =Y
yi =12

/

Yo = —2Y; + Yo
(c) xy” — 2%y — 2%y = 0; let yo = y,y1 = ¥’ to obtain

3/6 =Y
Y = 2y + TY1.

97
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(d) yW —ay” + 2%y — 23y =L let yo =y, 1 = ¥,y = y",y3 = "

to obtain
3/6 =l
Y, = Yo
Yo = Y3

vy = 2°yo — 22y + 2y3 + 1.

9.2 Linear Systems

1. The Wronskian for (*) is x1(¢)xb(t) — 2} (t)z2(t). Since y; = x} and
y2 = x4 this is also the Wronskian of the two solutions to (**):

) = dec (160 2200) —aer (1)) 200

yi(t)  w2(t) i (t)  w5(t)

3. (a) If z = 2¢" and y = 3e*, then 2/ = 8¢ and y/ = 12¢*. Since
x + 2y = 8t and 3z + 2y = 12e*, the first pair of functions do
form a solution to the given homogeneous system.

Verification for the second pair can be made with a similar calcu-
lation.

(b) The two solutions are clearly linearly independent. One pair is not

a scalar multiple of the other. This can be formally verified by cal-
2 4t —t
culating their Wronskian: W (t) = det (32415 —ee‘t> = —5e3t £ 0.
(c) The verification is straightforward. Simply substitute and sim-
plify.
Since the two solutions in part (a) are linearly independent there
is a general solution of the form

x(t) = 2cie® + coe™t + 3t — 2
y(t) = 3cre™ —cpe™t — 2t + 3

5. Differentiate the first equation: 2”7 = 2’ + v/, and use the second equa-
tion to replace 3’ with y: 2’ = 2’ + y. Now use the first equation to
eliminate y: 2" = 2’ + 2’ — 2. This second order equation simplifies
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to 2’ — 22 + x = 0 which, by inspection, has the general solution
x(t) = cre’ + cote! . Use the first equation to find y:

y(t) = 2'(t) — 2(t)
= cie' + co(te! + ') — cre’ — cotel

= Cg6t
The general solution is

x(t) = cre’ + cote
y(t) = coe’

7. Substitute (6) to (4)

{%[lel(t) + cowa(t)] = ar(t)[cr1(t) + cowa(t)] + b1(t)[cryn (t) + caya(t)]
Fleyi(t) + caya(t)] = as(t) (11 () + coma(t)] + ba(t) [crtn(t) + caya(t)]

Carry out the differentiation on the left sides and rearrange the right
sides to obtain the following equivalent system.

a1 (t) 4 caxhy(t)
a1y (t) + cays(t)

[a1(t)x1(t) + b1(E)yr(t)] + calar(t)za(t) + b1(t)ya(t)]

= cifaz(t)z1(t) + ba(t)yr ()] + caaa(t)wa(t) + ba(t)ya(t)]

This system is satisfied for all ¢ in [a, b] because of the assumption that

the functions are solutions to the homogeneous equation.

9.3 Homogeneous Systems with Constant Co-
efficients

1. Find the general solution to each system.

(a) The auxiliary equation is m~1 = 0 with roots m; = —1 and
mgo = 1. With m; = —1 the algebraic system is

—2A+4B =0
—2A+4B =0
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A =2and B =1 is a nontrivial solution and

xr =2e!
y=e'

is a nontrivial solution to the system of differential equations.
With mo = 1 a similar calculation yields

r=el
y=e¢

as a second, independent solution. The general solution is

r = 2cie"t 4 coet
Yy = cie”t + cpel.

The auxiliary equation is m? —6m+ 18 = 0 with roots m; = 3+3i
and my = 3 — 3i. With my = 3 + 3¢ the algebraic system is
(1-3))A—-2B=0
5A+(-1-3i)B=0
A* =2 and B* = 1—3¢ has a nontrivial complex solution. Observe
that A1 =2, A, =0 and B; = 1, B, = —3. This is what is needed

to obtain two real solution. See Equations (16) and (17), Section
10.3. The solutions are

x = e 2cos 3t
y = e3(cos 3t + 3sin 3t)

and

r=e3 2sin3t
y = €3 (sin 3t — 3 cos 3t)

The general solution is

x = 2€3[c; cos 3t + ¢y sin 3t]
y = €“[c1(cos 3t + 3sin 3t) + co(sin 3t — 3 cos 3t)].
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(c) The auxiliary equation is m*—6m+9 = 0 with roots m; = my = 3.
With m; = 3 the algebraic system is

244+ 4B =0
—-A—-2B =0.
A =2 and B = —1 is a nontrivial solution and

x = 23

y = —edt
is a nontrivial solution to the system of differential equations. We
seek a second solution of the form

xr = (A1 + Agt)€3t
Yy = (Bl + Bgt)é’gt.

Substitute these into the system of differential equations to obtain
(3A1 + Ag + 3A2t)63t = 5(A1 + Agt)€3t + 4(31 + Bgt)€3t
(3B) + By + 3Bat)e* = —(A; + Ast)e® + (B + Bat)e™.

The exponential terms can be canceled and, since these equations
are identities in the variable ¢, it follows that

3A1 + Ag = 5A1 + 431, 3A2 = 5A2 + 432

331 + Bg = —A1 + Bl, 332 = —Ag + Bg.
The two equations on the right are actually the same: Ay = —2B,,
and can be solved with A; = 2, By = —1. Substitute these values

into the equations on the left and they can be solved with A; =
1, By = 0. This yields a second solution of the form

{:B = (1 + 2t)e?

y = —ted,

The general solution is

T = [2c1 + co(1 + 2t)]e™
y = —(c1 + cot)e™.



102

(d)

CHAPTER 9. SYSTEMS OF FIRST-ORDER EQUATIONS

The auxiliary equation is m? + 2m = 0 with roots m; = 0 and
mgo = —2. With m; = 0 the algebraic system is

4A—-3B =0
8A—-68B=0

A =3 and B =4 is a nontrivial solution and

r=3
y=14

is a nontrivial (constant) solution to the system of differential

equations. With my = —2 the algebraic system is
6A—-3B=0
8A—4B =0

A =1and B =2 is a nontrivial solution and

r=e2
y = 2e %
is a second, independent solution. The general solution is

2t

T = 3¢ + cpe
y = 4cy + 2c0e™ .

This is an uncoupled system. By inspection, the general solution

is

x = cpe?t

y = et
The auxiliary equation is m? 4+ 6m +9 = 0 with roots m; = mo =
—3. With m; = —3 the algebraic system is

~A-B=0
A+ B=0.
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A=1and B = —1 is a nontrivial solution and

x =%
y = —e 8

is a nontrivial solution to the system of differential equations. We
seek a second solution of the form

xr = (A1 + Agt)€_3t
Yy = (Bl + Bgt)é’_gt.

Substitute these into the system of differential equations to obtain
—(3A1 — A2 + 3A2t)6_3t = —[4A1 + Bl + (4A2 + Bg)t]€_3t
—(331 — BQ + 3Bgt)€_3t = [Al — 231 + (Ag — 2Bg)t]€_3t.

The exponential terms can be canceled and, since these equations
are identities in the variable ¢, it follows that

3A1 — Ag = 4A1 + Bl, 3A2 = 4A2 + Bg
—331 + Bg = A1 — 231, —332 = Ag — 232

The two equations on the right are actually the same: Ay = —Bj,
and can be solved with A; = 1, B, = —1. Substitute these values
into the equations on the left and they can be solved with A; =
—1, B; = 0. This yields a second solution of the form

r=(=1+1t)e 3
y = —te 3t
The general solution is

T =[c1+co(—1+1t))e ™
y = —(c1 + cot)e 3

The auxiliary equation is m? — 13m + 30 = 0 with roots m; = 10
and my = 3. With m; = 10 the algebraic system is
—3A+6B=0
2A—4B =0



104

CHAPTER 9. SYSTEMS OF FIRST-ORDER EQUATIONS

A =2and B =1 is a nontrivial solution and

x = 21

y = elot
is a nontrivial solution to the system of differential equations.
With mo = 3 a similar calculation yields

x = 3e3
y = —2e%

as a second, independent solution. The general solution is

x = 2c1e0 + 3cqe3t
y = c1e0 — 2cye3.

The auxiliary equation is m? —6m+ 13 = 0 with roots m; = 3+2i
and my = 3 — 21. With my = 3 + 2¢ the algebraic system is

(—2—2)A—2B =0
4A 4+ (2 —-2i)B = 0.
A* =1—iand B* = —2 is a nontrivial complex solution. Observe

that Ay = 1,4y = —1 and B; = —2, B, = 0. This is what is
needed to obtain two real solutions. These solutions are

x = e3(cos 2t + sin 2t)
y = —2e3 cos 2t

and

r = e*(sin 2t — cos 2t)
y = —2e3 sin 2t.

The general solution is

x = €*[c1(cos 2t + sin 3t) + co(sin 2t — cos 2t )]
y = —2e3%(cy cos 2t + ¢y sin 2t).
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3. In the Wronskian calculation all terms cancel except those with re-
peated sines and cosines.

W) = det (e“t(Al cosbt — Agsinbt) e™(Apsinbt + A cos bt))

e (B cosbt — Bysinbt) e (By sin bt + B cos bt)

= e?™[(A; cos bt — Ay sinbt)(B sin bt + By cos bt)

(Apsinbt + As cosbt)(By cosbt — By sin bt)]

= €™ ( A By cos® bt — Ay By sin® bt + A Bysin® bt — Ay By cos® bt)
= e?(A By — Ay By)(cos? bt + sin® bt)

= e®"(A1By — AyBy).

It AyBy — AyB; = 0, then there is a constant £ such that B} = kEA]
and the system has the solution

T = AT(€(a+ib)t
y = k‘AT€(a+ib)t.

But then y = kx, which implies that the auxiliary equation has real
roots.

5. (a) Substitute
x =v1(t)x1(t) + va(t)xa(t)
y =v1()y1(t) + va(t)y2(t)

into the forced system. Because

T = c1x1(t) + coxa(t)
y = c1yi(t) + caya(t)

solves the homogeneous equation, most of the terms will cancel
leaving the following system of equations

{v«t)an(t) +vh(t)za(t) = fi(t)
V()Y (t) + v5(H)ya(t) = fa(t)

The fact that the Wronskian of the homogeneous solutions is not
zero guarantees that this system has a solution and, with luck, the
solution functions can be integrated to yield a particular solution
to the forced equation.
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(b) Using the homogeneous solutions from Example 10.3.1, and the

given forcing functions, the variation of parameters system has
the following form.

vie 3t + vhe? = —5t + 2
—4dvye 3t + vhe? = —8t — 8

Subtract the second equation from the first to obtain the equation
5vie™ = 3t + 10. Therefore, vf = (3t + 10)e*, which integrates
to

1
v = g(t + 3)e’

The function v, can be found by multiplying the first equation by
4 and adding to the second: 5ve? = —28t. This integrates to

7
Vo = E(Qt + 1)6_2t.
The particular solution is
Tp =
Yp = 5(t

which simplifies to

) —3t_|_ (2t_|_1) —2t | 2t
) ( 46_3t) _I_ (2t_|_1) —2t 2t

Tp=3t+3
Yp =2t — 1.

t+3
+3

T Gt
/—\

9.4 Nonlinear System

1. Differentiate the first equation to obtain

2 =12'(a — by) — bxy'.

Use the second equation to eliminate /' :

2" =1'(a - by) — ba[—y(c — gz)]
= ax’ + (bex — ba’ — bga?)y.
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Now use the first equation to eliminate the remaining y.

ar — 1’

bx

" =ax’ + blcx — 2’ — gz?) -
This can also be expressed in the form

rva” = (') + (g2 — cx)2’ + acx® — agz®.






Chapter 10

The Nonlinear Theory

10.1 Some Motivating Examples

10.2 Specializing Down

1. Derive equation (2).

Let s be the distance from the bob to its equilibrium position, measured
along the path of motion (the circle). The force on the bob in the

direction of motion is F, = —mgsinz. The damping force is Fy = —cs’
so, according to Newton’s Second Law, ms” = —mgsinz — ¢s’. Using
the fact that s = ax this becomes max” = —mgsinx — cax’. Therefore,

c g .
2+ =2+ Zsinz = 0.
m a

3. The same curves, traversed in positive directions.

5. Let ' = y. Equation (1) is equivalent to

=y
y' = —Zsinw.

The critical points are (nm,0), n an integer.

Equation (2) is equivalent to

=y
y' = —Isinr — Ly.



110 CHAPTER 10. THE NONLINEAR THEORY

It has the same critical points as Equation (1), (nm,0), n an integer.

Equation (3) is equivalent to

=y
y' =~z —p(z® - 1)y.

It has one critical point, (0,0).

7. Clearly z = xget. Substitute this into the second equation, v’ = e’ +
el, to see that y = zge! + ¢! + A. The constant A can be expressed in
terms of y(0) = yo : A = yo — xo — 1, so the solution starting at (¢, yo)
at t =01is

x(t) = zoe
y(t) = (vo + 1)e' + yo — xo — 1.

The trajectories are straight lines. Some of them are sketched below.
The vertical trajectory starts at (0, —3) and the horizontal trajectories
all start at a point of the form (—1, k). There are no equilibrium points.

10.3 Types of Critical Points: Stability

1. (a) All points (z,0) are critical points. None are isolated. Eliminating
2

t, j—z = yéﬁil) SO d?y = i;”ﬁ Consequently, Iny = In(z? + 1) + C

and y = C(x? + 1). The paths are parabolas. If y > 0 x is

increasing and if y < 0, x is decreasing.

(b) The origin (0,0) is the only critical point. Eliminating ¢, dy/dz =
—z/y so ydy = —axdx. Consequently, /2 = —x2/2 + C and
y? + 22 = C. The paths are circles. If y > 0, then z is increasing
so the circles are traversed in the clockwise direction.

(c) There are no critical points. Eliminating ¢, dy/dr = cosz so
y = sinx + C. The paths are sine waves. Since ' > 0 the
tractories are traversed from left to right.

(d) All points (0, y) are critical points. None are isolated. Eliminating
t,dy/dx = —2xy*so —dy/y* = 2xdx and 1/y = 2?+C. The paths
lie on the curves y = 1(z? + C). Since / > 0 when = < 0 the
trajectories in the left half-plane are traversed from left to right.
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The tractories in the right half-plane are traversed from right to
left. All points move toward the y-axis.

3. This second order equation is equivalent to the following system.

=y
y' = 23,

Therefore, the origin is an isolated critical point. Eliminating ¢, dy/dx =
223y, so ydy = 223dxr and y?/2 = 2*/2 + C. The solution trajecto-
ries lie on the curves y? — 2* = C. If y > 0, then x is increasing; if
y < 0, then x is decreasing. Several solution curves are sketched below.
Note that the four trajectories that lie on the parabolas y = 422 not
only form a natural boundary between two distinct classes of solution
curves, but also seem to be attracting all trajectories to them as t — oo
and as t — —o0.

10.4

1. (a)

Critical Points and Stability for Linear
Systems

The auxiliary equation is (m — 2)(m — 3) = 0 so m; = 2 and
ms = 3. The origin is an unstable node.

THe auxiliary equation is m? 4+ 6m + 13 = 0 with roots myo =
—1+ 2:. The origin is an asymptotically stable spiral.

The auxiliary equation is m? — 1 = 0 with roots m; = 1 and
mo = —1. The origin is an unstable saddle points.

The auxiliary equation is m? + 9 = 0 with roots £3i. The origin
is a stable center.

The auxiliary equation is m?+6m+9 = 0 with roots —3, —3. The
origin is an asymptotically stable borderline node.

The auxiliary equation is m? + 2m = 0 with roots m; = 0 and
mo = —2. The origin is not an isolated critical point. It can be
classified as stable.

The auxiliary equation is m*—6m+18 = 8 with roots m; o = 3+3i.
The origin is an unstable spiral.
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3. (a) The condition a1b; — asb; # 0 guarantees that there is only one
point (zg,yo) where 2 = 0 and ¢y’ = 0 simultaneously.

(b) Make the substitution to obtain

Ccll—f =a1(Z + x0) + b1 (T +yo) + 1
W — (T + o) + ba(§ + Yo) + Ca.

By the choice of xy and yo in part (a), this simplifies to

% = as + bay.

{Ccll—f = a7+ by

(¢) The critical point is (—3,2)-find the common zeros of the two
linear terms on the right side. The eigenvalues for the system are
negative: mj o = —3i\/§, so the critical point is an asymptotically
stable node.

5. The hypotheses of Case E imply that by = —a; and a? + asb; = —c? for
some positive number c¢. Begin by replacing by with —a; and making
the substitution y/z = u. This implies that dy/dz = xzdu/dz + u and

we have
du _az —aiu
ZE% tu= ai; + biu
A little algebra yields
u+ 3t _dz
u? +23tu — 2 A

Complete the square in the denominator,

a
U+ 3t dx

u
u? 4280 — x
b1 b1

and replace a? + asb; with —c?

a
U+ 3t dx

(ut+ g2+ & z
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This integrates to

—1In =—Ilnz+ A,

2

2 2
u+ﬂ +C—
by b2

which, in terms of x and y, can be written in the form

2 2
Yy o o E
(x+bl) +b%_:v2’
where B > 0. Multiply both sides by b2 to get (byy + a1x)? + 2a? =

b2B. Now expand the squared term and remove c in favor of —a? — asb;
to obtain

b1y + 2a1bixy — asbix® = b; B,
This determines a one parameter family of ellipses because

4&%6% + 46%&261 = 46%(&% + agbl) < 0.

10.5 Stability by Liapunov’s Direct Method

1.

3.

Each one can be classified using Theorem 11.5.4.

a) Neither since a > 0 and > — 4ac > 0.

(
(

)
b) Of positive type since a > 0 and b? — 4ac < 0.
(c) Neither since a < 0 and b? — 4ac > 0.
)
)

(d) Of negative type because a < 0 and b* — 4ac < 0.
(a) As in Example 11.5.3, we seek a Liapunov function of the form
E(z,y) — az®™ + by?". OBserve that for such a function
oF oF

%F + a—yG = 2maz® (=32 — y) + 2nby®" " (2° — 2y%)

= (2nby*"'2° — 2maz®™ ty) — (6maz®™? + dnby*" ).

We seek m and n (positive integers) and positive values for a and
b that make the first term zero. Clearly n =1, m = 3, a = 1,
and b = 3 will do the job. Thus the function E(z,y) = 2% + 33>
is of positive type and (0F/0x)F + (0E/0y)G = —182% — 12y*
is of negative type. According to Theorem 11.3, the origin is
asymptotically stable.



114 CHAPTER 10. THE NONLINEAR THEORY

(b) As above, consider E(x,y) = ax®™ + by*". Observe that for such
a function

OF OF
—F + —G = 2maz®™ (=22 + 29®) + 2nby* ! (2%y? — *)
ox dy

= (2nbx*y*" ! 4 2maz®™y?) — (dmaz®™ + 2nby** ).

Let n =1,m = 1,a = 1, and b = 1 and the function E(z,y) =
2% + y? is of positive type while

(OE/0x)F + (0E/0y)G = 42*y® — 42* — 2¢*
= —4(1 —y*)2® — 29"

is of negative type when |y| < 1. The origin is asymptotically
stable.

5. Consider E(z,y) = az®™ + by*". Observe that for such a function

oF oF
——F + —G = 2max*" ' 2xy + 2°) + 2nby*" (=2 + y°)
ox dy

= (4maz™™y — 2nba’y*" ") + (2maz " + 2nby*" ).

Let n = 1,m = 1,a = 1, and b = 2 and the function E(z,y) =
22 +2y? is of positive type and so is (OE /0x)F+(0FE /0y)G = 2x*+44°.
According to Exercise 4, the origin is unstable.

10.6 Simple Critical Points of Nonlinear Sys-
tems

1. E(z,y) = z* + y? is a Liapunov function for the first system with
(OF/0x)F + (OE/0y)G = —22* —2y*. Thus (0, 0) is an asymptotically
stable critical point.

When applied to the second system, E(z,y) = 2%+ y? has the property
that (OF /0x)F+(0FE /0y)G = 2x*+2y* implying that (0, 0) is unstable.
See Exercise 4 in Section 11.5.

3. (a) Observe that (0,0) is an isolated singular point of the linearized
system. Moreover, when polar coordinates are used, |2zxy|/y/x% + y2 <
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2r and 3y?//22 + y2 < 3r. Both approach 0 as r — 0 so (0,0) is
a simple critical points. The auxiliary equation of the linearized
system is m? — 2m 4+ 3 = 0 with roots m; » = 1+ v/2i. Thus (0, 0)
is an unstable spiral for the linearized system and for the original
system as well.

Using polar coordinates, |3z%y|/+/22 + y2? < 3r% and, since | sin x| <
|z|, lysinz|//x? + y? < r. Both approach 0 as r — 0. Moreover,
the linearized system has an isolated critical point at (0,0) so the
origin is a simple critical point. The auxiliary equation for the
linearized system is m? + 5m + 2 = 0 with roots my o = %\/ﬁ
Both roots are negative so the origin is an asymptotically stable
node for the linearized system and for the original system as well.

ap b

5. Because det (a)2 b ) # 0, T(z,y) = /(a1x + b1y)? + (asx + bay)?
2

attains a positive minimum value m on the circle C' of radius 1 centered
at the origin. Suppose that there are nonzero critical points for the
system (z,,y,) such that (z,,y,) — (0,0) as n — oo. Let r, =
V&2 4+ y2 and we have the following contradiction

10.7

0<m <T(xn/Tn,Yn/Tn)
V (12, + biyn)? + (asw, 4 bayn )?

Tn

\/f(zm yn)2 + g(:pm yn)2

Tn

< | f (@, Yn)|

$n7 n
n 19(T0, Yn)|
Tn Tn

— 0 asn — oo.

Nonlinear Mechanics: Conservative Sys-
tems

1. The nonlinear spring equation is equivalent to the system

dr __
a — Y
dy . 3
o= kx — ax’.
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The solution curves satisfy the equation dy/dx = —(kx + ax®)/y so
ydy = (—kz — az?®)dr and

y? = 2(—ka?*/2 — az*/4) + E.

The solution trajectories lie on the curves y = ++/F — (ka2 + ax?/2).
The following pictures display the integral curves for £ = 1, =1 and
for k=1,a=—1. **

3. For the hard spring in Exercise 1, 2 = V(z) = 22+ 2*/2 and V'(z) = 0

only when z = 0; this is a minimum yielding a stable center at (0, 0)
as shown in the picture on the left.
In the picture on the right in Exercise 1, the spring is soft. z = V(x) =
z? — 2*/2 and V'(z) = 2z(1 — %) which is 0 at x = 0 and at z = +1.
The former is a local minimum for V—(0,0) is a stable center—and the
latter two are absolute maxima yielding unstable saddle points at (1, 0)
and (—1,0) in the (x,y)-phase plane.

The phase plane trajectories and the energy curve for an inflection
point are shown below. The critical point (1,0) is an unstable cusp.

10.8 The Poincaré-Bendixson Theorem

1. Introduce polar coordinates as was done for system (3) in this section.

This yields
{fl—: =r(3—e")

o _

dt

Clearly there are periodic solutions: r(t) = VIn3, 6(t) =t + to. In
terms of z and v,

z(t) = VIn 3 cos(t + to)
y(t) = VIn3sin(t + to).

3. Rescale the variable ¢ with the substitution 7 = at,a > 0, to obtain

d*z dx
20°Z 2 1,4% _
o’ + ba(x 1)d7' + cx = 0.
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Divide this equation by aa? and let a = /c/a to get
d2

d’z 2y
72 + p(x 1)d7 +x =0,

where = b/+/ac.

10.9 Some Motivating Examples

10.10 Specializing Down

1. Derive equation (2).
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Let s be the distance from the bob to its equilibrium position, measured
along the path of motion (the circle). The force on the bob in the

direction of motion is F,, = —mgsinx. The damping force is Fy = —cs’
so, according to Newton’s Second Law, ms” = —mgsinz — ¢s’. Using
the fact that s = ax this becomes max” = —mgsinx — cax’. Therefore,

c g .
2+ —2' + Zsinx = 0.
m a

3. The same curves, traversed in positive directions.

5. Let 2’ = y. Equation (1) is equivalent to

=y
y = —Zsinw.

The critical points are (nm,0), n an integer.

Equation (2) is equivalent to

=y
y' = —Isinr — Ly,

It has the same critical points as Equation (1), (nm,0), n an integer.

Equation (3) is equivalent to

=y
y' = —x—p(® -1y

It has one critical point, (0,0).
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7. Clearly z = xge. Substitute this into the second equation, y" = zge’ +
el, to see that y = xpe! + et + A. The constant A can be expressed in
terms of y(0) = yo : A = yo — xo — 1, so the solution starting at (¢, yo)
at t =01is

x(t) = zoe
y(t) = (vo + 1)e' + yo — xo — 1.

The trajectories are straight lines. Some of them are sketched below.
The vertical trajectory starts at (0, —3) and the horizontal trajectories
all start at a point of the form (—1, k). There are no equilibrium points.

10.11 Types of Critical Points: Stability

1.

(a)

All points (z, 0) are critical points. None are isolated. Eliminating
X 2 rax

t, W= yézﬂl) SO d?y = 3211' Consequently, Iny = In(z? + 1) + C

and y = C(z? + 1). The paths are parabolas. If y > 0 x is

increasing and if y < 0, x is decreasing.

The origin (0, 0) is the only critical point. Eliminating t, dy/dx =
—x/y so ydy = —xdr. Consequently, y/2 = —22/2 4+ C and
y? + 22 = C. The paths are circles. If y > 0, then z is increasing
so the circles are traversed in the clockwise direction.

There are no critical points. Eliminating t, dy/dz = cosx so
y = sinxz + C. The paths are sine waves. Since 2’ > 0 the
tractories are traversed from left to right.

All points (0, y) are critical points. None are isolated. Eliminating
t,dy/dx = —2xy*so —dy/y* = 2xdx and 1/y = 2?+C. The paths
lie on the curves y = 1(z? + C). Since / > 0 when = < 0 the
trajectories in the left half-plane are traversed from left to right.
The tractories in the right half-plane are traversed from right to
left. All points move toward the y-axis.

3. This second order equation is equivalent to the following system.

=y
y' = 23,
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Therefore, the origin is an isolated critical point. Eliminating ¢, dy/dx =
223y, so ydy = 223dx and y?/2 = 2*/2 + C. The solution trajecto-
ries lie on the curves y? — 2% = C. If y > 0, then x is increasing; if
y < 0, then x is decreasing. Several solution curves are sketched below.
Note that the four trajectories that lie on the parabolas y = 422 not
only form a natural boundary between two distinct classes of solution
curves, but also seem to be attracting all trajectories to them as t — oo
and as t — —o0.

10.12

1. (a)

(b)

Critical Points and Stability for Linear
Systems

The auxiliary equation is (m — 2)(m — 3) = 0 so m; = 2 and
ms = 3. The origin is an unstable node.

THe auxiliary equation is m? + 6m + 13 = 0 with roots myg =
—1+ 2:. The origin is an asymptotically stable spiral.

The auxiliary equation is m? — 1 = 0 with roots m; = 1 and
mo = —1. The origin is an unstable saddle points.

The auxiliary equation is m? + 9 = 0 with roots £3i. The origin
is a stable center.

The auxiliary equation is m?+6m+9 = 0 with roots —3, —3. The
origin is an asymptotically stable borderline node.

The auxiliary equation is m? + 2m = 0 with roots m; = 0 and
mo = —2. The origin is not an isolated critical point. It can be
classified as stable.

The auxiliary equation is m?—6m+18 = 8 with roots m; 2 = 3+3i.
The origin is an unstable spiral.

The condition a1b; — asb; # 0 guarantees that there is only one
point (zg, y0) where 2 = 0 and y’ = 0 simultaneously.

Make the substitution to obtain

L — (T + 30) + b1(Y+ o) + &1
W — a5(% + x0) + ba(J + Yo) + co-
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By the choice of xy and yo in part (a), this simplifies to

Ccll—f = a7+ by
% = as + bay.

(¢) The critical point is (—3,2)—find the common zeros of the two
linear terms on the right side. The eigenvalues for the system are
negative: m;» = —34+/3, so the critical point is an asymptotically
stable node.

5. The hypotheses of Case E imply that by = —a; and a? + asb; = —c? for
some positive number c¢. Begin by replacing by with —a; and making
the substitution y/z = u. This implies that dy/dz = zdu/dz + u and

we have
du n as — AU
T—tu=——".
dx ai; + biu
A little algebra yields
“ 1_ g_i —du = —d—I.
u? + 2% — 2 x

Complete the square in the denominator,

a
u+ 3 dx

U
u? 4 2%q — 22 x
b1 b1

and replace a? + asb; with —c?
u+ 3t " dx
(u+ 3%+ % T
This integrates to

—1In

5 =—Ilnz+ A,

2 2
u+E +C—
by b2

which, in terms of z and y, can be written in the form

2 2
Yoo c _E
(a:+bl) +b% o x?
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where B > 0. Multiply both sides by 222 to get (byy + a12)? + c2a? =
b%B . Now expand the squared term and remove c in favor of —a% —aoby
to obtain

b%y2 + 2a1b1xy — ashz? = b%Bz.

This determines a one parameter family of ellipses because

4@%6% + 46%@261 = 46%(@% + agbl) < 0.

10.13 Stability by Liapunov’s Direct Method

1.

3.

Each one can be classified using Theorem 11.5.4.

(a) Neither since a > 0 and b* — 4ac > 0.

(b)

(c)
)

(d) Of negative type because a < 0 and b* — 4ac < 0.

Of positive type since a > 0 and b? — 4ac < 0.
Neither since a < 0 and b — 4ac > 0.

(a) As in Example 11.5.3, we seek a Liapunov function of the form
E(z,y) — az®™ + by?". OBserve that for such a function

0F oF
-9 2m—=1(_ 9,3 __ 9 2n—1/,.5 9 3
&EF + ayG max""(=3z° —y) + 2nby" " (z y°)

= (2nby*"'2° — 2maz®™ty) — (6maz®? + dnby*" ).

We seek m and n (positive integers) and positive values for a and
b that make the first term zero. Clearly n =1, m = 3, a = 1,
and b = 3 will do the job. Thus the function E(z,y) = 2% + 33>
is of positive type and (0FE/0x)F + (0E/0y)G = —182% — 12y*
is of negative type. According to Theorem 11.3, the origin is
asymptotically stable.

(b) As above, consider E(x,y) = ax®™ + by*". Observe that for such
a function

oF oF
—F 4+ —G = 2max®™ =2z + zy®) + 2nby* 1 (2%y* — y*)
ox dy

= (2nbz*y*" ™ + 2max®™y?) — (dmax®™ + 2nby*" ).
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Let n =1,m = 1,a = 1, and b = 1 and the function E(z,y) =
2% + y? is of positive type while

(OE/0x)F + (0E/0y)G = 42*y® — 42* — 2¢*
= —4(1 —y)2” — 2

is of negative type when |y| < 1. The origin is asymptotically
stable.

5. Consider E(z,y) = az®™ + by*". Observe that for such a function

OFE OFE
—F + —G = 2maz® ' (2zy + 2%) 4+ 2nby*" " (—2® + 3°)
ox dy

= (4maz™™y — 2nba®y*" ") + (2maz " + 2nby*" ).

Let n = 1,m = 1,a = 1, and b = 2 and the function E(z,y) =
22 +2y? is of positive type and so is (OE /0x)F+(0E /0y)G = 2x*+44°.
According to Exercise 4, the origin is unstable.

10.14 Simple Critical Points of Nonlinear Sys-
tems

1. E(z,y) = 2* + y? is a Liapunov function for the first system with
(OF/0x)F 4+ (OE/0y)G = —22* —2y*. Thus (0, 0) is an asymptotically
stable critical point.

When applied to the second system, E(z,y) = 2%+ y? has the property
that (OF /0x)F+(0FE /0y)G = 2x*+2y* implying that (0, 0) is unstable.
See Exercise 4 in Section 11.5.

3. (a) Observe that (0,0) is an isolated singular point of the linearized
system. Moreover, when polar coordinates are used, [2xy|/\/2? + y* <
2r and 3y?/y/22 + y2 < 3r. Both approach 0 as r — 0 so (0,0) is
a simple critical points. The auxiliary equation of the linearized
system is m? — 2m + 3 = 0 with roots mi = 1+ +/2i. Thus (0,0)
is an unstable spiral for the linearized system and for the original
system as well.
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(b) Using polar coordinates, |3z2y|//22 + y2 < 3r? and, since |sin z| <
|z|, lysinz|/\/x? + y? < r. Both approach 0 as r — 0. Moreover,
the linearized system has an isolated critical point at (0,0) so the
origin is a simple critical point. The auxiliary equation for the
linearized system is m? + 5m + 2 = 0 with roots my o = %\/ﬁ
Both roots are negative so the origin is an asymptotically stable
node for the linearized system and for the original system as well.

5. Because det (5)2 21) # 0, T(z,y) = /(a1x + b1y)? + (asx + bay)?
2
attains a positive minimum value m on the circle C' of radius 1 centered
at the origin. Suppose that there are nonzero critical points for the
system (z,,y,) such that (z,,y,) — (0,0) as n — oo. Let r, =
/&2 4+ y2 and we have the following contradiction

0<m <T(xn/Tn,Yn/Tn)
V(@@ £ biya)? + (agzn + boyn)?

Tn

\/f(zm yn)2 + g(:pm yn)2

Tn

< Wnwll  gGngnl

Tn Tn

10.15 Nonlinear Mechanics: Conservative Sys-
tems

1. The nonlinear spring equation is equivalent to the system
dz __
{d_f -
dy _ 3
&= —kr —az’.

The solution curves satisfy the equation dy/dx = —(kx + ax®)/y so
ydy = (—kx — az?®)dr and

y* =2(—ka*/2 — az*/4) + E.

The solution trajectories lie on the curves y = +/E — (kz? + ax?/2).
The following pictures display the integral curves for £k = 1, = 1 and
for k=1,a=—1. **
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3. For the hard spring in Exercise 1, z = V(z) = 22 + 2*/2 and V'(z) = 0

only when z = 0; this is a minimum yielding a stable center at (0, 0)
as shown in the picture on the left.

In the picture on the right in Exercise 1, the spring is soft. z = V(x) =
z? — 2*/2 and V'(z) = 2z(1 — %) which is 0 at x = 0 and at z = +1.
The former is a local minimum for V—(0,0) is a stable center—and the
latter two are absolute maxima yielding unstable saddle points at (1, 0)
and (—1,0) in the (x,y)-phase plane.

The phase plane trajectories and the energy curve for an inflection
point are shown below. The critical point (1,0) is an unstable cusp.

10.16 The Poincaré-Bendixson Theorem

1. Introduce polar coordinates as was done for system (3) in this section.

This yields

do _
=1L

{fl—: =r(3—e")

Clearly there are periodic solutions: r(t) = VIn3, 6(t) =t + to. In
terms of z and v,

z(t) = VIn3 cos(t + tg)
y(t) = VIn3sin(t + to).

Rescale the variable ¢ with the substitution 7 = at,a > 0, to obtain

d*z dx
20°Z 2 1,4% _
a” + ba(x 1)d7' + cx = 0.

Divide this equation by aa? and let a = y/c/a to get

d*z ) dx
P—l—u(ft —1)d—7_—|—{£—0,

where = b/+/ac.



