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Unit 3

Congruence & Proofs

Lesson 1: Introduction to Triangle Proofs

Opening Exercise

- Using your knowledge of angle and segment relationships from Unit 1, fill in the following:

Diagram/Key Words

Statement

Definition/Property/Theorem
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Example 1

We are now going to take this knowledge and see how we can apply it to a proof. In each of
the following you are given information. You must interpret what this means by first
marking the diagram and then writing it in proof form.

a. Given: D is the midpoint of AC
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Statements Reasous
1. D isthe midpoint of AC 1. Given
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b. Given: BD bisects AC
Statements Reasons
1. BD bisects AC 1.-Given
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c. Given: BD bisects ZABC
Statements Reasons
1. BD bisects ZABC 1. Given
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Example 2

Listed below are other useful properties we’ve discussed that will be used in proofs.

Subtraction Postulate

equals are equal.

Property / Postulate In Words Statement
—odvn =AM =2 4 (o
Addition Postulate . Equals added to equals are | 45 ., ~3 ne
equal.
bA -1z 14 w3
Equals subtracted from

- bal. - .

Multiplication Postulate

Equals multiplied by equals
are-equal.

ERYSIE

Partition Postulate '

To the sum of its parts.

. Hy+ a0
Division Postulate Equals divided by equals are | il
equal. _
2 g F
The whole is equal

AR +he® FE.

A quantity may be A=
Substitution substituted for an equal ‘
quantity.
Reflexive Anything is equal to itself N

The two most important properties about paraillel lines to remember:
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Lesson 2: Congruence Criteria for Triangles - SAS

Opening Exercise

In Unit 2 we defined congruent to mean there exists a composition of basic rigid motions
of the plane that maps one figure to the other.

In order to prove triangles are congruent, we do not need to prove all of their
corresponding parts are congruent. Instead we will look at criteria that refer to fewer parts

that will guarantee congruence,
We will start with;

Side-Angle-Side Triangle Congruence Criteria (SAS]
* Two pairs of sides and the included angle are congruent

: A
Bﬂ Br
C A Q ;
o

Using these distinct triangles, we can see there is a composition of rigid motions that will
map AA'B'C' to AABC. '

Step 1: Translation Step 2: Rotation B
A
B B B
C A’ C




Example 1

What if we had SAS criteria for two triangles that were not distinct? Consider the following
two cases and determine the rigid motion(s) that are needed to demonstrate congruence.

Case Diagram Rigid Motion(s} Needed
A
?Q “gt lec : o
Shared Side B™
B"
Shared Vertex ‘Rﬁ -L;\ i v,
c*

C

Two properties to look for when doing triangle proofs:

Vertical Angles

Reflexive Property
(Common Side)




Examples

2. Given: ZLNM = Z/LNO, MN =ON
a. Prove: ALMN = ALON
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b.  Describe the rigid motion(s) that would map ALON onto ALMN .
oy P w:%
f%@ ﬁéi o T ion ader LR
Given: ZHGI = £JIG, HG = JI 6 : H
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b. Describe the rigid motion(s) that would map AJIG onto AHGI .

L B SO B : :
Qg} Ta T oo ¥ eipwed i
ha U e

W p"e:i E‘@{}e T @ i r R




5.

~ Given: AB||CD, AB=CD

a. Prove: AABD = ACDB
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b. Describe the rigid motion(s) that would mép ACDB onto AABD .
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a. Prove: ASVR = AUVT
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b. Describe the rigid motion(s) ‘that would map AUVT onto ASVR.
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Given: WEE,WJ.E’:,—KZJ_IE Iy

a. Prove: AJML = AKLM
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b.  Describe the rigid motion(s) that would map AJML onto AKLM .
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Lesson 3: Base Angles of Isosceles Triangles

Opening Exercise

1 ARST isisosceles with ZR as the vertex,
SY =TZ

Prove: ARSY = ARTZ { 5483
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Example 1

You will need a compass and a straightedge

We are going to prove that the base angles of an isosceles triangle are congruent!

. Given: Isosceles AABC with AB=AC
Goal: Toprove £B=ZC

Step 1: Construct the angle bisector of the vertex Z£.
Step 2: AABC has now been split into two triangles.
Prove the two triangles are =.

E:i rﬁzﬁg‘, & AL w \»,E bl b
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Step 3: Identify the corresponding sides and angles.
LV ~NE B m — T
L LC 86 ~» &P
b B emd L4 Bt —» AD
Step 4: What is true about £B and £C?
§
Cown grveny - - - -
Step 5: What types of angles were formed when the angle bisector intersected BC?

What does this mean about the angle bisector?
&
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Once we prove triangles are congruent, we know that their corresponding parts (angles
and sides} are congruent. We can abbreviate this is in a proof by using the reasoning of:

CPCTC {Corresponding Parts of Congruent Triangles are Congruent).

To Prove Angles or Sides Congruent:
%ml. Prove the triangles are congruent (using one of the above criteria)
2. States that theangles/sides are congruent because of CPCTC.

To Prove Midpoint/Bisect/Perpendicular/Parallel:
1. Prove the triangles are congruent (using one of the above criteria)
2. State that the necessary angles/sides are congruent because of CPCTC.

3. State what you are trying to prove using def. of midpoint/def. of bisect/etc.

Example 2

Given: AJKL isisosceles, KX=LY
Prove: AJXY isisosceles
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Lesson 4: Congruence Criteria for Triangles - ASA and SS§
Opening Exercise
You will need a compass and a straightedge

1. Given: AABC with £B= ZC
Goal: To prove BA=CA

Step1:  Construct the perpendicular bisector to BC.
Step 2: AABC has now been split into two triangles.
Prove BA=CA.
S Lalemant 3 o fgﬁa‘g@\ﬂ %

\> N1 wbn LBFLLL Y (eiver~

Y o
512) ﬁ&g‘:&%f’mﬂ {;: ﬁ[:i 23 Auw Hary Liwa,
q‘?\‘} -E?:EE F{EL Ty el o) S@a\mﬁ}‘ brcechar
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MY da} aviett B arae H) e Mves foten  prght L's b

g o oty - » .
£ kY FLS gy Al pagnt LS ave B
&3 A0 T ED &) Beflowine
N D AGDFAAD | ) 45
8) BA *TA £ Pt _
2. In the diagram, AABC is isosceles with AC = AB. In your own words, describe how

the properties of rigid motions can be used to show ZB = ZC.

—_ . - [ . . - - . . - -

'Re_ 5;!"@ ed v, ayer Wi AR
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There are 5 ways to test for triangle congruence.

Inlesson 1 we saw that we can prove triangles congruent using SAS. We proved this using
rigid motions. Here’s another way to look at it:

http: //www.mathopenref.com/congruentsas.htm] -

Today we are going to focus on two more types:

Angle-Side-Angle Triangle Congruence Criteria (ASA)
* Two pairs of angles and the included side are congruent

To prove this we could start with two distinct triangles. We C

could then translate and rotate one to bring the congruent

sides together like we did in the SAS proof (see picture to

the right). A
, B

As we can see, a reflection over AB would result in the

triangles being mapped onto one another, producing two .
congruent triangles.

http: //www.mathopenref.com/congruentasa.htmi -

Side-Side-Side Triangle Congruence Criteria (SSS)
* All of the corresponding sides are congruent

perform a reflection as we did in the other two proofs. But
by drawing an auxiliary line, we can see that two isosceles
triangles are formed, creating congruent base angles and B,'
-therefore, ZB=4£B'v -~ -~ = - = S e e e

//B\\
Without any information about the angles, we cannot just AW '

http://www.mathopenref.com/congruentsss.html

B
We can now perform a reflection, producing two AP
congruent triangles.
4 i




Exercises

Prove the foflowing using any method of triangle congruence that we have discussed, Then
identify the rigid motion(s) that would map one triangle onto the other.

1. Given: M is the midpoint of ﬁ, ZH = LP
Prove: AGHM = ARPM

Sdatement s
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N e Loy
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2. Given: EEE,EEYC-
Prove: AX bisects £BAC
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Example 1

Given: Circles with centers A and B intersect at  and D.
Prove: ZCAB= /DAB :
Shedemont 3 Reasan s

R

2y CATAC
e F EB

EY 2 CABTL pat

Example 2

N Cioclen conbor A and
B ¢ adeessd a5 £

3% friogin,

ay Rader v

)y £55

£y eleTe.

Given: £J =/M,JA= MB, JK ML

Prove: KR=1IR
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Lesson 5: Congruence Criteria for Triangles - SAA and HL

Opening Exercise

Write a proof for the following question. When finished, compare your proof with your

partner S.

Giv_én: “D“E—sﬁa, EF =GF
Prove: DF isthe angle bisector of £ZEDG

S—qu%‘g (Re@wg@m_S
W NE R, EF ) e
EeF )

9«5 NF % e Y Reflewse
5y ADEF S ANAF] 3) $55
NRA LT by ceere
5‘3 ﬁ‘?& (s @k o~

G 4 e er of wﬁ Dt o an

L Epe

&h%}?% brsee tor .

We have now identified 3 different ways of proving triangles congruent. What are they?

SAS, §55,

A S A

Does this mean any combination of 3 pairs of congruent sides and/or angles will guarantee

congruence?

Scdes — yes
,Z}m;j%; 3 /UD

- 20




Let’s try another combination of sides and angies:

Side-Angle-Angle Triangle Congruence Criteria (SAA) ( AA‘“SL)
° Two pairs of angles and a side that is not included are congruent

.To prove this we could start with two distinct triangles.

A ‘ D

If ZB=ZE and £C = £F,what must be true about £A and £D ? Why?
LB 1D beravse e gowm ot dla angla of a B
are qlwaye 1805 So (§ He due Paivs ol gien Ll are

R “ - '
=, b Bed paiv st he &

Therefore, SAA is actuaily an extension of which triangle congruence criterion?

AS A
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Let’s take a look at two more types of criteria:

Angle-Angie-Angle (AAA)
¢ All three pairs of angles are congruent

http://www.mathopenref.com/congruentaaa.htm!

Does AAA guarantee triangle congruence? Draw a sketch demonstrating this.
weo !

“These  are  culledd  Simlar

i d .
! f"mﬂ%@,

Side-Side-Angle (SSA)
* Two pairs of sides and a non-included angle are congruent

http://www.mathopenref.com /congruentssa.html

Does SSA guarantee triangle congruence? Draw a sketch demonstrating this.

Ma Eﬁ
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There is a special case of SSA that does work, and that is when dealing with rlght triangles.
We caI] this Hypotenuse-Leg trlang]e congruence.

Hypotenuse Leg Trnangle Congruence Criteria (HL)

*  When two right triangles have congruent hypotenuses and a pair of congruent legs,
then the triangles are congruent.

A

B ¢ F

If we know two sides of a right triangle, how could we find the third side?
. i ST Lo
‘Py {'Lﬁ&g\g‘m@a\ mm@ b (y& - E} 1 “*"S

Therefore, HL is actually an extension of which triangle congruence criterion?

SSS it SAS

B v T S E T e e T A

In order to use HL triangle congruence, you must first state that the triangles are
right triangles!

23




" Exercises

Prove the following using

any method of triangle congruence that we have discussed. Then

identify the rigid motion{s) that would map one triangle onto the other.

1. Given: AD L Eﬁ,

BD 1 BC, AB=CD

Prove; AABD = ACDB

A.
SMWE%"!{& (P\@&&@E’k £ \\D
D) [ 1 E’:E, (?55,5?_52 0y e 4

BE +CE

| Q) AV ard 4L afe

i hé} ke éw.-k'is?.
£ AT LR

MY AADR and DCBD e

V*s’%%ﬁ ors
& by RE

b) ARBO Aol

2. Given; BC L (—2'_15,

Prove: ABCD = ABAD

‘QB L s Larm. P"@h% L'y, B

g
%

2y Al prght Ls are
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Sla M@,& S ’ Rea,.s on S
D Be LTS, A LA | 5y 4o
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D LC and L4 are
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V Lok A

Y DT
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Supplerantary
LB avel 4b aee Sofp.
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L.
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Lesson 6: Triangle Congruency Proofs
Opening Exercise
Triangle proofs summary. Let’s see what you know!

List the 5 ways of proving triangles congruent:

1. SAS
2. S55
3. ASA

4. AKL of SAA

5 Bl

What two sets of criteria CANNOT be used to prove triangles congruent:

L ARA
2. AS: (S8R)

In order to prove a pair of corresponding sides or angles are congruent, what must you do

first? o
4
?ﬁ’*@\}@, :& X & .

What is the abbreviation used to state that corresponding parts {sides or angles) of
congruent triangles are congruent?

CPeTo
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Exercises

Prove the following using any method of triangle cangruence that we have discussed.

1. Given: AB=CD
BC =DA
Prove: AADC = ACBA

L '
Shatenens Reasons

D

A,

) m%gﬁaﬁg,

9‘3‘ F;E‘:E é;’?g‘, Kﬂg

Yhg

V3

5 pAneraces | 3y ses

2. Given: NQ = MQ
PQ L NM
Prove: APQN = APOM
\S%-nwér%

! ?@qsmg

NYNE ke R
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4) PR 2 05
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Given: Al1= £2, éAELE,.

C is the midpoint of AE
Prove: BC = DC
S '\f@A‘W‘*‘& = Reszom S

VD Llwls, LA
E ‘ Q Ly it

£ Ts b Ppeied

st BE
@) A % ;fa_*"‘?é» g,@ Ned, of 2 M;’c;fpglf\"""’

3) ARACEALEC ) e A
4y Bege yy chere.

. BD bisects ZADC
A= £C
Prove: AB=CB

Given

S Lm:‘«%—@wv““‘" % EZ%M .
NLArLC,; B biweds |
LAbe enivers AT D
) Ll FLa ,)_.) Dl b an e‘km%ﬁ.@% b\‘s.m*\"e:;nf\

'ié) BE’_—‘?M 6’} Re-}qe,ke“ve.

L)AADR TACOR  14) ARS

5Y Ah 7R &y CPexcC..
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Given: A_E bisects EE
AB|| DE
Prove; AABC = ADEC

) Yedemend s Y easons

\> AD h‘.sﬁf'{s‘ %E vy {prain
BB i BE i

2 Te 2+TE

ﬁ% Qé,s_" of 2 gz?ﬁiwmﬁ“ bf'&ﬁa‘%@f',

3 L3 e 2) AN, ik L's are E whka e
*B LVEL Lﬂ Ver Heal Lls  are &,

$Y ARBCEANEL | &) paag

Given: PA1 AR, PB1 BR, AR=BR
Prove: PR bisects ZAPB
L \3%\”
¥
JW ) Q‘aﬁw
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Lesson 7: Triangle Congruency Proofs II

Prove the following using any method of triangle congruence that we have discussed.

1. Given: AB L BC, BC LDC
DB bisects ZABC
AC bisects ZDCB

EB=EC

Prove: ABEA = ACED
Shakemands - Reasond

N AB L @, RLAE] & forven

Bl bigets L AR
Fe vissets LDCB

Bey Fe

Q Lf=as; Leran
2) Li=HE. Laeng

4y Llw en
SYL&Ew Lo
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\gé Veediea é;’g bre TF

2. Given: AB L BC, DE LEF, BC||EF, AF=DC
Prove: AABC = ADEF
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3. Given: AD 1
AD

Prove: ZARD = ZARB
Stadewants | D g son S

' M-
Y AG L m;ﬁxﬁmag 3
Abr Aé
A L Gty i & "ffe»

#?31 L0 anel L B are. A% b Wees daion iy
' 5

cg Pl L%'.
Pﬁ 25 &5
2 BACRwd DAGEL 3\ Tn o 8 € e anghe <5 il Ko

afs ¢ipht Als
Wy AR AT Wy e flexive.

bRy spse. |8 p
6} LARD Fi ARG ) cleve,

4, Given: XJ =YK, PX=PY, LZX] = LZYK '

Prove: JY =KX
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LERT ¥ L2yl

Az
£
o

e

Q}i%”?g’g_”}m &'} Var $cal Ll avd

DA ITwe rAyz | 3) AAS

M) BT R e epere.

O F2a7R ¥ T2 | 8 Soppande Addidion Bt

BTy Kx By Sobs brfodion




"Sﬁ %‘ E&.%»ﬁﬁ%ﬁawmﬁ ?’% é!!_" & S; 4‘:%-%"‘ %

1 L= 2, L3224
: AC=BD

Py gl e

: - G oL o 23 1
L3 % 22y %} é’ﬁ“éa.%, 2 Add) boam, Fmgg '
e Sﬂ ﬁ,i’ Elaxive.

by BS A

33




Lesson 8: Properties of Parallelograms
Opening Exercise

Based on the diagram pictured below, answer the following:

1. If the triangles are congruent, state the congruence.

Nes, #as D ACTE b mys

2. Which triangle congruence criterion guarantees they are congruent?

At 3

3. Side TG corresponds with which side of AMYJ 7

APERRTIS

VT
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Vocabulary

Define

Diagram

Parallelogram - ¢ guedy: [ botat

&Zﬁ-ﬂr L fFemir s af Ll

Srefes

[{ i ld,p‘ﬂ\v-’;%{?c

o

A B

Using this definition of paralielograms and our knowledge of triangle congruence, we can
prove the following properties of parallelograms: :

* Opposite sides are congruent
* Opposite angles are congruent -
* Diagonals bisect each other

* One pair of opposite sides are parallel and congruent

Example 1

We are going to prove the following sentence:

If a quadrilateral is a parallelogram, then its opposite sides and angles are equal in

measure.
Given: ABLE fs o pocalislogra

Prove: f3 = Fo B v EC

L oy ge:ja LAy Ll

ES % &y -@an,,é‘éf %

Diagram:

BhBen s

Ay IR e W

4, = ¢ PN e
Y {ang dweet é:u-’-::w;émi it |

L3 A ABLE A LHE

. RIS Lo e
oy Al % s, fb Y B
P A

F""”'»

Y =
#Y fred B Y LavLY

g




Example 2

Now that we have proven that oppos
we can use that it on our proofs!

ite sides and angles of a parallelogram are congruent,

We are going to prove the following sentence:

If a quadrilateral is a parallelogram, then the diagonals bisect each other.

Given: @ABe s o J°F
Prove: g - Y. e riE
Proof \

A &

Diagram:

vy AR s e g

‘&J Qw‘a’iqi‘ 5«"1’ cf‘f?"*“ﬁ“’b:ﬁm%
Zi: Eews fg;eﬁﬁ

&t £
% N J—
59 Al ¥ Be

rit.

«y A8 Jlie
EYLie L

LB T hU

LY ApBE
DNEGE

e REERE

N AEE Fo
EE = Fr

2 o
. 5 oyt - - e
&) A oa srdes wre B

£ Jg’?ﬁm”;
5“73 ‘?E:s"\% & éi? / &sf; ‘,{X ogs e qg»w:?ﬁﬂﬁ are jif;

:i} Atd. ?“ir‘*'i"" L's

-

are e obee i B

&y ASA

T efeTd.
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Example 3
We are going to prove the following sentence;

If the opposite sides of a quadrilateral are congruent, then the quadrilateral is a
parailelogram.

SRR

Given: s ABefy, &GF CH [Ty Diagram;

Prove: Jf 00y & o« JJ

Proof
5 %— & W%@«Wéﬂ ﬁ%em kS
) Yo ABED; ALTE i v bom
e TER
2y Ceng shoruch ﬁ:%;ﬁ-j@mé QES Ao lar N Lina
£ PS8,

53 T ¥ & 3y Relloxive

4y ANAGD = KO 14y sss

L e £ ‘ o e
5y LE@“&&{E &% L J‘k a;;,@gf,,f{ el

4y BBJIBE é?}"ﬁfiéiw 6y Al cnd s are F g. Fees are

D ABD s e 27 VY D o 7T
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Lesson 9: Properties of Parallelograms I

Opening Exercise

Draw a diagram for each of the quadrilaterals listed and draw in congruence markings
where you believe they exist.

E

Parallelogram R Rhombus
%f E \%{ jT¢Wk}7
D nf ié).w_gmj{v

Rectangle

40




Family of Quadrilaterals

Many of the quadrilaterals listed in the Opening Exercise share some of the same
properties. We can look at this as a family:

/ @:ﬁfﬁ"‘“ 10, {hﬂ’\/

NRE——
- m,,,‘,}..,e:um

b 1
e g a@gil. o s 1
soofif Sides F

i g)fet&omfas. boset

T ol {f&m(‘ w:n @&:5& _(:e—:iaf
} \

e

L WE UL SRR SP S R,

] 7
# e
?E howm b Jj e Rochan g}ﬁh é“,%
L. I / i %MMTE:
A 4 ke x w My Lsare T (fight 25)
Ommm ae %‘!ﬁ}{nﬁmﬂﬁ\i& #re

The quadrilaterals at the bottom have all of the propertieshof the figures listed above it.
Based on this, determine if the following are true or false. If it is false, explain why.

1. All rectangles are parallelograms.
e
2. All parallelograms are rectangles.

R\s.{?; wd ol 2T have H r!gﬁ' f"lﬁ

3. All squares are rectangles.
Trvci
4, All rectangles are squares.
i[:za E&ﬁ} kot gl chm gfw Msi""
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Example 1
Prove the following sentence:

If a parallelogram is a rectangle, then the diagonals are equal in Iehgth.

Given: @eduw%@. ABLD  with divg onabe Dineram:
Ac and B "“iﬁﬂ’ss:m%in“}r ak
Prove: ... }
AT Yo
Proof
7 a0 .
\S *{‘C{"%Q‘W\.&Af%j\gh ) : Uﬁ: éé% an—gvﬁfmwsswmym?wﬂﬂmfm .

I Tt et s et AT

D n““’““‘é& ’(%f%ﬂ'& B e

: . LB e d
it dicnonats RE v
2

e
5?5} i‘f\é&”é’é’g. ﬁé’ E.
. b i : .
¥ %f&h%- L.

5 & a3

. LY S oy 2 Y. - L
o ene s =y f&i AR 778 0 T SRS . | S
3y LBy ¥ic 33 B ra . .

ﬁi;z D e L{} Rellew va
E) BADCE A Bed | &) SAS

(93 8e > o ) C-@m“{;
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Example 2
~Prove the following sentence:

If a parallelogram is a rhombus, the diagonals intersect perpendicularly.

Given: : Diagram:
Prove:
Proof:
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Lesson 10: Mid-segment of a Triangle
Opening Exercise

Using your knowledge of the properties of paralle]ogi’ams, answer the following questions:

1. Find the perimeter of parallelogram ABCD. Justify your solution.
. B 38 c
Ky =3y 3s & gé’i’ﬁ& e srdes
. — 4
* o o JJ ave= 15 207 x+4
AT A
. X+2 D
P """’5’5:»”3%- m{aﬁ‘} CAT e Y

@ﬁgp

Pr Jorie

2. IfAC = 34‘, AB=26and BD= 28, find the perimeter of ACED ]ustify your solution. -

f" “’?Hé»e Fale

P

;"i” LA z::? Z el fﬁ$$> g'é»i“;’f i;*tp iﬂg-ﬁﬁ&m- ,ﬁg‘g"é;w

7L 1, : » T
w2 gk “a@afﬁ grals i sen b oeack otler

o
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Vocabulary

Define Diagram

Mid-segment )
4 . S -
: See e T LRI B L Vi 'ﬁwﬁm
& & f&} Vit %‘

£

& - - s
g @r—f‘?’lﬁ.\%m &% of Siger 24 & &,

; 5
-

Example 1

You will need a compass and a straightedge

We are going to construct a mid-segment.

Steps:
1. Construct the midpoints of AB and AC and label them as X and ¥, respectlvely
2. Draw mid-segment XY. .

e

4

-
Compare ZAXY to LAB ﬁd/impare ZAYX to ZACB, Without using a protractor,
what would you guess the'relationship between these two pairs of angles is?

j What are the implications of this relationship?

N flac




Properties of Mid-segments

s The mid-segment of a triangle is parallel to the third side of the triangle. |
* The mid-segment of a triangle is half the length of the third side of the triangle.

Exercises
Apply what your know about the properties of mid-segments to solve the following:

1. a. Find x.

b. Find the perimeter of AABC

?w:ﬁ It 20+ 20

2. Find x and y. 3. Find x.
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Example 2

We are now going to prove the properties of
mid-segments.

Given: XYisamid-segment of AABC

; 1
Prove: XY || BC and XY=§BC

B
Statements Reasons
1. XY is a mid-segment of AABC 1. Given
2. Xis the midpoint of AB 2. A mid-segment joins the midpoints

Yis the midpoint of AC

3. AX=BX and AY=CY 3. PRef.  ofF Mapeint
4. Extend XY to point G so that YG = XY - 4. Auxiliary Lines
Draw GC
5. ZAYX = ZCYG 5. Verbieal L's ave w:_: .
6. AAYX = ACYG 6. SAS
7. LAXY = ZCGY , AX=CG 7. Qeeve.
8. BX=CG 8. Substitution
9. AB||GC 9. AWM. ind £t are
10. BXGC is a parallelogram 10. One pair of opp. sides are || and =
*11. XY || BC : 11.Ina L7 , opposite sides are ||
12. XG = BC | 12.Ina &I ,.opposi_ﬁle_s'i_d_e_s‘ar'e =
13.XG= XY + YG 13. A seamant = Sum of (is parts
14.XG = XY + XY ' 14. Substitution
15.BC = XY + XY R 15. Sobsbi bubiom
16. BC=2XY | 16.Substitution
*17, XY:-%BC | 17, fyiwcrion Pas %»
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Lesson 11: Points of Concurrency
Opening Exercise

The midpoints of each side of ARST have been marked by points X, ¥, and Z.

a. Mark the halves of each side divided by the midpoint with a congruency mark.
Remember to distinguish congruency marks for each side.

b. Draw mid-segments XY, YZ, and XZ. Mark each mid-segment with the appropriate
congruency mark from the sides of the triangle. '

1

c. What conclusion can you draw about the four triangles within ARST ? Explain why.

Al % ble tley ail have $le  Same Camgruensy

fhée f’{;s'ﬂﬁ % fa¢ 55

d. State the appropriate correspondences between the four triangles within ARST".
Axsz
DyeT
£ & yx
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“In Unit 1 we discussed two different points of concurrency (when 3 or more lines intersect
in a single point). '

Let's review what they are!

Circumcenter
* the point of concurrency of the 3 perpendicular bisectors of a triangle

Sketch the location of the circumcenter on the triangles pictured below:

Incenter
* the point of concurrency of the 3 angle bisectors of a triangle

Sketch the location of the incenter on the triangles pictured below:

51




Example 1
You will need a compass and a straightedge

Construct the medians for each side of the triangle pictured below. A median is a segment
connecting a vertex to the midpoint of the opposite side.

Vocabulary '
/ S, .
» The point of intersection for 3 medians is called the __Céen hm& .

= This point is the center of gravity of the triangle.

We will use http://www.mathopenref.com/trianglecentroid.htm! to explore what happens
when the triangle is right or obtuse. Sketch the location of the centroid on the triangles

52




Example 2
You will need a compass and a straightedge
Construct the altitudes for each side of the triangle pictured below. An altitude is a segment

connecting a vertex to the opposite side at a right angle, Thls an also be used to describe
the helght of the triangle. e

Vocabulary . .L -
P

e .
* The point of intersection for 3 altitlides is called the 6t the centes

We will use http://www.mathopenref.com/triangleorthocenter.html to explore what
happens when the triangle is right or obtuse. Sketch the location of the orthocenter on the
triangles below:
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Lesson 12: Points of Concurrency Il

Opening Exercise

Complete the table below to summarize what we did in Lesson 11. Circumcenter has been

filled in for you.

Located Inside or

Point of Concurrency | Types of Segments | What this type of line Outside of the
or segment does Triangle?
Circumcenter Perpendicular Forms a right angle Both; depends on the
Bisectors and cuts a side in half type of triangle
1 A N I
ncenter : Yen, M i :
gs}:«?@@%@f s 1 fﬁ. b RS (:!gm%m
Conracls verlew
Centrofd Meelans Lo eppesiin Sicdos Tosideo
raslgoind &
Conmee b yer b Btk
. Ry el
Orthocenter d @géﬁ pers

4”: g‘weﬁS

é\@ @Fﬂﬂ*’"& sreke

LY e A.

b1 o right e
W

Which two points of concurrency are located on the outside of an obtuse triangle?

C PP e £ ey

What do these types have in common?

Beth  deal w,}wﬂi«\# ;f;ig

£ Orthe wwi'@#f

4
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Example 1

A centroid splits the medians of a triangle into two smaller segments. These segments are

always in a 2:1 ratio. :
B

Label the lengths of segments DF, GF and EF as x, y and z respectively. Find the lengths of
CF, BF and AF.

&7
b rdn
j%ﬁ' ﬁgwf'
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Exercises
1. In the figure pictured, DF = 4, BF = 16, and GF = 10. Find the lengths of:

a.  CF =

‘5;;:3

2. In the figure at the right, EF=x+ 3 and BF = 5x - 9. Find the length of EF.

H Y
V- 2w
&4 LG
LNWMMW’
A P

s ooyt
N

i s 4T
5 & ’S‘

g
£

3. In the figure at the right, DC = 15. Find DF and CF.

HEan® i DNEE & \
A= \S fres - a
5 R HIRYER

-3 ST
. (1o
Hory i
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We can now use medians and altitudes in triangle proofs!

Here's how it looks:

Given: BD is the median of AABC

Statements

Reasons

BD 1s the median of AABC

1. Given

2. Alwedisn o does,

*ﬁm Lle pared fe

1.
2. D is e ’-@iﬁj BT
3. AR ¥Ee

o
3' E}iw'v 1%’ gill

nﬁm

w-‘-“,p.’g ‘s

Given: BD is the altitude of AABC .

H

Statements Reasons
1. Eﬁ is the altitude of AABC 1. Given _
3. é—.;ﬁ f%var.'ﬁ% & 'T-“;,% e ¥ ‘&: Lol 3 b Leec ?atn‘\ kﬂ ns AL
4. Vs 4. AH “S" L's e %,
Example 2
Given: BD isthe median of AABC, BD L AC
Prove A= 2C
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3y AD ¢e By el a4 2

I3 o
¥

t‘kg&s}éﬂ% e >—}

X

Y

,J\ ('1.,, Vi Y By
F AR "

w} b.;.
3 BD G 4

%

“‘?4‘3% ey ety

21 é\'%'

58




