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This report is aimed to describe Vasicek and Cox-Ingersoll-Ross models 

and estimate there parameters by using Solver in Excel. These parameters 

are then used to calculate prices of bonds and European options on bonds.  

The authors also give some background of term structure and derive a 

general term structure equation.  

Abstract: 
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Introduction: 

Interest rates and its dynamics are probably the most challenging to estimate in modern financial 

theory. The modern fixed income market includes not only bonds but also derivative securities 

sensitive to interest rates. This derivative market has forced to develop and originate new 

methods to model the term structure of interest rates. The Vasicek model and Cox-Ingersoll-Ross 

model described in this report are among well-known models of interest rates which are still 

actively used for estimation.  

 

In this report the authors are not going to address the ability of Vasicek and CIR models. The 

objective of this report is how to estimate and use these models. The concept and little bit about 

mathematics involved behind these models is discussed here. 

 

The authors begin this report with general background and theory of term structure and gradually 

move to Vaiscek and CIR models. A general term structure is derived where an individual is 

only required to insert a diffusion process of interest rates and solve it to get solution for pricing 

of a bond. Estimation of parameters of these models is done by using Solver in Excel. Prices of 

treasury bills of Sweden are used for estimating these parameters. These parameters are then 

used to calculate prices of bonds and options. The details of formulas for pricing are discussed in 

this report. 

 

Background: 

The term structure of interest rates (also known as yield curve) is a curve showing relation 

between yields of securities across different maturity time of similar contract. This curve is 

constructed by using benchmark zero coupon bonds. Bonds offered by government are 

considered as benchmark because they have very less probability of default. Short term bonds 

offered by government usually having time to maturity of 1 to12 months and are called treasury 

bills. They also have zero coupon and hence preferably used for constructing yield curve. Long 

term bonds offered by government have 1 to 30 years of maturity and are called treasury bonds. 

Since government bonds have very less probability of default, their yield is called risk free rate. 

Coupon bearing bond can also be divided into zero coupon bonds where each coupon acts as 

zero coupon bond. 

The authors are only dealing with Swedish bonds to estimate the parameters of models and using 

them further for pricing of bonds and options. Swedish treasury bills and treasury bonds have 

expiry time of 1 to 6 months and 1 to 30 years respectively. This report only deals with European 

options  
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Term Structure Equation: 

Suppose we denote  (   ) as price of pure discount bond at time  . Then yield to maturity, 

denoted by  (   ), of the bond maturing at time   is given by 

 (   )         (   ) (   )  

We can write yield to maturity as, 

 (   )    
     (   ) 

   
 

From theory of finance, we are aware that we can also write yield to maturity as integral of 

forward rates. Thus, 

 (   )   
 

   
∫  (   )  

 

 

 

Hence we write price of pure discount form as, 

 (   )   
 

  
     (   )  

Traditionally, to specify structure of interest rates we begin with assuming that it follows a 

diffusion process: 

    (   )    (   )  ( ) 

Here  (   ) is a deterministic component,  (   ) explains randomness of the process and   is a 

Wiener process. Given this assumption, price of a pure discount bond is a function of interest 

rate  , current time period   and time to maturity  . We denote price function as  (     ). 

Applying Ito’s lemma on this: 

   
  

  
   

  

  
   

 

 

   

   
(  )  

Substituting    and (  )  in above equation we get: 

        (   )   
  (   )

 
        (   )     

Where subscript denote the appropriate differential with respect to price. Dividing above 

equation by    and taking expectation we get: 

 (
  

  
)      (   )   

  (   )
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In context of equilibrium pricing model this expected value must be equal to price times risk free 

interest rate   adjusted with risk premium  .  

 (   )      (   )   
  (   )

 
    

We can further simplify above equation as, 

    (   )   
  (   )

 
     (   )    

Usually Merton (1971, 1973) result is used to price risk premium. Merton’s papers show that 

ratio of risk premium to standard deviation is constant when the primary function is in 

logarithmic form. Hence we write, 

 (  )   

   

 
 

   

   

where  (  ) is expected return of asset   and    
 is standard deviation of returns on asset  . The 

instantaneous rate of return of a bond is, 

 ( )  
    

 
   

  

 
 

Applying ito’s lemma on standard deviation on returns, 

   
 

  (   )

 
   

It thus follows that 

  
   (   )

 
   

Inserting above expression in term structure equation above, 

    (   )   
  (   )

 
          (   )      

This is the final simplified term structure equation. Now the only thing remains is to find 

solution of above equations by using a solvable diffusion process of interest rate.  

Now the authors move further moves to explain Vasicek model. 
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Vasicek Model: 

Description: 

The diffusion process described by Vasicek model is,  

    (   )       

This model assumes that short rate is normally distributes and has so called mean reverting 

process (under Q). Here   is long-term mean rate and   is the measure how fast short rate will 

reach the long term mean rate. We put this diffusion process in term structure equation and find a 

formula for pricing for pure discount bond. 

 (   )      ( (   )   (   ) ( ) 

Where, 

               (   )  
 

 
         

               (   )   
 

  
      

  

   
      

 

  
(       )  

Price of a pure discount bond can be calculated by above formula. Price of a coupon bond can 

also be calculated by dividing the bond into discount bonds where each coupon and face value 

acts as a discount bond. 

The price of an option on pure discount bond is given by following formulas, 

 (       )    (   ) ( )    (   ) (    ) 

 (       )    (   ) (     )    (   ) (  ) 

Where, 

           

{
 
 

 
   

 

  
  (

   (   )

   (   )
)  

  

 

   
 

 
(     (   ))√

       

  

 

We can also calculate prices of options on coupon bearing bond by dividing the option on whole 

bond into options on each coupon and the face value where each coupon and the face value act as 

discount bond.  

Estimation of parameters:  

Price of a discount bond in Vasicek model at current time period (   ) is given by, 
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 (   )        (   )   (   ) ( )  

First of all we need to estimate  ( ). This interest rate is estimated by using treasury bills of 

Swedish government. Currently we have prices of five treasury bills maturing within next six 

months. We regress yield observed form these treasury bills against time to maturity. A 

screenshot of our working on excel is shown below. 

                                                                     
Picture: Screenshot of the extrapolation of  ( ) 

Picture: Regression of   on time to maturity 
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Now pricing formula only requires to estimate  ,   and  . There are certain estimation methods 

used by different researchers but here we use a simple method on Excel which doesn’t involve 

any coding. The approach is to assume some value of a,b and sigma ourselves and then use 

Solver to give optimal value of parameters by minimizing the square of difference between our 

calculated price from Vasicek model and observed price in market. The working on excel is 

shown below in screenshots, 

Picture: Screenshot of the parameter estimation program 
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Picture: Screenshot of Solver 

Finally we get the following result from solver, 
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Picture: Screenshot of Solver solution 

Above table shows estimated value in column of final value. Here mean reversion rate   is 

0.266, long-term mean rate   is 2.477% and volatility is 19.56%. We can put these parameters in 

pricing formula and get our results. But this must be kept in mind that these estimated parameters 

are only associated with Swedish bonds.  

The disadvantage of this model is that it gives positive probability of negative interest rates. It is 

possible to get negative real interest rate but here our working only involves nominal rates. 

Nominal rates always remain positive in the economy. 
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Cox-Ingersoll-Ross (CIR) model: 

Description: 

The CIR model prevents the disadvantage of Vasicek model given in above section. The 

diffusion process described by CIR model is,  

    (   )    √    

Since the volatility component is a function of interest rate  , it prevents the deficiency of 

Vasicek model described in above section. This model only gives positive probability for 

positive interest rates. This model assumes that short rate is normally distributes and has so 

called mean reverting process (under Q). Here   is long-term mean rate and   is the measure 

how fast short rate will reach the long term mean rate. We put this diffusion process in term 

structure equation and find a formula for pricing for pure discount bond. 

 (   )      ( (   )   (   ) ( ) 

Where, 

             (   )  
 (     )

(   )(     )    
 

             (   )  
   

  
  (

   
(   ) 

 

(   )(     )    
) 

              √       

Price on a coupon bearing bond can be calculated similarly as described above in case of Vasicek 

model. Price of an option on pure discount bond is given by following formula, 

 (       )    (   )  
 (        )    (   )  

 (        ) 

Where, 

               
 (   )     

 (   )
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  (     )
 

   

  
  (   )} 

                    (   )    ( )  
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  (     ) 

  
  (     )

 
   

    (   )
 

                

       

  (     ) 

  
  (     )

 
   

  

 

Price of a put option can be calculated by using put-call parity. 

Estimation of parameters: 

Price of a discount bond in CIR model at current time period (   ) is given by, 

 (   )        (   )   (   ) ( )  

Since  ( ) is already calculated above, there is no need to same working again. Here also we 

need only to estimate  ,   and  . The methodology of estimating remains same as in Vasicek 

model. Hence we only show the result from excel. 

Picture: Screenshot of Parameter estimation program 

Interpretation of these estimated parameters remains same as in Vasicek model. 
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Conclusion: 

In this report we gave a background of term structure so that reader can follow the description 

and estimation of models. We derived a general term structure equation, now an individual only 

needs to describe a diffusion process of interest rate and put it into term structure equation and 

solve it to attain his solution. We described two famous models which are actively used in 

market.  

The estimation of parameters can be little bit more accurate by using Matlab or Java 

programming. But to explain the concept and simple methodology we only kept ourselves 

restrict to Excel only. The parameters are only valid for Swedish bonds.  
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