A PROOF OF CARLESON’S THEOREM BASED ON A NEW
CHARACTERIZATION OF THE LORENTZ SPACES L(p,1) FOR
1<p<oo AND OTHER APPLICATIONS
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ABSTRACT. In his 1950 Annals of Mathematics paper entitled “Some New
Functional Spaces”, G. G. Lorentz [1] introduced the function spaces denoted
by A(a),0 < a < 1, defined as the set of real measurable functions for 0 <
z < 1 for which

1
I fllaqe) = a/o 227 f*(z)de < oo,

where f* is the decreasing rearrangement of f. In this paper we give two
simple characterizations for A(1/p) for 1 < p < co based on a generalization of
the special atom space introduced by G. De Souza in earlier works [3], [6], [7],
and [11]. The space A(1/p) is nowadays denoted by L(p,1). As an application,
we give a proof of Carleson’s Theorem on the convergence of Fourier series on
L(p,1) and, more generally, on L(p,r) for p,» > 1. Also we have a simple
proof of a theorem of Stein and Weiss on operators in L(p, 1).

1. PRELIMINARIES

In this section, we state several definitions that will be used throughout this
paper with references to the original source.

Definition 1.1. A real-valued function f defined on [—7, 7| belongs to the space
L(p,1) for 1 < p < oo if

27
1_
Il = fE)trtdt < oo,
0

where f* is the decreasing rearrangement of f. This space was originally introduced
by G. G. Lorentz [1] in 1950 where it was denoted by A(1/p).

1
Definition 1.2. A generalized special atom is a function b : [—m, 7] — R, b(t) = Dy
7r

or for any « € (0,1] and p-measurable subsets X, A, B of [—7, 7],

1

o0 = s et -]
(6 = =5 X))~ xo(0)

where X = AUB,ANB =0, u(A) = p(B), p is a measure on subsets of [—m, 7],
and x g denotes the characteristic function of the set F.
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Definition 1.3. For 0 < a < 1, let (b,),>1 be a sequence of generalized special
atoms, (Cy,)n>1 a sequence of real numbers, and p a measure on subsets of [—m, 7).
We define the generalized special atom spaces by

A(,u,oz):{f:[ m, 7] — R; f(t) ZC’bn Z|Cn|<oo}.

We endow A(pu, &) with the norm

£l AGuay = inf > [Cul
n=1

where the infimum is taken over all possible representations of f.

The notion of special atoms and the spaces formed by special atoms as well as
certain generalized spaces were introduced originally by G. De Souza, see [3], [6],[7],
[19]. In those works, intervals and lengths were used.

Definition 1.4. For 0 < a < 1 and p a measure on sets of [—m, 7], we define the
space B(p, ) as

B(:uﬂa){f:[ m, | = R; f(t) Zann Z|an<oo}a
n=1
1 .
where d,(t) = mx,&;ﬂ (t), A, are p-measurable sets in [—m, 7], and a,’s are
real numbers. We endow B(pu, a) with the norm

1£ 115wy = nf Y lan]

n=1
where the infimum is taken over all possible representations of f.
This space also was introduced by G. De Souza in his early work, see [3], [4], [6],
[7].

Definition 1.5. For 0 < a < 1 and p a measure on sets of [—m, 7], we define the

space A(p,a) as
A(u,oo{f:[m /f Jdju(z /f ) ><M}

for p-measurable subsets X, A, B of [—7r,7r] such that X = AUB, AN B = (. We
endow A(p,a) with the norm

Note that this space is a natural generalization of the Lipschitz spaces. In fact if
we take p as the Lebesgue measure, X = [t —h,z+h|,A = [z—h,z), B = [z,x+h],
and p® (X) = (2h)%, then for a differentiable f, we get

/f Vdpu( /f _ [fla+h) + flz—h) —2f(2)]

(2h)>
The space A(u, «) in this form has been introduced by G. De Souza in his ealier
work, see [3], [6], [7], [23].

[ f@yinte /f e

Hf”./\(u,oz) = sup l

X=AUB,ANB=0
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Definition 1.6. For 0 < o < 1 and p a measure on sets of [—m, 7], we define the

space Lip(u, @) as
5| [ @) <M},

sz(/”'a O{) = {f : [—7'(',71'] - Ry ‘)‘(7)(
where A is a y-measurable set in [—m, 7]. A norm is defined on Lip(u, ) as

PW /Af(x)dﬂ(x)

This space was originally introduced by G. G. Lorentz in 1950, see [1], [2] .

1| Lip(u,0) = su

2. KNOWN RESULTS

In this section, we state some known results and sketch very briefly the proof of
some of them or make some comments. For more details, see [1], [2], [23], [24].

Theorem 2.1. The spaces (A(/Laa)7 ” ’ HA(u,a))f (B(Naa)a ” : ”B(u,a)): (A(Naa)a
”A(u,a))’ and (Lip(p, ), || - | Lip(u,a)) for 0 < a <1 are Banach spaces.

The proof follows using direct application of standard techniques for Banach
spaces.

Theorem 2.2. The spaces A(p, ) and B(u, o) are the same as Banach spaces and
the norms are equivalent, that is A(p, o) = B(p, o) with M| fl|p(ua) < 1fllagu,e) <
N fllB(u,a), where M and N are absolute constants.

Clearly A(u, @) is continuously contained in B(u, «). In fact if f € A(p, a), then

10 = Y a0 - 0]

n=1

= (Xy) = (X,)
_ v p(A)\* 1 Re p(Ba)\* 1
B ;O"(M(Xn)) e, 4 T;Cn(u(Xn)) w8,y <o
(An) w(By)

- 1
Since X,, = A, U B, <
U(Xn)

Therefore, || fl|5(ua) < Iflla(uwa)-
For the other inequality, please refer to De Souza and Pozo [24].

n=1

Theorem 2.3. The spaces A(p, &) and Lip(p, o) for 0 < a < 1 are equivalent as
Banach spaces that is A(u, ) = Lip(p, ) with
M| fllBuwa) < 1flaqua) < NIl Bu,a), where M and N are absolute constants.

Again, one of the inequalities is easily seen, that is Lip(u,a) € Ay, «) and
||f||A(M o) < 2| fll Lip(u,a)- For the other inequality, just note that

/ F(t)du(t) - / F()du(t)
A B

)| dp( sup @ ———————
1/1’ / |f | ,U /_L(AAB);éO lj,l/p(AAB)
where AAB =(A— B)U (B - A).
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Theorem 2.4 (Duality). ¢ is a bounded linear functwnal on A(p,a), 0 < a <1
if and only if there is a unique g € A(p, ) so that ¢(f / flx () with
ol = llgllaqu,a)- That is, A*(p, ) = A(p, «), where A*( is the dual space of
Alp, a

Theorem 2.5 (Duality). ¢ is a bounded linear functional on B(u,«),0 < a < 1 if
and only if there is a unique g € Lip(u, ) so that ¢(f) = / f(z)g(x)dp(x) with

6l = 9l Lip(u,a)- That is, B*(u, o) = Lip(u, o), where B*(;L,OL) is the dual space
of B(p, «

The proofs of these two duality Theorems follow easily after a pair of Holder
type inequalities. That is

| f@)g@)dp@)| < 1fllague) N9lague),  f € Alpa).g € A, a)

and

[ s@ateinta)

For a complete proof see De Souza and Pozo [24].

< ||f||B(p,,a) . HgHLip(u,a% f € B(,U,OZ),Q € sz(,uaa) .

Theorem 2.6 (Duality-G.G. Lorentz). ¢ is a bounded linear functional on L(1,1),0 <
a < 1, if and only if there is a unique g € Lip(u, o) so that ¢(f) = f(z)g(z)du(zx)
with ||¢|| = ||g||Lip(u,a)' That iS, L*(év 1) = Llp(ﬂ'a Oé).

Again this duality Theorem is due to G.G. Lorentz [1]. It also follows from the
Holder type inequality

T 1
' | f@g@)du@)] <N fllez ) l9llzipga,  f€L(,1),9 € Lip(u, o) -

3. MAIN RESULT

In this section, we state and prove the main result which is the characterization
of L(p,1),1 < p < oo as B(p,1/p) and A(p,1/p).

Theorem 3.1. f € L(p,1) if and only if f € B(u,1/p) for 1 < p < co. Moreover
N flsase < Wflleway < M fllsgi/p), where N and M are absolute constants.

Proof. Let us show that B(u,1/p) C L(p,1),1 < p < co. To that end, all we need
is to estimate || f||(p,1) where f(t) = xa(t), A is a p-measurable set in [—7, 7].
In fact

ea®lzpy = / Xa (et tdt
i 1
= / X[o,u(a)) (87~ dt
0

w4
= / trLdt
0

= p(u(A)r
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That is
1 <
T I XA||XD-
(n(A))7
Now if f € B(u,a), then f(t) ZC’ dn(t) with > [Cy| < oo, where dy(t) =
n=1
1
—— X4, (t), A, a p-measurable set in [—m, 7].
(1(An))7
oo oo
Then || fllp1) < Y 1CallldnllLpay <P Y |Cnl so that taking the infimum,
n=1 n=1
we get

Il S PIflBum), 1<p<oo.

We have the following situations:

(1) B(p,1/p) € L(p,1) for 1 <p < o0 and || fllrpa) < pIfllBuisp
(2) B*(u,1/p) = Lip(p,1/p) by Theorem 2.5
(3) L*(p,1) = Lip(u, 1/p) by Theorem 2.6

(4) B(u,1/p) is dense in L(p, 1). Easily shown with standard technique.

As a consequence of these facts, the embedding operator I : B(u,1/p) — L(p,1)
defined by I(f) = f is a Banach space isomorphism. That is B(u,1/p) = L(p,1)
with equivalent norms.

Note that A(u,1/p) = B(p,1/p),1 < p < oo by Theorem 2.2. Therefore we have
the following result.

Theorem 3.2. The spaces A(p,1/p), B(u,1/p) and L(p,1) for 1 < p < oo are
equivalent as Banach spaces and the norms are equivalent.

4. APPLICATION

In this section, we give a simple proof of a well-known theorem due to Guido
Weiss and Elias Stein given in [25] and [26] concerning linear operators acting on
the Lorentz space L(p,1).

Theorem 4.1 (Stein and Weiss). If T is a linear operator on the space of mea-

surable functions and |[Txallx < M(,u(A))%,l < p < oo where X is a Ba-
nach space, then T can be extended to all L(p,1); that is T : L(p,1) — X and

ITfllx < M| fllLep.)-

Proof. After this new characterization of L(p, 1) as the space B(u,1/p),1 < p < o0,
given in Theorem 3.1, this result is an immediate consequence of the representation
oo

of fas f € L(p,1) = f € B(u,1/p) = f(t) ZCd Wich\Cn|<ooand

n=1 n=1

dn(t) = ———xa, (), Ap’s p-measurable sets in [—m, 7] so that

= CuT(dn((1))
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o0
Consequently, | Tf]lx < Z |Cr|l|Tdy || x and, by hypothesis, || Td,||x < M (u(An))>.

n=1

Therefore ||Tf||x <> |Cn| and so | Tf[lx < M||f|rep) O

n=1
5. COMMENTS

1. Prof. Richard O’Neil from SUNY at Albany: If f(t) = ZCjXAj (t) where
j=1

n 1 1
Ay C Ay C A3 C - C Ay and C; > 0, then Y Cj(u(4))» = 5||fHL(p’1). Also
j=1

he added that if
F6) =" Ciq;(t)
j=1

where ¢;(t) = xa,(t) — xB,(t), A; N B; =0,C; > 0, then
- 11
ZCJ(M(AJ' UB;j))r = ];”fHL(p,l) .
j=1

Note L(p,1) C L, for 1 < p < oo and because of this new characterization, L(p, 1)

is a much easier space to work with than L,. The space which we denoted in this

paper by Lip(u, ) is denoted in the literature by L(é,oo) for 0 < a < 1 and is

called the weak-L,, space with “norm” given by |/ f|| = Sup{t*f*(¢)}, where f* is
>0

the decreasing rearrangement of f.
One can show that the “norms” || f|| and || f||Lip(u,a) are equivalent.

Finally, if we define m(f,y) = u({z : |f(z) > y|}), then by a change of variable
y = f*(t), t = m(f,y) and integration by parts, we get

oy = [ £0F e =p [~ ()b

Prof. Richard O’Neil:“This last integral is sort of infinitesimal version of your
atomic decomposition. Indeed it was this formula that led to the remark that an
operator of restricted weak type (p,q) was the same as a strong operator from
L(p,1) to L(p,0).”

2. One of the most interesting observations that we made in the process to obtain
the new characterization of L(p,1) for 1 < p < oo is that T'f(x) = sup|S,(f, )],
n>1

where S, (f,x) is the n*" partial sum of the Fourier Series of f is

Theorem 5.1. If T'f(x) = sup|S,(f,x)|, then [|[TxalLp1) < MN(A)% forp>1
n>1

and so | Tl L1y < M| fllLpa)- A is a p-measurable set.

Proof. If we take the definition of the norm ||g||z(p,1) as

o0
|Mth:PA p{ < g(x)] > A}V/Pd
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which is equivalent to the one in Definition 1.1, and use Hunt’s inequality given in
[27], which is

o9}
p [ e Txat)] = A} ray
0

[HTEN S

where C is a positive constant, we get || Txal|rp1) < Cu(A)Y/P. Consequently, by
using the new characterization of L(p, 1), we get

ITfllpy < Clflle, -

Note: This direct proof using Hunt’s inequality was mentioned to the author
by Loukas Grafakos during the 23" Mini-Conference on Harmonic Analysis and
Related Areas held at Auburn University on December 4-5, 2009 after the talk
given by the author on the subject. O

ITxallLp,1)

IA

As a Corollary of Theorem 5.1, we have that

Corollary 5.2. If f € L(p,1),p > 1 and S, (f,x) is the n-th partial sum of the
Fourier series of f, then S, (f,x) — f(x) almost everywhere.

Also we note that L(p, 1) C L(p, 00) with || f||L(p,00) < CllfllL(p,1)- It follows by
Theorem 5.1 that for pg # p1,po,p1 > 1
a) [ITXAl L(po,00) < Mo(u(A))"/P0
b) [TxAllL(pr,00) < Mu(p(A))/Pt
Therefore using the interpolation Theorem 1.4.19 in [25], we get
1 6 1-90
5.1 T N <M n, for —=—+
61 T leer 111z o,y i
The inequality (5.1) leads to the following corollary.

,0<0<1,Vr > 1.

Corollary 5.3. If f € L(p,r),p,r > 1, then S, (f,x) = f(x) almost everywhere.

Corollary 5.4 (Carleson’s Theorem on Convergence of Fourier Series). If f € L,,
then S, (f,z) — f(z) almost everywhere.

Proof. Set p=r in Corollary 5.3 since L(p,p) = L,. O

Acknowledgement: I would like to thank Eddy Kwessi and Ash Abebe for useful
discussion and comments.
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