Math 113 HW #9 Solutions

§4.1

50. Find the absolute maximum and absolute minimum values of

f(z) =2 — 62 + 9z + 2
on the interval [—1,4].
Answer: First, we find the critical points of f. To do so, take the derivative:
f'(x) = 32% — 122 + 9.
Then f'(x) = 0 when
0=322-1224+9= (32 — 3)(z — 3),

i.e., when z = 1 or 3. To find the absolute maximum and absolute minimum, then, we
evaluate f at the critical points and on the endpoints of the interval:

F(=1) = (=1)° = 6(-1)* +9(~1) +2 = ~14
F1)=(1)°-6(1)? +9(1) +2=6
f(3)=(3)*-6(3)2+9(3) +2=2
f(4)=(4)° —6(4)* +9(4) +2 =6.
Therefore, f achieves its absolute minimum of —14 at £ = —1 and its absolute maximum of

6 at both x =1 and =z = 4.

54. Find the absolute maximum and absolute minimum values of

x? —4
T =

on the interval [—4, 4].
Answer: First, find the critical points by finding where the derivative equals zero:
(22 4 4)(2z) — (22 — 4)(22) B
(2% +4)? N
Therefore, f'(z) = 0 when 16z = 0, meaning that = 0 is the only critical point. Plugging
in the endpoints and the critical point gives:
(—4)2—-4 12 3
() =+—5—F=5=%
(=4)2+4 20 5
02—4 —4
0 = — = —
J(0) 02+4 4
42—-4 12 3
4 = —u—= —— = —,
) 4244 20 5

(223 + 8z) —
(22 +4)?

(22° —8z) 16w
(22 4+ 4)2

fi(x) =

=1

Therefore, f achieves its absolute minimum of —1 at x = 0 and its absolute maximum of %
at both x = —4 and =z = 4.



58. Find the absolute maximum and absolute minimum values of
f(t) =1t + cot(t/2)
on the interval [r/4, 77 /4].
Answer: The derivative of f is
/ 1 5
fit)y=1- 5 o8¢ (t/2).
Therefore, f'(t) = 0 when

1
1= §csc2(t/2) ~ 2sin?(t/2)

or, equivalently, when
1
sin?(t/2) = 7

Since sinf = % for § = 7/4,3m/4,97 /4,117 /4, ..., f'(t) = 0 when
t=m/2,31/2

(of course, there are infinitely many such ¢, but these are the only two in the given interval).

Now, plugging in the endpoints and the critical points gives:
F(r/4) = % + cot(r/8) ~ 3.2
F(r/2) = g + cot(m/4) = g +1~26
3 3
F(37/2) = ?W + cot(3m/4) = 7” 1~ 37
T
f(Tm/4) = i cot(7m/8) =~ 3.1

Therefore, f achieves its absolute minimum of =~ 2.6 at ¢ = 7/2 and its absolute maximum
of ~ 3.7 at t = 37/2.

§4.2

16. Let f(x) =2 — |2z — 1|. Show that there is no value of ¢ such that f(3) — f(0) = f'(¢)(3 —0).
Why does this not contradict the Mean Value Theorem?

Answer: If there were a ¢ such that f(3) — f(0) = f’(c)(3 — 0), then it would be the case
it f(3)— £(0) -3—-1 4

!/ _ _ _

f'(c) = = = ——.

Now, we can write f as the following piecewise function:

Cf2-(1-22) ifa<1)2
f(x)_{2—(2g;—1) if £ >1/2.



Therefore, on the interval (—oo, 1/2), f'(z) = 2, whereas on the interval (1/2,+00), f'(z) =
—2. Since f’(1/2) is undefined, this means that there is no ¢ such that f’(¢) = —4/3, so there
cannot be a c satisfying the condition stated in the problem.

This does not violate the Mean Value Theorem because the function f is not differentiable
on (0,3): in particular, it is not differentiable at x = 1/2.

18. Show that the equation 2z — 1 — sinx = 0 has exactly one real root.

Proof. Let f(x) =2x — 1 —sinz. Then note that

~

—
(=)

N—
I

20)—1—-sin0=-1<0
2r—1l—-sinmr=2r—1—(-1)=21>0

so, by the Intermediate Value Theorem, there exists a between 0 and 7 such that f(a) = 0.
In other words, the given equation has at least one solution.

Suppose that the equation has more than one solution. In particular, this will mean there
exist 1 and z9 such that f(z1) =0, f(xz2) = 0 and x; # zo. If 1 < x9, then, by the Mean
Value Theorem, there exists ¢ between x; and x5 such that

flz2) = fl21)

T2 — X1

f'(c)= =0.

However, we know that

f'(z) =2 —cosz
for any x, so, in particular,

f'(c) =2 — cosc.

Since cosc < 1, 2 — cosc > 1, so we have that f’(¢) =0 and f/(¢) > 1. Clearly both of these
can’t be true, so the assumption that there is more than one solution to the equation must
have been false.

Therefore, we can conclude that there is exactly one solution to the equation. O

28. Suppose f is an odd function and is differentiable everywhere. Prove that for every positive
number b, there exists a number ¢ in (—b,b) such that f'(c) = f(b)/b.

Proof. Let b be a positive number. Then, since f is odd, f(—b) = —f(b). Since f is differen-
tiable everywhere, the Mean Value Theorem says that there exists ¢ between —b and b such

ha
e ooy = FO =T 0= (10) _270) _ J0)
b— (—b) bt b 2 b
as desired. ]




§4.3
14. Let
f(z) = cos’x — 2sinz, 0<ax<2m

(a) Find the intervals on which f is increasing or decreasing.

Answer: To find the intervals on which f is increasing or decreasing, take the derivative
of f:
f'(z) = 2cosz(—sinx) — 2cosz = —2cos x(sinz + 1).

Since sinx +1 > 0 for all 2, we see that the sign of f’(z) is the opposite of that of cos .
Thus, f/'(z) < 0 (meaning f is decreasing) on the intervals

[0,7/2), (37/2, 2]

and f’(z) > 0 (meaning f is increasing) on the intervals

(/2,3m/2).
(b) Find the local maximum and minimum values of f.
Answer: f'(x) = 0 when either cosz = 0 or sinz = —1, which is to say when
x=m7/2,31/2.

f' changes from negative to positive at
x=m/2
so, by the first derivative test, the local minimum value of f is
f(m/2) = cos?(7/2) — 2sin(7/2) = 0% — 2(1) = —2.
f' changes from positive to negative at
x = 3m/2
so, by the first derivative test, the local maximum value of f is
f(37/2) = cos*(37/2) — 2sin(37/2) = 0% — 2(—1) = 2.

(¢) Find the intervals of concavity and inflection points.
Answer: To do so, we need to use the second derivative

2

f"(z) = —2[(=sinx)(sinx + 1) + cosz(cos )] = —2 [~ sin’ z — sinx + cos® z] .

Then f”(z) = 0 when
x =m/6,5m/6,31/2.

Moreover, f”(z) <0 on the intervals

[0,7/6), (57/6,27]



so f is concave down on these intervals, and f”(z) > 0 on the interval
x = (m/6,57/6)

so f is concave up on this interval.

Thus, we see that f switches concavity at the points
x=m/6,5m/6
i.e., so these are the inflection points of f.

20. Find the local maximum and minimum values of

f(z)

T
244
using both the First and Second Derivative Tests. Which method do you prefer?

Answer: Taking the first derivative,

b (@) —z(22)  —2?+4
o=  ~@rae

Therefore, f'(x) = 0 when 22 = 4, so the critical points of f are at z = +2.

First we see whether these critical points are local minima/maxima using the first derivative
test, meaning we need to know when f’(z) < 0 and when f’(z) > 0. Notice that the
denominator of f’ is always positive, so we can safely ignore it. Thus, f/(z) < 0 when
—2? 44 <0, i.e., when

4 < 2°.

Hence, f'(z) < 0 when # < —2 or x > 2. On the other hand, f’(z) > 0 when —22 +4 > 0,
i.e., when
4> %

Hence, f'(z) > 0 when —2 < 2z < 2. Therefore, the sign of f’ switches from negative to

positive at x = —2 and from positive to negative at x = 2, so f has a local minimum at
x = —2 and a local maximum at x = 2. In particular, the local minimum value of f is
-2 2 1
(—=2)2+4 8 4

and the local maximum value of f is

We could also have determined this by the second derivative test, which requires determining



the second derivative of f:

(22 +4)2(—22) — (—2% + 4)(2(2? + 4)(22))

"
7(x) = SR
(z* + 822 4 16)(—2x) — (—x? + 4)(423 + 16)
- (22 + 4)4
—225 — 1623 — 32z + 42° — 64z
- (2% + 4)1
22° — 1623 — 96
T @2+ 4
Therefore,
(—2) = 2(—2)5 — 16(—2)% — 96(—2) _ 6441284192 256 1 =0
(—2)2 +4)4 84 4096 16
7(2) = 2(2)% — 16(2)® — 96(2) _ 64-128-192 256 1 “o
(22 +4)4 84 4096 16
Therefore, by the second derivative test, f has a local minimum at x = —2 and a local

maximum at x = 2, agreeing with the first derivative test.

50. Let
eLE

(a) Find the vertical and horizontal asymptotes.
Answer: Since f(z) is defined for all x, there aren’t any vertical asymptotes. To check

for horizontal asymptotes, compute

xT

1

lim = lim — =
z—oo | + e® v—o0 = +1

and . 0
lim —& = " —y,
z——o00 1 + €7 1+0

so f has a horizontal asymptote at y = 0 to the left and at y = 1 to the right.

(b) Find the intervals of increase or decrease.
Answer: To do so, find the first derivative:

2x T

(14 e")(e") —e™(e”) " +e* —e __ e

f'@) = (1+ e*)2 T (1t %) (1+e%)2

Both numerator and denominator are always positive, so f is increasing on (—oo, +00).

(¢) Find the local maximum and minimum values.
Answer: Since f'(z) > 0 for all z, f has no critical points and, hence, no local maxima

or minima.



(d) Find the intervals of concavity and the inflection points.
Answer: First, compute the second derivative:

(1+e")%(e”) — e(2(1 + e”)(e"))

1"
f (.CU) = (1 +6‘r)4

(14 2% + e%%) (e%) — e%(2e® + 2e27)

- (1+ ev)t
€T + 22T 4 3T — 22T _ 23T

- (14 ex)
et — e3x

= arer

Since the denominator is always positive, the sign of f”(z) depends only on the sign of
the numerator. Hence, f”(x) < 0 when e — €3¥ < 0, i.e., when

et < e3x
1 < e*® by dividing both sides by e®
0 < 2z by taking the natural log of both sides.

Therefore, f”(x) < 0 (and, thus, f is concave down) when = > 0. On the other hand,
reversing the inequality in each of the above steps shows that f”(z) > 0 (and, thus, f is
concave up) when z < 0.

The sign of f” changes at = 0, so (0,1/2) is the single inflection point on the graph of
I

(e) Use the information from parts (a)-(d) to sketch the graph of f.
Answer: The graph of f is pictured below.

0.751

0.5




§4.4

For each problem, find the limit. Use I’'Hopital’s Rule where appropriate. If there is a more
elementary method, consider using it. If ’Hopital’s Rule doesn’t apply, explain why.

20.

. Inx
lim — .
z—1 SIn X
Answer: Note that In1 =0 and sin(7 - 1) = sinm = 0, so 'Hopital’s Rule applies. Hence,
1 1 1 1 1
lim ‘na: = lim —%— = lim = = ——,
z—1sinTr z—17TCOSTEL  =—1 TLCOSTEL  TCOST s
46.
lim xtan(1/z).
rT—00
Answer: We can’t immediately apply I’'Hopital’s Rule, but the above limit is equal to
tan(1
iy fon(/z)
z—oo  1/x
This is in g form, so we can apply "'Hopital’s Rule:
tan(1 sec?(1/z) (—%
lim tan(1/z) = lim 1w/ 2( 2) = lim sec?(1/x) = sec?(0) = 1.
50.

: < 1 )
lim | cotz — —
x—0 x

Answer: First, a bit of algebraic manipulation:

1 Ccos T 1 T COS T sinx Trcosx — sinx
cotr — — = — - — = : - : = - .
T sinx rsinx rsinz Tsinx

. 1 . xcosx —sinx
lim(cotz — =) =lim ——mM8m .
x—0 X z—0 rsinx

Both numerator and denominator are going to zero, so we can apply 'Hopital’s Rule to get

Therefore,

. cosx+x(—sinz) —cosz . —zsinz
lim _ = lim ——.
z—0 sinx + xcosx z—0SInx + T COST

Again, both numerator and denominator are going to zero, so we apply ’'Hopital’s Rule again

to get
—sinx — xcosx . —sinxz —xcosz 0

= 0.

lim - = lim - = =
a—0 cosx + cosx + x(—sinz) 2—0 2cosx — zsinz 2+0




