Section 6.5, Trigonometric Form of a Complex Number

Homework: 6.5 #1, 3, 5, 11-17 odds, 21, 31-37 odds, 45-57 odds, 71, 77, 87, 89, 91, 105, 107

1 Review of Complex Numbers

Complex numbers can be written as z = a + bi, where a and b are real numbers, and i = y/—1. This
form, a + bi, is called the standard form of a complex number.

When graphing these, we can represent them on a coordinate plane called the complex plane. It
is a lot like the z-y-plane, but the horizontal axis represents the real coordinate of the number, and
the vertical axis represents the imaginary coordinate.

Examples
Graph each of the following numbers on the complex plane:
24 3i, —1 + 44, —3 — 2i, 4, —i (Graph sketched in class)

The absolute value of a complex number is its distance from the origin. If z = a + b, then
|z| = |a + bi| = Va2 + b2

Example
Find | — 1 + 4i].

| —1+4i| =v1+16 =17

2 Trigonometric Form of a Complex Number

The trigonometric form of a complex number z = a + bi is

z =r(cosf +isinbh),

where r = |a + bi| is the modulus of z, and tanf = £. @ is called the argument of z. Normally,

we will require 0 < 0 < 2. ¢
Examples
1. Write the following complex numbers in trigonometric form:
(a) =4+ 41
To write the number in trigonometric form, we need r and 6.

r =16+ 16 = V32 = 4V2

4
aln 4

since we need an angle in quadrant IT (we can see this by graphing the complex number).
Then,

3 3
—4 + 44 24\/§<COSZ— —&—isinz)



Note: You want to the leave the angle 0 in your answer instead of simplifying. There are
several reason for this. First, we worked hard to get the angle. Second, it will be easier to
do certain mathematical operations if we have the angle, as we’ll see later in this section.

(b) 2 — 2434

B

since we need an angle in quadrant IV. Then, the trigonometric form is

43 Jr T
3 6 6
2. Write the complex number 4(cos = +isin 4{) in standard form.

To go from trigonometric form to standard form, we only need to simplify:

4<cosgr+isin4;> —4<1 \/§> =-2-2V3i

2 2

3 Products and Quotients of Two Complex Numbers

If 2y = r1(cos €y +isinf;) and zo = ro(cos s + isinhy) are two complex numbers in trigonometric
form, then

2122 = T1T3 [cos(@l + 03) +isin(6, + 92)] and

21

r -
& é [cos(6y — 62) + isin(6y — 62)]

Proof of Multiplication Formula
We use “FOIL” to multiply the two trigonometric forms, noting that 2 = —1:
2122 = 1r17r2(Ccos 61 + i sin 6y )(cos O + i sin O)

= 1r179(cos 0 cos O + i sin 0y cos O + i sin 0 cos B + % sin 6 sin )

=7rire ( cos 01 cos B — sin 0y sin O + i(sin O3 cos 01 + i sin 6 cos 92))

= r17ro[ cos(b1 + 62) + isin(fy + 62)],
where we used the sum formulas in Section 5.4 in the last line.
To show that the division formula holds, you can use the multiplication formula and that z; = % - 25.

Examples
Carry out each of the following operations:

™ .., m Tm .. Tm
1. 3<cos3+zsm3) -4(cos4+zsm4>

3(cos T +isin ) -4( cos = +isin T ) =34 T+ ) pisin (24 1T
CcOS 3 7 S111 3 COS 1 7 S111 1 = COS 3 1 7 S111 3 1

=12 cos£ + 7sin 25m
12 12

= 12<c0512 +151n17;>

since /12 is coterminal with 257 /12.



V2(cos & + isin &F)

g(cos 5 +isin )

2(cos 8T 4 jsin &7 2 8 8
V2(cos Zsm3):\/§+\[[cos(W—W>+isin<w—ﬁ)}
ﬁ(cos%—l—isinﬂ) 2

2 2
9 137T+,_ 137
=2|cos — +isin —
6 6

2.

5 T o isin ™
= 2| cos — +isin —
6 6]

since 137/6 and 7/6 are coterminal angles.

4 DeMoivre’s Theorem

DeMoivre’s Theorem says that if n is a positive integer and z = r(cosf + isinf) is a complex
number, then

2" = r"(cosnf + isinnd)
We can show this by using the multiplication formula from above n times.

Example
Calculate (3 + 34)%.

Since this complex number 3+ 37 is not in trigonometric form, we need to first convert it to trigono-
metric form to use the above formula:

343 :3\/5((;051 +isinz>

Then,

(34 3i)* = (3v2)* (cos 4% + isin4z>
= 324(cosm +isinm) = —324

(Depending on the directions, you may not need to convert your answer to standard form, as we did
here.)

5 Roots of Complex Numbers
The complex number z = r(cos @ + isin ) has exactly n distinct nt" roots. They are:
Wr ( co

where £k =0,1,...,n— 1.

0+27k . 9+27rk>
s ————— +isin —— |,
n n

Examples
1. Find all square roots of 1.

We can write 7 in trigonometric form as ¢ = 1(cos § + isin ). Then, we use the formula with
r=1,0=7%,n=2and k=0 and k = 1 to see that the two second roots of i are

jus us 2 2
\/I(C082+isin2) :cosﬁ—i—isinI = £+z£

2 2 4 4 2 2
T4+2 T4+2 2 2
\ﬁ(0052+ 7r+iSiIl2—; W):cosif—&—isini:r:—{—i{



. Find all sixth roots of 64.

We can write 64 in trigonometric form as 64(cos0+isin0), so r = 64, § = 0, and n = 0. Then,
we will use £ =0,1,2,3,4,5 to get the six sixth roots of 64:

664((3052 +isin2) =2

2 1

664( —i—zsm0+6 7r>—2(00573:—i—isinQ)—2<2—i-i\g§>—1—i-i\/§

0+4 2 1 3
664(0 —|—zsm —ZW> 2(0053—}—251 ;)—2(—2—1—2'\2[):—1—1— \/g
664((: +zsm0+667r> 2( os7r+zsm7r)

0+8 4 4 1 3
664(0 —|—zsm —ZW>:2<COS37T+ZSI ;)—2(—2—'\2[>:—1—2\/§

0-+10 5 5 1 3
564( + 7sin +6 7T):2(005;-—i-isin?:r): <2—'\2[>:1—i\/§



