Ch04: Motion in two and three dimensions
(2D and 3D)

m Displacement, velocity and acceleration
vectors

m Projectile motion
m Circular motion
m Relative motion

4.2: Position and displacement

described by its position vector 7 ™~

m 7 is drawn from origin to the position .
of the object at a given time. It can be &
written as

7=xi+yj+zﬁ

= As particle position changed from 7, to 7,during a certain
time interval = displacement vector that can be written as

—

A? = ?2 - r|
In components form & A7 = Axi + Ay] + Azk
A7 = (5 = x)1 + (y2 = y)) + (22 — 20k



4.2: Position and displacement

m Displacement vector in 2D is shown in the figure below:

AF =7, —F
AF = Axi + Ayj
Ax = x, — X,
Ay =y, =»

Path of particle

X

O

4.2: Position and displacement: Example1
Rabbit runs across a parking lot. Its position changing according to

x = —031£2 + 7.2t + 28 xand y in meters, ¢ in seconds. Find its
B g position vector at t=15s in unit vector
y =022 = 9.1r + 30. notation and in magnitude angle notation

TXZ‘TS(_OSU(IS)_ () SR 2= ol =» Position vector in unit

vectors can be written as

ty:\;(o.zz)(w)— - (O.D15) +30=-5Tm  — _ (66 m) — (57 m);

The magnitude = 5 5 5
from the originis ' = VX~ Ty~ = V(66 m)2 + (=57 m)> = 87m

atangle g = tan—! Y _ tan'( __5_7 a ) = —41°
Bs 66 m



4.3: Average velocity and Instantaneous
Velocity

mSince A7 occurs in time 5
interval At =1¢, —1,
=> average velocity

— e
N Ar ; \
Vavg =
° At Path of particle
"

— Ax - Ay o

Vaovo -
We A At

~

| 1~

Az
e AZ
At

4.3: Average velocity and Instantaneous
Velocity

If At decrease until At>0 =» | The velocity vector is always

We will have Instantaneous | tangent to the path.

Tangent \
1

velocity (or velocity)
a7
dt

V:

Vv=vil+v)+vk

Lo dx o _ 4y 0 )
Yode” Y dt’

d . = 2 2
and v, = 92 The Speed V‘M‘\/"x“’y

dt



4.3: Average velocity and Instantaneous

Velocity: Example 2 From Ex:1
For the rabbit in the preceding example1, X = —0.312 + 7.2t + 28
find the velocity y at time t =15 s. y = 0.22¢2 — 9.1¢ + 30.
dx d
= = —0.312 + 7.2t + 28) = —0.62r + 7.2
== ( )= —0.62t + 7
Vil = —0.62(15) + 7.2 = =21 m/s
— =155
dy d
,=——=—(0.22¢> — 9.1z + 30) = 0.44¢t — 9.1
Y Tar T a ( )
W] =044(15) — 9.1 = —2.5 ms
r=15s

—> Velocity vectoris v = (—2.1 m/s)f + (—2.5 m/s)j

4.4: Average acceleration and Instantaneous
acceleration

When a particle’s velocity changes from v, to 1V, in a time
interval Az, its average acceleration during Az is

=

m Note that, for an object, acceleration can cause a change in the
velocity magnitude or in the velocity direction, or both.



4.4: Average acceleration and Instantaneous
acceleration

m For Ar >0 we will have Instantaneous acceleration
(or acceleration)

oAV
dt

a=a1+a,j+ ak

dv, v, 0 ~dv,
ar 4 dt

4.4: Average acceleration and Instantaneous
acceleration: Example 3

For the rabbit in the preceding two examples 1 and 2, find
the acceleration g attime t =15 s.

v, = —0.62t + 7.2

From Ex: 2 we have

v, = 0.44r — 9.1
dv, d
—> a, = —x =% (2062 +72) = —0.62 m/s
dt dt
and  a, = L 0441~ 9.1) = 044 m/s?
(1}. = . =S dr . . = U. my/s

Hence the acceleration vector is

7 = (—0.62m/s2)i + (0.44 m/s2)]



4.4: Average acceleration and Instantaneous
acceleration: Example 4

The position of a particle moving in the xy- plane is given by

7(t) =2t* +3tj Where 7 is in meter and tis in seconds. Find
a) the average velocity in the time interval t = 2s and t = 4s
LA B-R F(A)-F(2) 247 +3(4))-2(2%)i -3(2))

vav_
¢ At -t 4-2 4-2

~ (32-8)i +(12-6)j
2
b) Velocity and speed of the particle at t = 3s

17(1‘)=%=4tf+3j’:>17(3)=4(3)f+3j=12f+3jm/s

speed =[v|=~12°+3* =153 =12.37m/ s

. _ dv 2 2 . - .
c) The acceleration att=3s > a = o =4im/s”~ atany time (ais constant)

=(12i +3))m/s

4.4: Average acceleration and Instantaneous
acceleration: Example 5

A particle starts from the origin at t = 0 with an initial velocity having an x
component of 20 m/s and a y component of -15 m/s. The particle moves in
the xy plane with an acceleration in the x direction only (a,= 4.0 m/s?). Find

a) The components of the velocity vector at any
time and the total velocity vector at any time.
v. =V, +at=(20+4)m/s
v, =v,, =—15m/s (a,=0)
= velocityvector v, =v.i+v, j=((20+40)i —15;)m/s

b) Calculate the velocity and speed of the particle at t =5 s.

Vs = (20+4(5))i =15 = (40i =15 jym /s
V| = A/407 +(-15)7 = V1825 =42.7m/ 5

speed =




4.5: Projectile Motion

m Projectile motion is an example of motion in 2D
m Consider the Two assumptions:

b

1) The object has an initial B
velocity v, , and is 5% v, =0
launched at an angle 6, v -

2) Free-fall acceleration (g) 17/ -

Vo y |

is constant (neglect air ey

resistance) —95 -

m Then the trajectory (path) of the projectile is a parabola.
m The velocity changes magnitude and direction

m The acceleration in the y-direction is constant (-g).

m The acceleration in the x-direction is zero.

4.5: Projectile Motion
| WA "3 5

The initial velocity vector R
of projectile motionis v, = v, 1 + v, ]

Where VU.\’ — V() COS 9() and V()}’ — V() Sll’l 9()



4.6: Projectile Motion analysis

We'll analyze projectile motion as a superposition of two independent

motions (x and y directions):

Constant velocity motion in the
horizontal direction (x)

Free-fall motion in the vertical
direction (y)

A 4

V. =V, =V,c080, = constant

vV, =V, — &l

A 4

X=Xy =Ax=vi=v,1

1
Y= Yo =Ay=voyt—5gt2

From Ax and Ay (where x,and y,=0att=0) ,

- we eliminate t = equation of the projectile V% b= &t
path is Vi N
gx

X)=vy = (tan 6() X — &l 5

y( ) } ( ) 2(V() COS 9())2 01 Yox V‘\' 93

4.6: Projectile Motion analysis: the
maximum height and horizontal range

Ex: Assume the projectile is launched with initial speed v, at angle 6,, if
the maximum hight is # and the horizontal range is R. Determine

a) h is in y-axis = a, = —g ;to find / we use ®/ kol

a) hand b) R

“l

1 | | v %
h=Ay=v,t, —Egtj (¢, ; time to reach max. hight h) / ]
h

t, can be found using

v, =v, =V, —gt, (atmax.hight,v , =0) ©

Vo
:O:Vyi_gtAth:_y Butv, =v,sinf, =1, =
g Y

hence & =v, sin 6,

vesing, 1

. 2 2 <2
vV, sin 6, _J - Yosin o,
g 2

- R -':!

_ V,sing,
g

g 2g




4.6: Projectile Motion analysis: the
maximum height and horizontal range

Assume the projectile is launched with initial velocity v; at angle 8, if the
maximum hight is # and the horizontal range is R. Determine a) 2 and b) R

b) R is in x-direction = a,=0 Vya =

= R=v, t;, =v,c080,(2¢,)
R=v,cos6,(2 Vo sin¢9) _ ve2cos ), sin 6, / T \
g

g \Oy
o) |

A
-~
L

2 .
_ Vysin 20,

g

R

The max range R, is at angle 8=45° (sin26=sin90°=1)

4.6: Projectile Motion analysis: the
maximum height and horizontal range

2 .
y:sin 26
from R=—2+—-"2 .
g i

=» we can have same range if
the projectile is launched at two
different angles (for same initial
speed) so that

ex: 15and 75=>
sin30°=sin150°

150~

100

x(m)

50 100 150 200 250



4.6: Projectile Motion analysis: example 6

A long-jumper leaves the ground at an angle of 20.0° above the
horizontal and at a speed of 11.0 m/s.

(A) How far does he jump in the horizontal direction ?

(B) What is the maximum height reached?

Solution: follow exactly same as previous for h and R

2 - 2 o
vosin26 11" sin 40 7 94y

A) R=

4.6: Projectile Motion analysis: example 7

A pirate ship 560 m from a fort defending a harbor entrance. A defense
cannon, located at sea level, fires balls at initial speed v, = 82 m/s.

a) At what angle 6, from the horizontal must a ball be fired to hit the ship?

b) What is the maximum range of the cannonballs?

Solution: a) R= VgSin 290 y Either launch angle
gives a hit.
0 I . | gR &
— 6, = —sin _
0T d v ' ;
1, (9.8m/s)(560 m)

— o (82 m/s)? e
_ L oinlne
B 2 sm 00816' R=560m !

A pirate ship under fire.

6[] - 270 and 6[:] - 630

(82 m/s)* .

v
_— 2 X 45°) =
08 mJs? sin ( )= 686 m

b) R, . isat0=45°> R =——sin26, =



4.6: Projectile Motion analysis: example 8

N Vp=20.0m/s

Stone is f(hrown as G L,
shown with W :

v, =20 m/s e
6, =30 =
Ppuiing = 49 M

45.0 m S

a) Time t to reach the
ground &
b) Speed of stone befor it T
strick the ground v; h
c) Horizontal distance x; >

x=7

- y==45.0m
Y e = &

le - »|
I A a

4.6: Projectile Motion analysis: example 8

Solution: it ‘%
Vo, =V, €086 =20c0s30°=17.3m/s S
Vo, =V, sin @ =20sin30°=10m/ s =
a) A)’:Voyt_%gfz :>—45=10t—%(9.8)t2 -
= —4.9¢* +10t + 45 =0solve for t
=t=4.22s
D) v =v,, —gt=10-9.8(4.22)=-31.4m/s + = __ T
v. =V, =173m/s
C) Ax=vt

—=v=017.31-314))m/s

= x=17.3(4.22) =73m
speed = ‘VB‘ = \/17.32 +(-31.4)* =359m/s




4.6: Uniform circular motion

m Circular motion is an example of
motion in 2D

m consider a particle forced to move
around a circle of radius r at
constant speed = uniform circular
motion & 1 only changes direction

m Examples: wheels, disks, motors, etc.

4.6: Uniform circular motion

The acceleration vector
always points toward the
center.

<l

The velocity
vector is always
tangent to the path.

m For uniform circular motion, The
acceleration is always directed
radially inward (towards the center). it
is usually called a centripetal
acceleration (meaning “center
seeking” acceleration )

a = 7 (centripetal acceleration),

where v is the speed and r is the radius

See proof at the text book

The acceleration vector
always points toward the
center.

<l

The velocity
vector is always
tangent to the path.



4.6: Uniform circular motion

during this acceleration at constant speed, the particle travels the
circumference of the circle (a distance of 2ar) in time T

27y 27y arc length  AOr

for lcycle > T=—=v=—— notethatv = :
1% T time t

* 2zr is the circumference (&) of the circle (one revolution)

» T is the period (time needed to complete one revolution (rev.)

o0 Ex 9: find the acceleration at the edge of a weel of radius 35 cm
spining at 6x102 rev./min

V2 2 600rev. ~ 60s
a, =—, butv=—— hence weneed 7 —
r T 5 (035 lrev. ~T
— 6007 = 60s yo2m _27035m) o
60 —_— T 0.1s
2 2
=T = ﬁ =0.1s a,= L (5?5 =1400m /s> towards center
r .

4.6: Uniform circular motion: Example 10

m Ex: A car traveling at 120km/h rounds a corner with a
radius of 125m. Find the car centripetal acceleration.

y = 120km  h(209My Wy aa
km 3600
\/2_(33)2

—=a. = = 8.7m/ s* towards the center

© 7 125




4.8: Relative Motion in One Dimension

m The velocity of a particle depends on the reference frame
(+uw) ,sas) of whoever is observing or measuring the velocity

Suppose Alex (stationary frame y y

A) and Barbara (frame B moving Frame A | Frame B

at constant speed) watch car P QP
which is moving at speed v. Both

frames (A and B) will have | —
different quantities (position, XpA Xpy =Xpg +Xpa
velocity, and acceleration) . At
the instant shown, xz, is the
coordinate of B in the A frame.
Also,P is at coordinate x5 in the
B frame. Xps = Xpg T Xga

v

—

X
' BA PB

X

\"4

The coordinate of P
in the A frame is

4.8: Relative Motion in One Dimension

m the velocity components are the time derivative of the
position equation Xp4 = Xpp T Xpgy

d d d

—_> — (Xpy) = — (xpp) + — (x
dt ( PA) dt ( PB) dt ()BA)
y y
Frame A Frame B
— Vps = Vpp + VA / / o r
Differentiate velocity with Tao o Yen
respect to time - acceleration ‘ D — X
X Xpy =Xpp +X
d ( ) d ( ) N d ( ) BA PA PB BA
— (Vpy) = — (v — (v
At PA dt PB dt BA

—> dpy = A4pp



4.8: Relative Motion in One Dimension:
Example 11

Barbara’s velocity relative to Alex is a constant 52 km/h and car P is moving
in the negative direction of the x axis. a) If Alex measures a constant -78
km/h for car P, what velocity will Barbara measure

* Alex (stationary frame A), Barbara (moving frame B) and car is observed

moving object P. ==> v, =52 m/s and v,,= -78 km/h,

y )

Frame A Frame B

hence Vpy = Vpg T Vpa

—78 km/h = vy + 52 km/h. o

vpg = —130 km/h. ;*le Xpg
~_ |
T = x X
XBA XpA =Xpp T Xpa

b) If car brakes to a stop

relative to Alex intime =10 s
at constant acceleration, - vV _ 0 — (=78km/h) 1m/s
what is its acceleration Ea f 10s 3.6 km/h

relative to Alex and Barbara? = 29 m/s2.

4.9: Relative Motion in Two Dimension

m  Our two observers are again watching a moving particle P from
the origins of reference frames A and B, while B moves at a

constant velocity relative to A

m From the arrangement of the three position )
vectors shown, we can relate the vectors with P

'pB

VA

Frame B

Frame A



4.9: Relative Motion in Two Dimension:
Example 12

m A plane is to move due east with velocity?pc (relative to ground) when flying in a
blowing wind of velocity T”)wc ( of speed 65km 20° east of north relative to ground). If
the plane speed is 215km at angle @ south of east relative to wind (V. ), find the
plane speed relative to ground and the angle 6

?PG — ?PW + ?WG N This is the plane's actual
direction of travel.
From y-components ,
VeGy = Vewy T Vwa, S 'rG

>
E
0 = —(215 km/h) sin @ + (65.0 km/h)(cos 20.0°) P on_ /0 N
S plane's . 209,
o= s (65.0 km/h)(cos 20.0°) i Onemaﬁon'\?;\ f o
215 km/h A el
direction
VPG =VrPGx = Vewx T VWG, Ve o
I > The actual direction
S = T = = 5 is the vector sum of
vpg = (215 km/h)(cos 16.57) + (65.0 km/h)(sin 20.0°) N o the other two vectors

= 228 km/h.

4.9: Relative Motion in Two Dimension:
Example 13

Car A is moving with veocity v, = (3i + 7}) m/s
Car B is moving with velocity {}B = (_2f + 2}) m/s

Find velocity of car B with respect to A (v;,):

Pl

by vectors A will see this vector N B
when looking atB Q¢
V4

—

Vg

=V, =V, =V, =(=5[=5])m/s
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